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LOINOI PAU

Chuong trinh mén toan & trudng phé thong da c6 nhiéu thay déi tir
khi B4 Gi4o duc va Dao tao ban hanh chuong trinh cii cich gido dyc. Bo
gido trinh Todn hoc cao cip ding cho cdc trudng dai hoc ki thuat nay
dugc vi€t vira nham thich tmg véi sif thay déi d6 & trudmg phd théng, vira
nhim nang cao chit lugng gidng day todn & trudmg dai hoc.

Toan hoc cao c¢dp 12 mot mén hoe khé ma sinh vién cic truong dai
hoc ki thuat phai hoc trong ba hoc ki ddu, bao gém nhitng vin dé co
ban cla dai s6 va giai tich todn hoc, déng vai trd then chét trong viéc
rén luyén tr duy khoa hoc, cung cdp céng cu toan hoc dé€ sinh vién
hoc cdc mén hoc khic & bac dai hoc va x3y dung tiém luc € 1iép tyc
tr hoc sau nay.

Khi vi€t bd sich nay ching t6i rit chi y dé€n méi quan hé giira
If thuyét va bai tap. D6i véi ngudi hoc toan, hiéu shu sic 1 thuyét
phai van dung duoc thanh thao cdc phuong phidp co ban, cic két qua
co ban cia 1f thuyét trong giai todn, 1am bai t4p va trong qué trinh
lam bai tap ngudi hoc hi€u If thuyét sau sic hon. Cic kh4i niém co
ban cla dai s6 va giai tich todn hoc dugc trinh biay mot cich chinh
x4c vdi nhiéu vi du minh hoa. Phén 16n cic dinh If dugc chimg minh
ddy di. Cin bo giing day, tuy theo qu¥ thdi gian ciia minh, cé thé
huéng din cho sinh vién ty dgc mot s6 phin, moét s6 chitng minh.
Cuéi mbi chuong déu c¢6 phin tém tat v6i cac dinh nghia chinh, cic
dinh 1f va cdc cong thidc cha yéu va phin bai tap di dugc chon loc ki.
kém theo ddp s6 va goi y.

Bo6 sich dugc viét thanh 3 tap :

- Tap 1 : Dai s6 va hinh hoc giai tich.

- Tap 2 : Phép tinh gidi tich mot bién s6.

- Tap 3 : Phép tinh gidi tich nhiéu bién s6.



Bo sich 1a cong trinh tap thé clia nhém tdc gid gbm ba nguoi:
Nguyén Dinh Tri (chil bién), Ta Van Dinh va Nguyén H3 Quynh. Ong
Ta Van Dinh phu trich viét tap 1. Ong Nguy&n H8 Quynh phu trich
viét 7 chuong ddu cba tap 2. Ong Nguyén Dinh Tri phu trich vi&
chuong 8 cua tap 2 va toan b tap 3. Cang véi bo gido trinh nay ching
toi ciing viét 3 tap Bai tap Toan cao cip nhim hé trg cdc ban doc can
1ai gidi chi tiét chia nhitng bai tap da ra trong bo gido trinh nay.

Viét bo gido trinh nay, ching t6i da tham khao kinh nghiém cda
nhiéu déng nghiép da giang day mén Todn hoc cao c4p nhiéu nam &
nhiéu truong dai hoc. Ching t6i xin chan thanh cdm on céc nha gido,
cic nha khoa hoc da doc ban thdo va déng gép nhiéu vy kién xéac dang.

Chiing t6i ciing xin chan thanh cam on Ban Gidm d6c Nha xudt ban
Gido duc vé viec xuat ban bo gido trinh nay, cAm on céc bién tap vién
Nguyén Trong B4, Pham Bao Khué, Pham Phu, Nguyén Van Thudng
ctia Nha xuit ban Gido duc da 1am viéc t4n tinh va khén truong.

Chiing 161 rdt mong nhan dugc nhitng y ki€n nhan xét cia ban doc
d6i véi bo gido trinh.nay.

Cac tac gia



Chuong 1
TAP HOP VA ANH XA

1.0. MO PAU

1.0.1. Khai niém vé ménh dé todn hoc

Ta hiéu ménh dé todn hoc nhur 12 mot khdng dinh todn hoc chi c6
thé diing hodc sai, khéng thé nhap nhing, nghia 13 khong thé vira
ding vira sai, ciing khong thé vira khéng ding vira khong sai.

Thi du 1.0.1.

2 < 3 1a mét ménh dé todn hoc ding
3 > 4 1a m6t ménh dé todn hoc sai

1.0.2. Ki hiéu =

Khi v&i gid thist ménh d€ A ding ta ching minh duge ménh & B ciing
diing thi ta néi tt ménh dé A suy ra ménh dé B, hay ménh dé A kéo theo
ménh dé B. D2 dién dat ¥ 46 ta vi&t gon a

A=1B
Poi khi ta con vist B« A
Thidul.0.2. (a<by=(a@a+c<b+rc)

1.0.% Ki hién &
Khi A = B d6ng thoi B = A, thi ta n6i ménh dé A twong duong
ménh & B. Dé dién dat y d6 ta viét gon 12
A& B
Thidu 1.0.3. (a<b) e (b>a)
(lal< by & (-b<a<b)
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1.0.4. Piéu kién du, diéu kién cin, diéu kién c4n va du

Khi A = B tanéi A 12 didu kién dii dé c6 B
B 1a diéu kién cdn dé c6 A

Khi A & Bic A = B va B = A, tandi A 1a diéu kién cdn va dii dé c6 B.
Lic d6 B ciing 13 diéu kién cin v di d€ c6 A.

Thidu 1.0.4. RS rang
(al < b) = (b > 0), nhung tr b > 0 khong suy ra dugc lal < b.
Vay lal < b 1a diéu kién di dé c6 b > 0,
b > 012 diéu kién cén dé c6 lal < b,
lal < b khong phai 12 diéu kién cén v dd dé c6 b > 0.
1.0.5. KXi hiéu :=

Ki hiéu ndy ding d€ dua vio mot dinh nghia, né thay cho cum tir
“dinh nghia béi”.

Thi dy 1.0.5. Dudng tron := Quy tich cha cdc di€ém trong mat
phang cdch déu mét diém x4c dinh.

1.0.6. Ki hiéu V
Ki hiéu nay thay cho cum tir “v@i moi” hay “véi bit ki”.
Thidu 106.Yxthuctacé x> — x +1> 0. |
1.0.7. Ki hiéu 3
Ki hiéu nay thay cho cum tir “tén tai” hay la “cé™.

Thidul0.7. 3xd& x> -3x+2=0, d6lax=1vax =2.

BAITAP: 1.1.

1.1. TAP HOP VA PHAN TU

1.1.1. Kh4i niém vé tap hop va phdn tir

Khai niém tap hop va phédn tir khong thé dinh nghia bing nhimg
khai niém da biét. Ta coi tap hop la khdi mém nguyén so, khong dinh
nghia. Tuy nhién ta c6 thé néi nhar sau :
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T4t ca nhitng 46i tugng xic dinh ndo d6 hop lai tao thanh mot
1ap hgp, méi d6i twrong cdu thanh tap hgp la mot phdn 14 cha tap hop.

Thi du 1.1.1. T4t ca nhimg ngudi Viét Nam trén th€ gigi tao thanh
tap hop nguoi Viet Nam. Méi ngudi Viét Nam 12 méot phdn tir cia
tap hop d6.

Thi du 1.1.2. Tt ca cic diém trong khong gian tao thanh tap hop
diém trong khong gian. Mi diém 12 mét phén tir cha tap hop d6.

Thi du 1.1.3. T4t c4 cdc dudng thing trong khong gian tao thahh
tap hop cic dudomg thing trong khong gian. Méi dudng thing 13 mot
phén tir cha tap hop d6.

1.1.2, Khii niém thudc va ki hiéu €

Né&u a 12 phén tir cha tap hop E ta néi “a thudc E” va viét

ackE

N&u a khong 12 phén tit cua E ta néi “a khong thudc E” va viét

a¢ Ehay a € E.

Thidu 1.1.4. 4 € tap hop cic s6 chin,
3 ¢ tap hop cic s6 chin.

1.1.3. Cich mé ta mot tap hop

Mu6n m6 td mot tap hop ta phai lam dd rd d€ khi cho mot phin tir ta
biét duoc né c¢6 thude tap hop ciia ta hay khéng. Thudng cb hai céch :

1) Liét ké ra tat ca cic phan tir cha tap hop.

Thidul.l5. A=fxy, z,1)

Tap hop nay chic6 4 phdntlrla x, y, 2, 1.

Vay XEA YEA ZEA LEA,
nhung ugA vegaA.



2) Néu ra tinh ch4t dac trumg cla cdc phan tir tao thanh tap hop.
Thidul.16.P :=]{cics6chin}.
Nhu vay ta c6 ngay 4 € P nhung 3€P.

1.1.4. Ki hiéu |
Tap hgp c4c s6 chin con ¢6 thé mb ta nhu sau :
P:={m | m =2n, n nguyén)
Cich viét nay doc 12: P 12 tap hgp cic phan tir m trong dé (hay
sao cho) m = 2n véi n 1a s6 nguyén. RG rang d6 chi 12 cich dién dat
khdc cua tap cic s6 chin,

Ki hiéu | dit trirdc phan giai thich tinh chit dac tnmg cia phin tr m.
Chi y 1.1.1. Sau nay dé cho gon, d6i khi ta chi ding tir "tap" thay
cho cum tir “tap hop".
1.1.5. Mot s6 tap hop s6 thuomg gap
Tap céc s6 ty nhién
N:=1{0.1,2,..}
N :={1,2,..} =N - (0].
T4p céc s6 nguyén
Z:={0,+1,~-1,+2,-2, ..}
- Tap céc s6 hiu ti

Q== {£|q==0.pez,q€Zl.
q

Tap cic s6 thuc
R := {cdc s6 thuc}.

1.1.6. Tap rong

Theo cdch néi & muyc 1.1.1 thi mot tap hgp phai c6 it nhat mét
phin tir méi ¢6 nghia. Tuy nhién dé choe tién vé sau, ta dura thém vao
kh4i niém tap réng theo quy uéc :
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Dinh nghia 1.1.1. Tdp rong la tdp hop khong c6 phdn tie nao.
Ki hiéu cla tap réng 1a @ (chir O véi mét gach chéo).
Thidy 1.1.7. Tap nghiém thyc cia phuong trinh

x2=3x+2=01a {1, 2}, nlumg tap nghi¢m thuc ctia phuong trinh
2

x*+x+1=0 la @ viphuong trinh nay khéng c6 nghiém thuc.
1.1.7. Su bing nhau cia hai tap

Pinh nghia 1.1.2. Ta néi tdp A bdng tdp B néu A va B tring nhau,
nghia 13 moi phan tir cta 4 cing la phin tr cha B va nguoe lai moi
phén w clia B ciing 12 phdn tff cba A.

Khi A bing B ta viét A = B.
Thi du 1.1.8. Cho
A= {x, 1,1 A}, B:=1(1,[] x, A}
thicé A=B.

1.1.8. S bao ham — Tap con

Pinh nghia 1.1.3. Né&u moi phdn tir cia A ciing 13 phdn tir coa B
thi ta néi

A bao ham trong B

B bao ham A

A 12 tdp con cha B.
D€ dién dat y d6 ta viét

A C Bhay BD A.
Chi y 1.1.2. Neudi 1a coi tdp 2 1a tdp con cua moi tdp A.
Thidul 19 NCZCQCR.
Chuy 1.1.3. R5 rang c6
_ (A=B)& (ACBvaBCA).



1.1.9. Biéu dién hinh hoc - Biu do Ven

D€ dé hinh dung mét s¢ quan
hé giita cic tap hop ngudi ta dung
cach biéu dién hinh hoc goi 12
biéu d6 Ven : xem mdi tap hgp 12
tap di€m trong mot vong phing,
mébi diém trong vong 13 mot phan
tir cia tap hgp (hink 1). Khi dé

quan hé A C B biéu dién trén

Hinh 1 Hinh 2 hinh 2 bing céch v& vdng A nim
trong vong B-

BAITAP:1.2,13,14.

1.2. CAC PHEP TOAN V£ TAP HOP

1.2.1. Phép hop

Dinh nghia 1.2.1. Hgp cua hai tép A va B la 1ap hop tao bdi tdt
cd cdc phdn tit thudc A hodc thudc B.

Ki hiéu hgpdé la AU Btacé
(xeEAUBY® (xeAhodcx €B)

Hop A U B bidu dién bing biéu d6 Ven & hinh 3.
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1.22. Phép giao

Pinh nghia 1.2.2. Giao cua hai tdp A va B la tap hop tao bdi 14t
cd cde phdn 1 vita thuéc A vira thuge B.

Ki hiéu giac d61a A N B ta cé
xEANBYS (xeAvaixeERB)
Giao A N B biéu dién bing bidu dé Ven & hinh 4.
Dinh nghia 1.2.3. Khi A VB =@ ta néi A va B roi nhau.

1.2.3. Tinh chit
Cic tinh chat sau suy tir dinh nghia :
AUB=BUA,
ANB=BNA,
AUA=A,
ANA=A,
(AUBYUC=AU(BUO0),
(ANBYNC=ANBNC).
AUBNO=(AUBNAUOL),
ANBUO=MANBUANC).
Ta chimg minh tinh chit ddu tién. Ta c6
XEAUB=(x€AhoicxeB)=>(xcBhoicx€ A)=>x€eBUA,

YEBUA= (x€Bhoicxe A)=>(x€AhodcxeB)=x€AUB.
Vay

AUB=BUA

1.2.4. Hiéu cba hai tap

Dinh nghia 1.2.4. Hiéu cia tdp A va tdp B la tdp tao bdi tdt cd
cdc phdn nt thuéc A ma khong thuéc B.
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Ki hiéu hiéudéla A — Bhay A\ B tacé
(x € A~-B)(hay A\B) & (x € Ava

x ¢ B). Hiéu cla haj tap biéu dién bang
bi€u d3 Ven & hinh 5.

1.2.5. Tap bu (con goi 13 tap bé sung)
Dinh nghia 1.2.5. Xét tap E va A la tap
con cua E, nghtala A C E. Lic d6 E — A goi la tdp bi cia A trong E.

Ki hieu tap bu d6 12 A ta co

Tap b A biéu dién bing biu dé
Ven & hinh 6.

R& rang

ACE, Z—::E—-;4_=A.

.

1.2.6. Pinh luat De Morgan
VéimoiACE BCEtacéo
AUB=ANB, ANB=AUB
Ta chimg minh ding thic ddu. Xét x € E. Ta c6

xEAUB = x¢ AUB= (xg Avax & B) >(xcAva x€B)
= x€ANB ;
XEANB = (xEA V2 x€B) = (xfAVax¢gB) > xdAUB

= x€AUB
Vay AUB=ANB

Thi du 1.2.1. Goi A 1a tap nghiém ciia phuong trinh x> —3x+2=0.
B 13 tp nghiém ciia phuong trinh x% — 4x+3=0. Ta c6
12
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A=1{1,2}, B={(1,3)
AUB={1,2,3}
ANB={1}
A-B={2}.
Tap nghiém cla phuong trinh
(x? =3x+2)(x? —4x+3)=0
laAuUuB={l,2,3}.
Tap nghiém cla hé phuong tr?nh
X2 —3x42=0
_12 —4x4+3=0

laANB=(1}.

1.2.7. Suy rong

Gia st [ 1a mot tap con cia N, I C N va (4));c; 12 mét ho nhimg
tap con cua tAp E.
Ta dinh nghia hop

A= UADbO {[xe U A, & Tiel:xeA)
i€l i€l

va giao

B=NAbdi (xe N A & Viel xeA)
i€l iel

Dinh luat De Morgan suy rong cho ho nhimg t4p con cia E s& c6 dang

(UA)=NA
iel €l
(NAY)=U 4
i€l i€l

13



1.2.8. Khai niém phu va phan hoach
Gia sir/ C N va S ={(A;);¢;] 1a mot ho nhiing tap con cia tap E.

Néu U A; =E thitandiS la mot phi cia E.
1el

Néu ngoaira, Vi € ], A; =2 va A N Aj=0, i=j,thinéiho S la
mot phdn hoach cia E.
Thi du 1.2.2. Xét E 1a mat phang Oxy thi tip t4t ci c4c dudng

thdng vuéng géc véi Ox, x=1x;, x; € R tao thanh mét phin hoach
cua E.

. BAITAP:15,1.6,1.7.

1.3. TICH PE CAC

1.3.1. Tich dé cic cua hai tap

Dinh nghia 1.3.1. Tich dé cdc cia hai tdp A va B la 1ap td4t cd cdc
cdp (a, b), a trudc b sau, duoc tao nén do ldy a € A, b € B mot cdch
bdt ki.

Ki hiéw tich dé 1a A x B, ta cé

AxB:=1{(ab) | acA beB)
Thidu 1.3.1. Cho
A={1,3),B={2, x}
thi
A xB:=1{(1,2),(,x),3,2),3.x}.

AxA={(,1),(,3),3,1),Q3.3))
Chii y 1.3.1. Chii  ring (1, 3) va (3, 1) Ia hai cap khc nhau.
14
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1.3.2. Tich dé cac cva ba tap

Dinh nghia 1.3.2. Tich dé cdc ciua ba tdp A, B, C la 1dp 14t cd cac
bé ba (a, b, c) theo thit tw a r6i b roi ¢, duoc tao thanh do ldy a € A,
réi b € B, réi ¢ € C mbt cdch bdt ki,

KihiéutichdélaA x B x Ctacéd
AxXxBXC={@bc)lacA,beB ce(}
Thidy1.3.2. NeuA={1,3},B={2,x},C={A) thi
Ax BxC={(1,2,A),(,xA), @3, 2, A) (3, x A))
va AxAxA={1,1,1),(Q1,1,3) (1,3, 1,(1,3,3),
G.1,1).3,1.3),3,3,1),3, 3,3)}.

1.3.3. Tich dé cac cua n tap

Dinh nghia 1.3.3. Tich dé cdc cua n tdp Ay, A,, ..., A, ld tdp tat
cd cdc bé n phan ti (ay, ay, ..., a,) theo thir w a, réi a,, ..., roi
a, dugc tao thanh do Idy a) € Ay, r8i a4 € Ay, ..., roi a, € A,
mot cdch bét ki.

Ki hiéu tich d6 1a A; xAy x...XA,, tacé:

A X Ay X . XA, ={(q, ay, .., an)la,-_eA,-,i =1, n)
Tichdécdc A X A x ... X A (nl4n) vi€t gon 12 A" :
A" ={(a, ay, ..ay)|a; €A i=1,n)

BAITAP:138,109.

1.4. QUAN HE TUONG PUGNG VA QUAN HE THU TU

1.4.1. Khai niém vé quan hé hai ngoi

Pinh nghia 1.4.1. Cho tdp E va tinh chdt R lién quan dén hai phdn nr
cua E. Néu a va b 1a hai phan 1t cia E thod man tinh chdt 3 thi ta néi a cé
quan hé R voi b va viéta R b.
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Quan hé nay goi la quan hé hai ngdi trén E.

Xét mot s6 thi du :

Thi du 1.4.1. Trén tap cic dudng thang trong khong gian, "dudng
thang D vuong goc véi duomg thing D' " 1a m6t quan hé hai ngbi.

Thi dy 1.4.2. Trén tap cdc s6 tu nhien N, "a nguyén 16 v6i b” I
mot quan hé hai ngoi.

Thidy 1.4.3. Trén tap so thuc R, "a = b" |a mot quan hé hai ngéi ;
"a < b" ciing 1a moét quan hé hai ngdi.
1.4.2. Do thi cia quan hé hai ngoi

Khi a .# b ta ciing néi cap (a, b) thod man quan hé .#. Cap (a, b) 12
phan tir ctia tich E x E. Ta chd y d&n tdp G 14t cd cic cap (a, b) € E X E
thod man :#. Ta goi G 1a do thi cia quan hé 4. Vay cé

Dinh nghia 1.4.2. D6 thi ciia quan hé A la 1dp tdt cd cdc cdap
(a, b) cua E x E thod mdn quan hé 5.

Thi du 1.4.4. D6 thi cia quan hé "a = b" trén R 1a dudng phan giic
cta cdc géc vudng § va 111 trong mat phing toa d6 Oab (hinh 7).

Thi du 1.4.5. D6 thi cha quan hé "a < b" trén R 13 nita mit phing &
trén dudmg phan giic cia cic gée vuong 1 va II1 (hinh 8).

b b

a=b

o

Hinh 7

1.4.3. M6t s6 tinh chat caa quan hé hai ngoi

Tuy theo dinh nghia, mét quan hé hai ngdi .# trén E c6 thé cé mot
s0 tinh chét sau day :
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1) Tinh phdn x@ ! Quan hé 4 ¢4 tinh phan xa néu
aRa, Va€eE

Thi du 1.4.6. Quan hé "a = b" trén R ¢6 tinh phan xa vi a = q,
nhing quan hé "a < b" khong ¢6 tinh phan xa vi khong cé ¢ < a.

2) Tinh doi xitng - Quan hé . ¢6 tinh d&i ximg néu

aRb=>bARa
Thi du 1.4.7. Quan hé "a = b" trén R c6 tinh d6i xing via=b =
b=a.
Quan hé "a < b" trén R khong ¢4 tinh d6i xdng vi tir a < b khong
suyra b <a.

3) Tinh bdc cdu : Quan hé & c6 tinh bic ciu néu
(aRbvabRc)y=>aRc.
Thi du 1.4.8. Quan hé "a = b" trén R ¢6 tinh bic cdu vi (a = b va
b=¢c)=a=c.
Quan hé "a < b" ciing c6 tinh bic cAuvi(a<bvab<c) = a<c.
4) Tinh phdn déi xumg : Quan hé & c6 tinh phin d6i xiing néu
(aRbvabRa)=a=b.
Thi du 14.9. Quan hé "a < b" trén R ¢6 tinh phan d6i xtng vi
(a<bvab<a)=a=b.

1.4.4. Quan hé turong duong

Dinh nghia 1.4.3. Quan hé hai ngdi R trén 1dp E goi la mét quan
hé twong duong néu né cé ba tinh chdt phdn xa, d6i ximg va bdc cdu.

Khi 47 1a mét quan hé tuong duong va a 4 b ta viét
a~b R
va doc : "a tuong duong b theo quan hé 9.
Ban doc ¢6 thé kiém tra lai cic khing dinh trong cac thi du sau.

L TOANHOC CAC CAFTI 17
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Thi dy 1.4.10. Trong N, Z, Q, R quan hé¢ "a = b" 1a mot quan hé
tuong duong (xem céc thi du 1.4.6, 1.4.7, 1.4.8).

Thidu ].4.1]. Trong Z quan h¢ "a — b 1a boi cla mot s6 nguyén p
khic 0 cho trudc” 12 moét quan hé tuong duong. Lic 46 ta viét
a =b (p) hay a = b (mod p)
va doc : “a déng du b moduls p©.

Thi du 1.4.12. Trong tap cac dudng thing trong khéng gian quan
hé "dudng thang D déng phuong véi duong thing D' " 1a mot quan hé
trong duong.

Thi du 14.13. Trong tap cdc vecto ty do trong khong gian quan hé
"vecto ii bang vecto v" la mét quan hé tuong duong.

1.4.5. Lép tuong duong
X¢ét tap E trong ddé c6 moét quan hé tuong duong 4 ; goi a la mét
phén tir xdc dinh cua E. Khi d6 tat ca cdc phdn tir b € E tuong duong

v6i a 1ap thanh mot tap goi 1a I6p tuong duong ciia a theo quan hé .#.
Ki hiéu lop dé 1a €(a, -#) ta c6

#a. ) :=1{b | beE b~a(M)
C6 thé xem a 12 phén tir dai dién cho 16p €(a, #).

Thi du 1.4.14. Trong tap c4c dudng thing trong khong gian, tit ca
céc dudng thing déng phuong véi mot dudng thing A cho trude tao
thanh 16p tuong duong cla A theo quan hé "déng phuong” ma phén tr
dai dién 12 A. C6 thé néi médi 16p tuong duong dé6 xdc dinh mot
phuong trong khéng gian.

Thi du 1.4.15. Trong tap tat ca cic vecto tu do trong khong gian, tt
ca cac vecto bing mét vectd OA g6c O cho trude tao thanh mot 16p
wong duong theo quan he “bing nhau” ma phan tir dai dién 12 OA .

Thi du 1.4.16. Trong R 15p tuong duong clia mot s§ xdc dinh a
theo quan h¢ "a = b" chi c6 mét phin tlr 12 a.

Chi y 1.4.1 : Tap tat ca cic 10p tuong duong ¥(a, ) tao thanh
mot phan hoach trén E.
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1.4.6. Quan hé thi tu
Pinh nghia 1.4.4. Quan hé hai ngéi R trén tdp E goi la mot quun
hé thir 1w néu né cé ba tinh chat : phdn xa, phdn 461 xitmg va bdc cdu.
Ban doc c6 thé kiém tra lai cic khing dinh trong céc thi du cau :
Thidul4.17. Trong N, Z, Q, R quan ¢ "a < b" |a mét quan h¢ thir ty.

Thi du 1.4.18. Trong N quan hé "a chia hét cho b" 1a mét quan hé
thir wy.

Thi du 1.4.19. Trong tap c4c tap con cta mét tdp E cho trude,
quan hé A C B 1a mo6t quan hé thir tu.

1.4.7. Quan hé thi tr toan phan

Dinh nghia 1.4.5. Mot quan hé thit v R 1rén tdp E got 1d quan hé
thic 14 toan phdn néuVa, b € E, ta déu cé hodc a # b hodc b X a.

Thidul4.20.Trén N, Z, Q, R, quan hé "a < b" 12 mot quan hé thi
tu toan phin vi Ya, b € N hay Z hay Q hay R ta déu c6 hoaic a < b
hoac b < a.

Thi dq 1.4.21. Trén tap cdc tip con clla mot tp cho trugc E, quan
hé "C" 1a mot quan hé thi ty khéng toan phdn vi néu A va B rdi nhau

chang han thi khéng cé A C B ciing khong c6 B C A.

1.4.8. Tap cé thi tu

Dinh nghia 1.4.6. Xét 1ap E trong d6 c6 mot quan hé thit tu 2#. Cho
hai phin tr bat ki a va b clia E. Néu a # b ta néi a cé thé so sdnh duoc
véi b. C4c phan tlr so siénh duoc véi nhau sip x€p theo mot thy nr xdc
dinh theo quan hé :A.

Dinh nghia 1.4.7. Néu 4 12 mot quan hé thit ty toan phén thi 14t
ca cédc phan tir caa E déu dugce sdp thit wr theo quan hé 2. Ta néi E
dugc sdp thir (i toan phdn bdi quan hé #.
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N&u .57 124 mot quan hé thic tu khéng toan phdn thi chi c6 mét s&

plidn tir cha E duoc sdp x€p theo quan hé :#. Ta néi E 1a tdp cé thit tu
b6 phan hay E duoc sap thit tu bo phan.

Thidu 1.4.22. Cic tap N, Z, Q, R 12 nhimg tip c6 thir tv toan phin

theo quan hé thu gy "a < b".

cod

Thi du 1.4.23. Tap cac tap con cila mét tap E cho trude 1a mot tap
thit tr b phan theo quan hé “"C".

BAI TAP : 1.10, 1.11, 1.12, 1.13, 1.14, 1.15.

1.5. ANH XA

1.5.1. M@ dau

Cho hai tap E va F va mét quy luat f lién hé cdc phén tir cua E

vdi mot 58 phén tir cia F.

20

Thidul5.]. E=F=R
x€Rlignhe véiy e Rbai y = x>

Thidu152 E=F=R

x € R lien he v6i y € R bdi quy luat y = x2.

Thidul53.E=R,F=12
x € Rlién he véi y € Z boi quy luat y = [x],
[x] ki hiéu phdn nguyén cua x.
Thidul54 E={xlxeR -1<x<1}
F=R
x € E lién hé véi y € R bdi quy luat

y = cung c¢6 sin la x.



Thi du 1.5.5. E 1a tap cic diém
trong khéng gian ki hiéu la .4, F la
tap cic diém trong mot mat phing
-xac dinh 7.

Diém M € .4 lién hé vsi diém
P € 7m béi quy luat : “P 13 hinh
chiéu vudng géc cia diém M lén
mat phing e Hinh 9

Néu quy luit f cé dic diém sao cho né tao ra tir méi phdn tir cia E
mot va chi mot phin tir cia F (hink 9) thi ta ndi f 12 mot dnh xa tir E
té1 F. Vay ¢6 dinh nghia dnh xa nhir sau :

1.5.2. Pinh nghia anh xa

Pinh nghia 1.5.1. Anh xa tix tdp E (64 tdp F 1a mot quy lugs f lién hé
giida E va F sao cho khi né tdc déng vao mét phdn ne x bat ki cua E sé
tao ra mot va chi mét phan tir'y cia F.

Thidu 1.5.6.Xét cdc quy ludt dinéudcicthidu1.5.1-1.5.5:
1) Quy luat d thi du 1.5.1 lamot anh xatr R t6i R vimdi x € R

tao ra moét va chi mot y € R xdc dinh bai y =x3.

2) Quy luat & thi du 1.5.2 1a mot dnh xa tir R t5i R vi mdi x € R
tao ra mot va chi mot y € R xdc dinh bai y = x2.

3) Quy luat & thi du 1.5.3 1a mot dnh xa tir R 161 Z viméi x € R
tao ra mot va chi mot y € Z xdc dinh bdi y = [x].

4) Quy luat & thi du 1.5.4 khong phai la mét 4nh xa tir E t6i R vi
mbi x € E tao ra v6 58 y € R xdc dinh bdi y bing cung cé sin 12 x,

. : |
chang han véi x=5 € E thi cdc cung ~E+2kn va 2624-21(1!, keZ,
déu cé sin 1a -1-
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5) Quy luat & thi du 1.5.5 12 mot anh xa tir .4 t3i 7t vi mbi diém
M € .4 chi€u vudng géc 18n mat phang T cho mét va chi mot diém

Pen

1.5.3. Ki hiéu anh xa
Dé dién ta f 12 anh xa uir tap E t6i t4p F ta viét
f:EoFhay E-LF
va goi E la tdp ngudn, F 1a tdp dich.

Phin 1ir y € F dugc tao ra tir phdn tit x € E bdi quy luat f goi la
dnh cua x va x goi 12 nghich danh (hay tao dnh) cia y. Ta viét

y=f(x)
hay x— y=f(x)
hay Xy

ftx) doc 1a "f ciia x" hay "f tai x".
Chi y 1.5.1. Chi y ring méi phin tir chia E ¢6 mot va chi mot anh,
nhimg mdi y € F chua chic di cé nghich inh.
Dinh nghia 1.5.2. Tdp tao bdi cdc dnh cua 1dt cd cdc phdn tir
x € E goi la dnh cua E (qua f), viét l1a (E) :
AE) =1y | y=flx).x € E)
hay

fE):=(y | Ax € E, y=fix))
Ta luén cé

f(E)CF
Dinh nghia 1.5.3. Néu A la mot tdp concua E : A C E, thi tdp
fA) =1y | y=fix), x € A)
goi la dnh cua A (qua f).
22
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‘NéuBC Fthitap f7I(B) = (x| x €E f(x) =y € B) goi Ia
nghich dnh cia B trong dnh xa f.
1.5.4. Pan anh

Xétf:E—>F.

Néi chung méi phin tir y thudc tap dich F c6 th€ 12 anh clta mot
hay nhiéu phin tir khic nhau & tap nguén E. Néu né chi cé thé 1a inh ciia
mot phén tir thi ta néi f 1a don dnh. Vay cé

Dinh nghia 1.5.4. Anh xa f: E — F goi ld mot don dnh néu
f(xl)zf(x2)=>x1=x2 (1.1.1)
Muén chimg minh 4nh xa f : E — F 1a mét don 4nh ta phai kiém
tra lai diéu kién (1.1.1).
Ta ciing ¢6 thé xét "phuong trinh”
fx)=y.yeF

Né&u "phucng trinh" v&i 4n x nay khong thé c6 qué mét nghiém voi
moi y cia F thi f1a don 4nh.

Thidu 1.5.7. Ta duyét lai cdc dnh xa § muc 1.5.1 va 1.5.2
1) Xét 4nh xa & thi du 1.5.1 : Phuong trinh

3= y.YER
c6 nghiém duy nhat x=23y € R. Vay 4nh xa nay 12 don 4nb.
2) Xét dnh xa o thi du 1.5.2 : phuong trinh

X% = y.y€R

c6 hai nghiém khic nhau néu y > 0. Vay 4nh xa ndy khong phai 12
don inh.

3) Xét anh xa & thi du 1.5.3 : phuong trinh -
[x]=y.y€N

c6 v6 56 nghiém, ching han vdi y = 1 thi x = 1,1 hay 1,3... déuc6 phén
nguyén la 1. Viy 4nh xa nay khéng 1a don anh.
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4) Quy luat & thi du 1.5.4 khong phai 12 mét anh xa, nén duong
nhién né khong phai 1a don 4nh.

5) Xét 4nh xa & thi du 1.5.5 ta kiém tra diéu kién (1.1.1). Mot
diém P € 1 c6 vo s8 di€ém M € X chiéu vuéng géc 1én 1 thanh P, dé
12 t4t ca cac diém M nam trén dudng thing vudng géc véi mat phing
ntai P. Vay dnh xa nay khong phai [a don anh.

1.5.5. Toan anh

Xétdnhxaf: E— F.

NGi chung f(E) 1a mo6t tap con cta F : f(E) C F. Néu c6 f(E) =F
thi f duwoc goi la mot toan dnki : Vay c6

Pinh nghia 1.5.5. Anh xa f: E — F goi la mét toan énh néu

ARE)=F. (1.1.2)

Khi f 1a mot toan anh ta ciing néi fla dnh xa tw E lén F.

Meénh dé (1.1.2) ¢6 nghia 12 méi y € F déu la anh cia ft nhat mot

x € E. Mu6n chimg minh 4nh xa f: E — F 1a mot toan dnh ta phai
kiém tra lai diéu kién (1.1.2).
Ta ciing c6 thé xét "phuong trinh"

f(x)=y,yeF
Néu "phuong trinh" nay ¢6 nghiém véi moi y € F thi f1a mot toan dnh.

Thi du 1.5.8. Taduyet lai cic thi du muc 1.5.1 va 1.5.2.
1) Xét 4nh xa & thi du 1.5.1 : phuong trinh

x> = y,y€R
1udn ¢6 nghiém Vy € R. Vay dnh xa nay 1a mot toan dnh.
2) Xét 4nh xa & thi dy 1.5.2 : Phuong trinh
x* = y.YyER
chi ¢6 nghiém khi y > 0. Vay inh xa nay khong 12 toan anh.
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Chi ¥ ring ciing c6 thé xét f(R) :
AR) = {y | y=x2,xeRI =R":= {y | y > 0} = R nén ciing
két luan duoe rang dnh xa nay khong 1a toan dnh.
3) Xét dnh xa & thi du 1.5.3 : Phuong trinh :
[x}=y,yEN
bao giG cliing c6 nghiém Vy € N. Vay dnh xa nay la toan anh.

4) Quy luat & thi du 1.5.4 khong phai 12 dnh xa, nén duong nhién
khéng phai la toan anh.

5) Xét dnh xa & th{ du 1.5.5 ta ki€m tra diéu kién (1.1.2).
R& rang fA)=mn

Viy anh xa nay la toan anh.

1.5.6. Song anh
Pinh nghia 1.5.6. Anh xaf : E — F goi la mot song énh néu né
vira la don énh viea la toan anh.

Thi du 1.5.9. Ta duyét lai cic 4nh xa & muc 1.5.1 va 1.5.2. Theo
cédc két qua @ hal muc trén ta c6 :

1) Anh xa & thi du 1.5.1 12 song 4nh

2) Anh xa & thi dy 1.5.2 khong 12 song anh

3) Anh xa & thi du 1.5.3 khong 13 song 4nh

4) Quy luat & thi du 1.5.4 khéng phai la 4nh xa
5) Anh xa & thi du 1.5.5 khong phai 1a song 4nh.

1.5.7. Anh xa nguoc cba mét song énh — Twong tmg 1-1

Xét hai tap £ va F va f1a mot song anh tr E t6i F. Khi 46 (xem
hinh 10) :
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Ung véi méi y € F c6 mot
vachimotx € Edéy=f(x)(c

mot vi f 1a toan anh tir E 1én F
va chi cé6 mot vi f 1a don énh dr
E16t F). Vay cé

Dinh ¥ va dinh nghia 15.7.
Song anh f : E — F tao ra mét

Hinh 10

dnh xa tir F 16i E. Anh xa nay goi 12 dnh xa nguoc cia dnh xa f va ki
hieula f' :

fViFSE
vdi dac diém :
néu fly=ythi f l(y)=x (x€E, y€F),
néu f'o)y=x thify=y(yeF,x€E).

R& rang ! ciing 12 mét song 4nh.

Déng thoi vai song 4nh f : E — F ta ¢6 mot tuong tmg 1 — 1 hai
chiéu giita E va F, chiéu tir E t6i F thyc hién bai 4nh xa f, con chiéu
ur F t6i E thuc hién bdi 4nh xa 7).

Thi du 1.5.10. Song anh f tir R t6i R xdc dinh boi

xeERH y= S ER

c6 anh xa nguac f" tir R ¢8i

R x4c dinh b3i g 1.2
_ r!
)’ER'—‘*:%/;ER P PRI AN
f
Song 4nh nay tao ra mot fl
twong ing 1 — 1 gitta R va R 01 8
(xem hinh L1). Hinh 11
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1.5.8. Hop (tich) cua hai 4nh xa
Cho ba tap hop E, F, G va hai inh xa

J:E—=F g:F—G
Nhu vay méi x € E tao ra bdi fmot vachiméoty € F :
o=y
vamdiy € Ftaorabdigmotvachimotz €G:
g(y) =z
Do d6 méi x € E tao ra (qua trung gian y) mét vachimétz € G

xac dinh boi g/f(x)] = z.
Viy c6 mot 4nh xa tir £ (41 G xic dinh nhwr sau :

xeE—~ z=g[f(x)] € G

Dinh nghia 1.5.8. Anh xa nay goi la hop cia fva g (hay tich cia f
va g), ki hiéula go f :

gof:E—G
xdc dinh nhuw sau :
Xx€Ew— (g f)x)=g[fix)] €G
Thidul5.11.ChoE=F=G=R.
x€R»—+y=f(x)=x2 €R
yER—z=g(y)=y-5€R
thi 4nh xa hgp gof : R — R xdc dinh nhu sau
x€Rw— (go fX0) = glft)] =X =5 €R
Chiy 152

Hop ctia hai don 4nh 1a mét don 4nh.
Hop ciia hai toan dnh 12 moét toan anh.
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Hop cta hai song 4nh 12 mét song dnh.
Dé nghi ban doc kiém tra lai.

Chi y 1.5.3. Cho hai tap E va F va song danh f: E — F. Theo muc
1.5.7 thi t6n tai 4nh X2 ngugc

1 F-E
Ta cé
x€E~ (o N =f " fwl=f () =x
YyEF— (fo 70 =F 'O =fix)=y
nghia la cé
fYof=lp, fof l=Ip
trong dé
I 12 d4nh xa déng nhit trong E
Irla dnh xa déng nhit trong F
nghia la
Vx €E Ip(x)=x
Vy€eF Ir()=y

BAITAP: 1.16, 1.17, 1.18, 1.19, 1.20, 1.21, 1.22, 1.23, 1.24.

1.6. TAP HOU HAN - TAP PEM DUGC -
TAP KHONG DEM PUQC

1.6.1. Mot so thi du mo dauv

Xét
A ={a, b, ¢} c6 3 phin tir

B = {x),x5, x3} ¢6 3 phin tif
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M ={1,2, ..., n) c6 n phin ti

D ={x|,xp, ..., x,} c6 n phin .
Nhiing tap nay chi c6 moét s8 hiru han phan tir.
Bay gid xét

N' ={1,2, .., n,..}

X=(xy, x5..., Xpu..-)

R = {S6 thue)

Y=y | yeER,O0<y<1)}

Cac tap nay cd vo s6 phin .

1.6.2. Luc luong cua tap hop

Dinh nghia 1.6.1. Néi hai tdp E va F ¢é cang luc luong néu 1én
tai mét tuong ung 1 — 1 giita ching.

Muén cho E va F ¢6 cing luc lugng, diéu kién cdn va du 1a gita
ching ton tai mot song dnh.

Tré lai cac thi dy & myc 1.6.1.
Giita A va B c6 tuong iing 1-1.
aex,bex), ceoxg

Diéu dé biéu hién 8 chd ching cing c6 3 phén tir. Ta n6i 3 1a
luc lugng cha A va B.

Giita M va D cé tuong tng 1~1
P, i=1,2,...,n

Pidu d6 biéu hién & chd ching ciing ¢6 » phén tir. Ta néi : » la luc
lugng cua M va D.

Giita N* va X ¢6 tuong tmg 1-1
ini,i= 1,2,
Tanéi N va Xcé cing luc lugng.
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Giita R va Y ¢6 tuong ung 1-1
1 1
x€eR o y=—arctgx + —
s 2
Ta n6i R va Y cd cung luc luong.

1.6.3. Tap hiru han — Tap dém duoc va tap khong dém dirge

Tap M va cde-tap c6 cung luc lugng v8i né goi la cac tdp hitu han
(c6 n phan wr).

* vl
Tap N va cdc tap c6 cung lyc luong véi né goi la céc tdp dém duoc.

Tap R va céac tap c6 cung luc luong v6i n6 goi 1a nhing tap khéong
dém duoc (c6 vo s8 phdn tir khong dém dugc).

BAI TAP : 1.25, 1.26.

1.7. PAI SO TO HOP

1.7.1. Hoan vi
Xét tap hia han E ¢6 n phédn ur :
E = {x}, x5, ..., xg1l.

Dinh nghia 1.7.1. Mot hodn vi cua E la tép gém tét cd cdc phdn tit cua
E xép theo mét thit tw xdc dinh.

Ban than E ciing 12 mot hodn vi ctia E, goi 1a hodn vi déng nhdt.
Méi hodn vi cua E img v&i mot song nh tir E 1én E va ngugc lai.
Thidul7.1. E = {xy. x,)

thi cdc hodn vi cua E la {x,, x5} va {x;, x;}.

thi cic hodn victia E 1a

(x; X3 x3} , (X3 x3 1}, {x3 213 x5}
{x3x x ). {xp x3x1, {xp Xy X3}
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Ta thay : S6 cic hodn vi clia mot tap ¢6 2 phin tir 1a 2 = 2! ; 56
cac hoan vi cha moét tap ¢ 3 phan tirla 6 = 3!,

Ngudi ta chimg minh duge ring s6 cic hoan vi (khic nhau) cua
tap E c6 n phan tir'la

P,=n!

Thidul.72. P{y=101=1.2.3.4.5.6.7.8.9. 10.

Chi y 1.7.1. Vay 56 song anh cva tap E c6 n phan tir 1én chinh n6
hay s6 cic song dnh gita hai tap cdng cé n phén tir la P,

1.7.2. Chinh hop lap
Xét E = {xy, xp, ..., X} va tap B gém p phin ta

B= {yl.)’z, NURN yp].
Pinh nghia 1.7.2. Mot chinh hgp ldp chdp p cia E 1a mot bé phan
gom p phdn nr khong bat buéc phdi khac nhau Idy tie n phdn tif ciia E
roi xép theo mot thu ty xdc dinh.

~ Mai chinh lap chdp p cia E dng vdi mot énh xa tr B dén E va
ngugc lai.
Thi du 1.7.3. E = {x), x,} thi cac chinh hop lap chap 3 cia cic
phan tir cia E 1a
g xpxhs Axpxp ), (o), (xxx)
{xpx3 x5}, {x; X333}, {x3x; 2}, {xp x5 x;}.
Tat cacé 8 = 2°.
Ngudi ta chimg minh dugce rang sS chinh hop lap chap p cia mot
tap c6 n phan tir 13 nP.
Vai n=2.p=3tac623=8.
Chi y 1.7.2. Vay s6 anh xa tir tap B ¢4 p phan ti dén 14p E cé
n phén tir1a »”.
1.7.3. Chinh hop
Bay gid xét cdc bo phan gém p phdn tir khic nhau rit ra tir £, diéu
dé bude p < n.
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Dinh nghia 1.7.3. M6t bo phg‘h go6m p phdn nr (p < n) khde nhau

1y tir n phdn it ciia E roi xép theo mét thit tit xdc dinh la mér chinh
hop (khong lap) chdp p cua n phdn ur cua E.

Mai chinh hop (khong lap) chap p ctia n phin td cia E iing véi
mot don 4nh tir tap B ¢6 p phidn tir ti E va nguge lai.

Thidu 1.7.4. Cho E = {x,, x5, X3}, p =2, (n = 3) thi c4c chinh hgp
chap 2 cta 3 phédn tirctia E 1a

{X1 le > '1211} N {Xl X3] . {13 11} ’ {1213} s {X3X2}

C6 6 tdt ca.

Ngudi ta ching minh dugce ring s6 cac chinh hop chap p (p < »)
clia mot tap hgp c6 n phdn ur la

AP = M i=1)...(n—p+1)
(n—p)! :

o _ 2
Véin=3,p=2tacé Ay =6.
Chu y 1.7.3. Vay s8 don adnh tiy mot tap c6 p (p < n) phén tir 16i

mot tap ¢ nphantirla AP,

1.7.4. T4 hop
Xéttap E= (x| X9, ..., X}, p< .

Dinh nghia 1.7.4. Mot b phan gom p phdn tik (p < n) khdc nhau

ldy ti cdc phan tir ctia E (khong k€é thi ty) goi 1a mét 16 hgp chdp p
cia n phan tit cua E.

Thidu 1.7.5. Cho E = {x|, x3, x3}, p = 2, (n = 3) thi céc 8 hop
chap 2 cia 3 phdn tir cba E la

{xy X3} 5 {xy x3} s (g 23}
Cé 3141 ca.
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Goi s6 c4c t6 hop (khic nhau) chip p clia mét tdp cé » phdn tir
(p < n) 1a CP. R& rang theo dinh nghia cha t6 hgp v hoén vi ta c6é
CE=AR/P,.

Do dé

P~ n! :n'(n—l)...(n~p+l)
" pla—p)t p!
Chi y rang O ! = | theo quy uéc.

Véin=3,p=2tacéd Cg=3.

Chii y 1.7.4. Tit biéu thie ctia C! va véi quy uéc Cp =1 ta suy ra
(ban doc kiém tra lai) :

caP=cp

P p+l _ ~p+l
Cn + Cn - Cn+l

1.7.5. Nhi thitc Newton

Xét D" =+ Dx+ D). (x4 D)
n thira 58
RO rang

(x+1D)" =x" +k“_1,vc“_l +kn_2x“_2 +..+1

He s6 ciia x bing s8 cich chon p 14n x trong n thira s6 (méi thira
s6 13 x + 1), 56 d6 chinh 12 s6 t6 hop chap p clia n phén ti, tic 1 bing
Cf. Vay

(4D =x"+CII Ty SRR 4 )

Thay x =§- vachi ydén Cp 7P =CP tacé

(a+b) =a"+Cla" b+ .. +CRa"PHP 4+ .+ CO 1y 4 B!
D6 1a céng thic nhi thicc Newton.
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Véi n =2, 3 1a thdy lai cic cong thirc da biét :
n=72 (a+b)2=(12+2ab+b2
n=3 (a+b)Y =a +3a’b+3ab>+b
Chu y 1.7.5. Vé tam gidc Pascal

Cic he s6 cua cong thidc nhi thic Newton viét duge dudi dang tam
gidc, goi la ram gidc Pascal :

n=1 1 1

n=2 1 2 1

n=3 1 3 3

n=4 | 4 4

n=>5 1 5 10 10 5 1
n=6 1 6 15 20 15 6 1

S8 hang & hang dudi bing s6 hang cling c6t & hang trén cong vai
s6 hang ciing hang trén & cot bén trii.

BAI TAP : 1.27, 1.28, 1.29, 1.30, 1.31, 1.32, 1.33.

TOM TAT CHUGNG I

Ki hiéu
= kéo theo
< tyong duong
V véi moi
3 t6n tai
:= dinh nghia bai
| sao cho
Tap hop va phin tir
Ki hi¢u €,doclathuéc:a€ A
Tap réng ¢
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Tap bing nhau : A =B néu A va B tring nhau
Bao ham, tap con '

ACBs (x€A)= (xEB)Y)
((ACB)VA(BC A)) < A =B

Hop x€ AUB & ((x € A) hoac (x € B))
Giao x€ANBe ((x€A)yva(x €B))
Hiéu x€c A~-B< ((x€ A)va (x € B))
Bi ACEth A=E-4A
Tich dé cic
AxB=((a.b) | acA beB)
AxBxC=((abc)|lacAabeB ceC)

Mot quan hé hai ngéi 7 trén E goi 1a

phan xa néu x#x ,Vx € E
d6i xing néu xRy = yRx
bac cdu n€u (cRy va yHe) = xHx

phén d6i x\ing n€u  (xJfy va ysfx) = x=y

Quan he @ treén E goi 12 quan hé tuong duong n&u né phan xa, d6i
xing va bac cdu, ki hiéu la ~ . '

Tap t51 ca cac y € E ma ~ x goi la 16p twong duong ctia x.
Quan heé .47 trén E goi la quan hé thit tu n€u né phin xa, phan dai
xing va bic cdu, thudng ki hiéu 1a <.
Hai phin tir a va b ciia E goi 1a so sdnh dugc néu
a#? b hay b a
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& 1a quan hé thit tv toin phidn néu moi cip a va b cla E déu so
sdnh duagc ; :# 12 quan hé thi tr bé phan néu chi c6 mot s6 capava b
cua E la so sdnh dugc.

Anh xa tir tap E t6i tap F

D4 1a mot quy luat f lién hé gita £ va F sao cho tng mdi x € E cé
mot vachimoty € F,viétf: E— F.

y goi 1a dnh cua x, cdn x goi la nghich dnh cila y ; viét y = f(x) hay
f(x) =y hay x —y.

Pon dnh : fla don dnh néu

X =xY=>x=x'
Toan dnh : f1a toan dnh néu f(E) =F.
Song anh : f1a song dnh né&u f vira 1a don 4anh vira 13 toan dnh.

Neéu f 12 song 4nh tir E t3i F, n6 tao ra dnh xa nguc}cf_1 tr F toi
E. Mot song dnh tir E t6i F tao ra mot tuong tng 1 — 1 giita Eva F.

Lirc hrong cua tap hop

Hai tap hop goi 12 ¢6 cung luc lugng néu gidta chiing c6 mot tirong
img 1-1. Tap {1, 2,..., n} va cac tap cung lyc lugng v4i né 1a céc tap
hitu han ; ching cang cé n phén ti.

Tap {1, 2, ..., n,...} va cdc tp cung lyc lvong véi né la cac tap
dém dugc.

Tap s6 thyc R va cédc tap hop cing lue luong v6i né 1a vo han
khong dém duge.

Pai s6 t6 hop

S6 cic dnh xa tir mét tap gém.p phdn tir t6i mot tap gém » phén tir
‘bing 56 cdc chinh hop 1dp chédp p cua n phén tir. S6 d6 1a n?.
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S6 céc don dnh tir mot tap hgp gdébm p phan tir téi mot tap gém »
phan it bang s8 cic chinh hgp chap p cha n phan tlr. S6 d6 la

- Al =n(n—1)..(n—p+1)

S6& cdc song dnh tr mot tap gdbm 1 phan tr 1&n chinh né bang s6
cac hodn vi cia n phan tir. S6 dé la

P, =n!

Mot bo phan gém p (p < i) phdn tir 18y tit » phin tir (khong ké thir
tu) goi 12 mot 18 hop chap p clia n phén tir... S5 t8 hgp dé 1a

p _éi_ n!
p!  pln—p)
Ta co
ch =Ch?

P _ Pl P
Ch=C+C

Nhi thic Newton

(a+b)' =
=a" +nd" b+ ..+ #n = 1)"'(': —ptD a" " Pb” ..+ b"
P
BAI TAP CHUONG I

1.1. Ding cdc ki hieéu da hoc & tiét 1.0 hay vi€t cic ménh dé san :

binh nghia — Tam gidc ABC goi 1a tam gidc can néu n6 ¢6 hai géc
bing nhau.

Dinh 1i — N&u tam gidc ABC ¢6 hai canh bang nhau thi né 12 tam
gidc can.
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Dinh li — Diéu kién cdn va di dé tam gidc ABC can 12 né cé hai
canh bing nhau.

1.2. Tim tap cac nghiém coa phuong trinh hay bat phuong trinh
dudi day va biéu dién chiing trén truc s :

a) X’ —4x+3=0

b) x> —4x +3>0

c) x2 —-4x+3<0

dx-x+1=0

e) P ox+1>0

Nx"—x+1<0

[\S]

1.3. Tim tap cdc nghiém cua hé phuong trinh hay bat phuong trinh
duéi day va biéu dién chiing trén mat phang toa d6 :

2 {3x +2y=8
4x—-y=17
b) {Bx —y=2
—6x+2y=-4
A)3x—-y=0
d)3x-y>0
e)3dx-y<O
1.4. Trong céc trugng hop sau hoi c6 A =B khong ?
a) A 1a tap cdc s8 thyc khéng am, B la tap moi s6 thuc khong nho
hon tri tuyét d6i cta chinh nd ; .
b) A la tap cédc s5 thyc khong am, B 1a tap moi s6 thuc khong 16n
hon tri tuyét d6i ctia chinh né .
c) A la tap moi s6 nguyén khong am va khong 1édn hon 100 c6 tam
thira 1a mot s6 1& khong chia hét cho 3, B 1a tap cic s6 nguyén khong
am va khong 16n hon 100 cé binh phuong trir 1 chia hét cho 24.

1.5. A, B, C l1a tap con ciia E. Chitng minh ring néu AUC C AUB
VaANCCANBthiC CB.

38



9,;
‘(og

1.6. A 1a 1ap con cia E. Hiy xdc dinh cidc tip sau (A) ; ANA,
AUA, D, E

1.7. A, B 1a cic tap con ctia E. Ching minh

a)Néu A C Bthi BC A.

b) Néu A va B coi nhau thi moi phén tir cia E sé thuoe A hoac
thuoc B.

c)ACB&AUB=B& AUB=E

HACBSANB=ASANB=0O

e) AUB=(ANB)

fy ANB=(AUB)

1.8.Cho A= {1,2, 3}, B={2.3,4).

Hay viét ra tit ca cac phdn tir clta A x B va biéu dién ching thanh
cic diém trén mat phang toa d6.

1.9.Cho A=[1,2]:={x | I <x<2)
B=12.3]:={x | 2<x<3)
Haiy biéu dién hinh hoc tap tich A x B trén mat phing toa do.
1.10. Trong R, quan hé a # b xac dinh bai
'@ —b =a-b

¢6 phai la quan hé twong duong khong ? Tim 16p tuong duong €(a, H).

1.11. Trong tap cdc s tu nhién, cidc quan hé sau c6 phai 1a quan he¢
tuong duong khéng ?

a) achiahétcho b ;

b) a khéng nguyen t8 véi b.

1.12. a) Trong khong gian hinh hoc théng: thudng duoc coi nhu

3

tap cdc diém M, M',.., chimg minh ring quan hé “M vi M’ & gén mot
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dudng thang cung phuong v6i dudng thing D cho trudc” 1a mot quan hc
tuong duong. Néu dic diém clia cac 16p tuong duong.

b) Cing cau hoi d6 trong mat phing vdi quan hé "M’ ia anh cia M
trong mot phép quay quanh tam O cho trude”.

1.13. Trong tap cdc dudng thang trong khéng gian quan hé D L D’
¢6 phai 12 quan hé tuong duong khéng ?

1.14. Trong Rz, hdy chiing minh quan hé
() S Y)ex<x,y<y

ta quan hé thir ty. N6 ¢6 phai quan he thif ty toan phan khong ?
Neéu khéng, hay xic dinh hai cip (x, y) va (X', y') cu thé khéng thda
man ca (x, y) < (', y) lan (X', y') < (x, y).

1.15. Mot ki thi ¢6 hai mén thi, diém cho tir 0 d€n 20. Mai thi sinh
c6 hai diém, x 12 diém clla m6n thi thit nhat, y 1a di€m ciia mén thi
thy hai. Trong t4p c4c thi sinh, ngudi ta xét tap cic cip diém s6 (x, y)
va xdc dinh quan hé hai ng6é1 A nhu sau

‘ hoac x; < xy
(. ») A (X3, ¥2) & { ) S
hoicxy = x, vayy <y,

Chitng minh ring :# 12 mét quan hé thi ty toan phdn trén tap cac

thi sinh.

1.16. Cic dnh xa f : A — B sau la don énh, toan inh, song 4nh ?
X4c dinh d4nh xa nguoc néu cé :

NDA=R,B=R, flx)=x+17;
2)A=R,B=R,f{x) =x>+2x -3 ;

3) A=14,9], B=[21,96). f(x) =x*+2x - 3 ;
4YA=R,B=R, fix)=3x-2|x]| ;
5)A=R,B=(0, +=), fx) =¢**';
6) A=N,B=N, f{x) =x(x + 1).

1.17. Cic inh xa sau d4y 1 loai 4nh xa gi ? Xéc dinh 4nh xa
nguoc néu c6
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1) B6i ximg déi véi mot diém O ;
2) Tinh ti€n theo vecto a ;
3) Quay quanh tam O mot géc O trong mat phang ;
4) Vi tutam O véi ti sé k = 0.
1.18. a) Cho 4nh xa f: R — R xdc dinh béi
2x

. 1+ x
N6 c6 12 don anh ? 1a toan dnh ?
Tim anh f{R).

f(x) =

2

b) Cho dnh xa g: R* — R, R’ = R = (0} xdc dinh b x — —.
Tim anh fog. )

1.19. Xéc hai dnh xa

f: R — R xéc dinh béi f{x) = | x|

g:R, SR R,:={x | xeR, x>0} xdcdinhbdix — Vr

Sosdnh fogva gof.

1.20. Cho 4 tap hop A, B, C, D va ba 4nh xa

f:A—>B; g:B—=C; h:C—-D.
Chung minh ring
fre(gefy=(heog)s f.
1.21.1YCho2tap Fva Fvaanhxaf . E > F.
A va B 1a hai tap con ctia E. Chimg minh

a)A C B flA) C fiB);
b) (AN B)Y C ffIA) N f(B);

S) A U B) =f(A) U f(B).
2) Chitng minh ring néu f 12 don 4nh thi

f(A N B)=f(A) N f(B).
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1.22.Cho 2 tap E Vi F va anh xa f: E — F.
Ava Bla2tapconcoa F, ching minh
2D)ACB= f (A c f' (B
b/ (AnB) =7 A £ B).
1.23.Chof:E—>F.8: F -G
Chiing minh rang :
1) N&u f va g }a toan dnh thi g = f 12 toan anh ;
Néu fva g 1a don dnh thi g o f 1a don 4nh ;
N&u f va g la song dnh thi g o f 12 song dnh.
2) Néu g < f la song 4nh va f1a toan 4nh thi f va g 1a song anh.
1.24. V4di méi bo 4 s6 nguyén a, b, c, d sao cho ad - bc=1,tacho
dnh xa f: Z2 — 22 xéc dinh bai
fi(x, y)— (ax + by, cx + dy)
va goi F la tap cdc 4nh xa nhu thé.
a) Chimg minh rang f 14 song 4nh va ek
b) Chitng minh ring n€u fvag € Fthi f~g € F.
1.25. 1) Chimg minh rang hop cla hai tap hin: han 12 mot tap hitu han.
2) Chimg minh ring hop clia mét s6 dém dugc céc tap hitu han la
mot tap dém dugc.
1.26. Cho tap E, goi F#(F) 1a tap t4t ca cic tip con clia E. Ching
minh rang #(F) khong cling hee lugng véi E.

1.27. Cho A = {a, b}. Cé thé 1ap duroc bao nhiéu bang khic nhau
c6 dang

a b
a a B
b Y S

trongdé a, B, Y, 6 € A?
42



1.28. a) C6 bao nhiéu s6 ¢6 5 chit 56 ?
b) Cb bao nhiéu 36 c¢é 5 chit s8 ma cic chir s6 déu khac nhau ?

1.29. Tim s& t4t ca cic tap con clia mot tap gébm n phdn tir, ké ca
1ap réng.

1.30. Chocac hodn vi Pva Qcia {1234} :
P=1{3412}) O0=1{2413}matakihiéu nhusau:

1 2 3 4 1 23 4
P= , 0=
341 2 2 41 3
Tim P-Q, Qo P, P 'vaQ "

1.31. Cho » diém khic nhau trong mat phang sao cho ba diém bat ki
khong thang hang. Xét cic doan thing n6i timg cap hai diém khic nhau.
a) Tinh s6 cidc doan thing dé.
b) Tinh s6 cidc tam gidc dugc tao nén.
¢) Ung dung cho céc truong hop rieng :
n=3,n=4,n=>35.
1.32. Chimg minh

a) 1-ChL +C2 —..+(-1)PCR =(-1)*CP_,

noo
b) Y Cy =2"
e

n o
) Y (-1'ch =0.
=0

1.33. Tim s6 hang 16n nh&t trong khai trién cta nhi thic
37+19°L

DAP SO

1.1. Tam gidc cAn := tam gidc c6 hai géc bing nhau
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Tam giac ¢ hai canh bang nhau = tam giac can

Tam gidc ¢6 hai canh bing nhau & tam gidc c4n
1.2.2) {1,3}:b) (e, DU 3B, +e) 5¢) [1,3]:d) @ ; €) (—=0, +e2) ; ) &.

1.3.a) {2, 1)) b) {(x,y) | xedy ¥, y = 3x — 2} dudng thing
y=3x-2

c) {(x,y) | xtuy y, y=3x}.

dudng thang y = 3x.
d) {(x. y) | xtwy ¢, y < 3x).

Cic diém (x, y) nim dudi duong thang y = 3x.
e) {(x, y) | xtyy,y>3x).

Ciéc diém (x, y) nam trén dudng thang y = 3x
1.4. a) C4 ; b) Khong ; ¢) Co.
16. (A) =A;ANA=@;AUA=E

@ =E E=0
1.8. {(1,2).(2,2).(3,2),(1,3),(2,3) (2,4), (1, 4), (3, 3), 3, H)}.
Cac diém c6 toa d6 nhu trén.
1.9. Hinh chit nhat c6 4 dinh 12 (1, 2), (1, 3), (2. 2), (2, 3).
1.10. C6.
|a[ <2/ \/gvh a=1/ J3 thi ¢(a,.# = {a va hai nghiém cua
phuong trinh Crax+a-1= 0}.

lal =2/ Jg"f’(a,,ji’)z {ava nghiém kép clia phuong trinh trén}.
lal >2/ 3. €. A =a).
lal=17 3, ¥a, # =(a, -2a).
1.11. a) Khong (vi khéng déi xing).
b) Khong (vi khong bic ciu).
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1.12. a) Lép tuong duong gbm tdt ci cdc dudng thing ciing phuong
b) Méi 16p tuong duong 12 mot dudng tron tam O. '
1.13. Khéng (vi khong phan xa va khéng bac cu).

1.14. Khéng phii quan hé thy nr 1oan phan, chang han (1, 2) va (2, 1)
khong so sdnh dugc.

1.16. 1) Don 4nh, toan 4nh, song dnh, f~1(y)=y-7.
2) Khéng don anh, khong toan dnh, khong ¢6 dnh xa ngugce.

3) Don 4nh, toan 4nh, song anh £~ (y)=—1+4+y.

y,y=0
4) Don dnh, toan dnh, song anh, f—l(y)z 1
-y, y<0
hY
5) Don inh, toan 4nh, song 4nh f~'(y)=1Iny—1

6) Don anh ; khong toan anh ; khéng song 4nh ; khong cé dnh xa ngugc.
1.17. T4t ca déu la song dnh.

1) Anh xa nguoc tring véi no.
2) Anh xa nguge 1A tinh ti€n theo vecto —a.
3) Anh xa nguoc 12 quay quanh tam O mot géc —6.

4) Anh xa nguoc 1a vi wr tam O véi ti s6 —,1;

1.18. a) fxhong phai don dnh hay toan anh, AR) =[-1, 1];
b) fog=Tf

1.19. fog=gof.

1.27. D6 12 56 céc 4nh xa tir A t6i A, tic 1 2% = 16.
1.28. 2) 9 x 10" 56 ¢6 5 chit s6.

b)9 x 9 x 8 x 7=45365s6c6 5 chit s& khic nhau.
1.29. 2"
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l
1.30. P-Q=
Q [4 2 3 1

1234
1341 2

1.31.2) d:M

b) 1= %n(n —D(n—-2)

c)vét n=3 d=3
n=4 d=6
n=>,5 d=10

1.33. ¢}{372' 19'0.
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Chicong 11

CAU TRUC DAI SO - SO PHUC -
DA THUC VA PHAN THUC HOU Ti

2.1. LUAT HOP THANH TRONG TREN MOT TAP

2.1.1. Khai niém vé luat hop thanh trong

Dinh nghia 2.1.1. Ludt hop thanh trong trén tdp E, hay phép rodn
trén E, la mot quy ludt khi tde dong lén hai phan tir a va b cua E sé
tao ra mgt va chi mot phan ti cing cua E.

N6i cdch khic, luat hop thanh trong trén tap E 1a mét dnh xa tir
E x E16i E.

Ki hiéu luat hgp thanh trong trén tap E 1a * ta ¢6

(a,b)c ExXE—a*bcE
hay
abeE—a*bekE

Thi du 2.1.1. Phép cong (+) 1a mot luat hop thanh trong trén cic
tap N, Z, Q,R :

(e, b)) ENi—a+beN
(a,b)eZ —a+bel
(a,b)eQr—a+beQ
(a,b)c R—a+beR

Thi du 2.1.2. Phép nhan (.) 12 mot luat hop thanh trong trén cac
tapN,Z, Q,R:
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(a, b))eN—abeN
(a,b)eL—abel
(a, b)eQ—abe
(a,b) ER— abeR

2.1.2. Tinh chit cva moét luat hop thanh trong
Mot luat hop thanh trong (*) trén tap E c6 thé ¢6 mot s6 tinh chat sau :

1) Tinh két hop. Ta néi lugt hop thanh trong (*) trén tap E c6 tinh két
hop néu

Va,b,c € Etac6a*(b*c)y=(a*b)*c

Thi du 2.1.3. Phép cong (+) v phép nhan (.) trén cic tap N, Z, Q,
R ¢4 tinh k&t hop vi

a+(b+c)=(a+b)+c
a.(b.c)=(a.b).c

2) Tinh giao hodn. Ta néi ludt hop thanh trong * trén tdp E ¢6
tinh giao hoan néu

Va,be Etacba*b=b*a

Thi du 2.1.4. Phép cOng (+) va phép nhin (.) trén cic tip N, Z, Q,
R ¢6 tinh giao hodn vi

a+b=b+a
a.b=b.a

3) Phdn tir trung hoa. Ta néi ludt hop thanh trong (*) trén tdp E
c6 phdn tit trung hoa la e néu e € E va

VaeEtacba*Xe=e*a=a

Thi du 2.1.5. Phép cOng (+) trén cic tap N, Z, Q, R c6 phin tr
trung hoa la O vi ta luén cé

a+0=0+a=a
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Thi du 2.1.6. Phép nhan (.) trén cic tap N, N*, Z, Q, R c6 phén tr
trung hoa la 1 vi ta ludn cé

al=la=a

4) Phdn tu d61 (hay doi xumg). Xét tap E trén d6 c6 luat hop thanh
trong (*) véi phéan tir trung hoa e. Xét phdntra € E. Phantlra’ € E
£01 12 phdn i d6i cua a néu

a*a=a*a=e

Thidu 2.1.7. D61 v3i phép cong (+) trén céc tap Z, Q, R moi phén

tir a déu ¢6 phén tir d6i 1a —a vi
a+(-a)=(-a)+a=0

Riéng trén tip N, thi —n € N, cho nén moi phdn tr = 0 cha N
khong cé phan tir d6i d6i v6i phép cong.

Thi du 2.1.8. D81 v6i phép nhin (.) trén cic tap Q, R, moi phdn

tlr a = 0 déu c6 phdn tu doi 1a l convietlaa ', vi a.i=l.a=1.
a a a

Riéng trén Z moi phin tir @ = 0 vd a = 1 déu khong cé phin ti
dai vi
aGZ.(a:::O,a::l)th‘ll ¢Z.
a
Khi phép toin duoc dat tén la phép nhan thi phin tir d6i dugce goi
12 phdn 1z nghich ddo.
2.1.3. Khai niém veé caw tric daij sé

M6t tap c6 trang bi mot hay nhiéu luat hgp thanh trong véi nhimg
tinh chét x4c dinh tao thinh mét trong nhitng déi tuong todn hoc goi
1a cdu tric dai sé.

Sau day ta s€ nghién c\u cic ciu triic nhom, vanh va trudmg va dac
biét 1a rruong sé phic.

b6 1a cdc c4u tric dai s6 thong dung nhat.
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2.2. CAU TRUC NHOM

2.2.1. Pinh nghia nhém

Dinh nghia 2.2.1. Tdp G khong réng cé trang bi mér lugt hop
thanh trong (*) ki hiéu la (G, *). Cap (G, *) duoc goi la mét nhém
néu thod man ba tinh chdt sau :

G1 : Luat (*) cé tinh két hop.

G2 : Ludt (*) cé6 phdn ti trung hoa e.

G3 : Moi phan ti cia G déu c6 phan ti doi.

Ba tinh chit G1, G2, G3 con goi 12 cac tién dé cua nhém.
Né&u c6 thém tinh chdt thi to :

G4 : Ludr (*) ¢6 tinh giao hodn thi nhém (G, *) goi la nhém giao
hodn hay nhém Abel.

Chu y 2.2.1. Khi cap (G, *) 1a m6t nhém, né€u khong sg 1dm 14n ta
cling ndi1 gon : G 12 mot nhém.

Thi du 2.2.1. Can cif céc két qua & muc 2.1.2 thi (Z, +). (Q, +).
(R, +) 14 nhitng nhém giao hoén.
2.2.2. M6t sé tinh chit cua nhém
Dua vao dinh nghia 2.2.1 ¢6 thé chimg minh duoc cdc tinh chét sau :
1) Phdn tir trung hoa e 1a duy nhAt.
2) Phén tr d6i 2’ cha a 12 duy nhat.
3) C6 quy tic gian udc :
a¥*x=a*y=>x=y.
Ap dung : Trén Z, Q, R ¢6 quy tic gian uéc
a+x=a+y=>x=y
4) Trén G phuong trinh
a*x=>
¢6 nghiém duy nhdt

x=a%*b
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Ap dung : Tren Z, Q, R phuong trinh
a+x=b
c6 nghiém duy nh4t
x=(-a)+b=5b-a,

Ta thir chiimg minh céc két luan trén.
1) Gia st ¢6 hai phén tif trung hoi e va ¢’, nghia la

VYVaeG a*e =e*a=a,
ate=¢*a=a.
Xét tich e * ¢’. Vi e va e’ déu 1a phan i trung hoa nén ta cd
e=¢*e=c¢. ’
Tasuyrae =e’.

2) Cho a € G, gia sit ¢6 hat phin tir d8i @’ v a” nghia 1a c6

d*¥a=a*d=e,d"*a=a*d" =c¢.
Thé thi c6
(a’*a)y*a” =e*a”=a"
a*¥@¥a") =a’'*e=a’
Va suy ra a=a".

3) Gia sir da c6

Ta suy ra
a*(a*x) =a*(a*y)
(@*a)y*x =(a'*a)*y,
vy xX =y.
4) Gia s
a*x=>H
Ta suy ra
a*(a*x) =a*b
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(@*a)*x =a *b
X =a*b.

Nguagc lai dé thdy rang x = a’ * b thoa man phuong trinh da cho.

BAITAP:2.1,22, 2.3.

2.3. CAU TRUC VANH

2.3.1. Dinh nghia vanh

Dinh nghia 2.3.1. Tdp A khéng réng cé trang bi hai luat hop
thanh trong, ludt thi nhdt goi 1a ludt cong, viét la +, ludt thir hai goi
la ludt nhadn, viét la ., ki hiéu la (A, +, .). Bé ba (A, +, .) duoc goi la mét vanh
néu thod man cdc tinh chdt sau :

A1l : Cap (A, +) la mot nhém giao hodn (phan tir trung hoa thudng
duge ki hiéu la 0).

A2 : Luat nhan (.) c6 tinh k&t hop.
A3 : Luat nhan (.) ¢4 tinh phan ph6i hai phia d6i véi luat cong (+),
nghia 1a Va, b, c € Atacé

a.(b + ¢) = a.b + a.c (phan phéi trai)
(b + c¢).a =b.a + c.a (phan phéi phai)

Khi (A, +, .) 12 mo6t vanh va khéng sg lan thi ta cing néi A 1a
mot vanh.

Vanh (A, +, .) goi 12 vanh giao hodn n€u cé thém tinh chat thi tu :
A4 : Luat (.) c6 tinh giao hoan.

Thi du 2.3.1. C4c b6 ba (Z, +, ), (Q, +, .), (R, +, .) 1a cdc vanh
giao hodn.

Ngoai ra néu
Luat nhan (.) c6 phin t trung hoa, ki hiéu 1a 1, thi vanh (A, +, .)
goi la vanh ¢é don vi.

Thi du 2.3.2. Cic vanh (Z, +, .), (Q, +, .), (R, +, .) la cidc vanh c6
don vi,don vidé 1a 1.

52



’

2.3.2. Vanh nguyén

Pinh nghia 2.3.2. Vanh nguyén la mot vanh (A, +, .) trong dé c¢o
tinh chat

ab=0=a=0hodch=0. (2.3.1)
Thi du 2.3.3. Cic vanh (Z, +, ), (Q, +, .). (R, +, .) 1a cdc vanh nguyeén.
Trong mét vanh bat ki ta co
a0=0a=0
Trong vanh nguyén ta con ¢é (2.3.1).
Viy trong vanh nguyén ta cd
Diéu kién cdn va diu dé mot tich bang khong la mét trong hai nhan tit
bang khong.

BAI TAP : 2.4.

2.4. CAU TRUC TRUONG

2.4.1. Dinh nghia truimg

DPinh nghia 2.4.1. Goi K la mét tdp khéng réng cé trang bi hai ludt hop
thanh trong : ludr cong (+) va lugt nhdn (). Ta néi (K, +, .) hay K la mor
truomg néu thod mdn cdc tinh chdt sau :

K1 : (X, +, .} 1a mot vanh giao hodn c6 don vi.

K2 : Véi moi a € K, a = 0 (phdn ur trung hoa cua luat +), thi tén
tai phén tir d6i @’ clia a d6i vai luét nhan (.) nghia la

aa’'=a.a=1(a=0).
. . y oy - 1
a’ goi 1a nghich ddo cia a, ki hiéu la a ! hay -—.
a

Thidu24.]. R vaQ vailuat cong (+) va nhin (.) théng thudng 12
mot trudng.

2.4.2. Mot s6 tinh chat
1) Trudng 12 mot vanh nguyén.
2) K 1a mét truong thi K\ {0} 12 mot nhém d6i véi phép nhan.
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Hé qud. Trong mét rruong cé quy tac gidn uoc :
(ab=ac,a=0)=b=_c
3) Trong mot trudng phuong trinh

ax=b,az0
¢6 nghiém duy nhat

BAITAP: 2.5, 2.6, 2.7.

2.5. SO PHUC

2.5.1. Mg dau
Tap cic s8 thue R di rat phong phii. Tuy nhién néu chi biét cic s6
thuc thi mgt phuong trinh don gian nhu
x>+ 1 =0 hay x> = -1 (2.5.1)

s& khong c6 nghiém vi khéng c6 s6 thuc nao binh phuong lén lai
bing —1.

Vi vy ta phai xay dung thém nhimg s6 méi goi 12 s6 phic. Céc s6
phitc phai phong phii hon céc s6 thuc dé phuong trinh (2.5.1) ¢6 nghiém
ddng thai c6 thé xem s6 thuc 1a trudng hop riéng cia sé phiic.

2.5.2. Pinh nghia sé phire
Pinh nghia 2.5.1. Khéi niém s6 phiic mo ti bing ba phit biéu sau :
Phdt biéu 1. S6 phitc 12 mét cap s6 thue (a, b) :
a € R 1a thanh phén tht nhit cda s6 phic ;
b € R 1a thanh phin thit hai ciia s6 phdc ;
Tap tdt ca cac s& phirc ki hiéu la C.
Phdt biéu 2 (vé phép cbng va phép nhan s& phiic) :

Trong 14p C c6 hai luat hgp thanh trong : luat cOng (+) va luét
nhén (.) x4c dinh nhir sau :
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V(a, b) € C,Y(a', b") € Ctacé:
(a,b)+ (a',b’) :=(a+a’, b+ b

(a, b).(a’, b’) :=(aa’ —bb’, ab’ + ba’).

Phadr biéu 3 (vé sy bang nhau hai s6 phuc) :
V(a,b) € C,V(a',b’) € C

ta cé (a,b) =(a’,b’)khivachikhia =a’, b =>b"

Thidu2.5.1.
(2, 3) 1a mét s6 phiic
(4, 5) 12 mot s6 phac khac
(2.3)+(4,.5)=(2+4,3+5) = (6, 8).
(2,3).4,5=Q24-3525+34)=(-7.22)

2.5.3. Tap C 12 mét truong
Pinh U 2.5.1. Vo1 hai ludt céong va nhan via dinh nghia, tap C cdc
§6 phitc la mét vuong.

Dinh 1i nay c6 thé chilng minh bing c4ch kiém tra lai dinh nghia
cia trudng cin ¢\ vao cdc dinh nghia hai lvat cong (+) va nhan () s8
phitc & trén ; viéc nay kha dai dong, ta bo qua.

Vi C 1a mot trudng nén khi tinh todn vé cdc s6 phiic ta c6 thé 4p dung

cac tinh chét clia truong nhu tinh giao hodn, tinh k&t hop cua luat cong
va luat nhan, tinh phan phdi cba luat nhan d6i véi luat coOng.

Sau day 1a mot s6 nhan xét them :

1) Phan tir trung hoa cba luat cong (+) 12 s§ phie (0, 0) vi
(a,b)+(0,0)=(a+0,b+0)=(a,b)
0.0 +(a,b)=0Q+a,0+b)=(a,b)

2) Phin tir d&i cha sé phitc (a, b) d6i v&i luat cong 1a (—a, —b) vi
(a,b) + (—a, -b) =(a—a,b-b)=(0,0)
(~a, b)+ (a,b) =(—a+a,-b+b)=(0,0)
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Ta s€ ki hiéu (—a, —b)la —(a, b) nghia la
-(a,b) :=(—a, - b)
va goi n6 1a s& phiec déi cia s8 phiic (a, b).
3) Phan tir trung hoa cta lu4t nhan (.) 1a s6 phifc (1, 0) vi
(a,b).(1,0) = (a.1 =b.0,a0+b.1) = (a, b)
(1,0).(a,b)=(.a-0b,1.b+0.0) =(a, b)

4) Phdn tir d6i cha s8 phic (a, b) = (0, 0) d6i v6i luat nhan (.) 1a

e
az-l-bzgaz_%»b2

vi 1)(a, b)= (0,0) = a*+b>=0

-b

2) (@, b). | —2—., J=(1,0)
[£+¥ a* + b2

a =5 _ (@ by =0,0)

a® + b2 a* + b?
Ta s& goi phén ti

prvaye]
a* + b* " a? +b?
12 nghich dio cia (a, b) va ki hiéu 1a (a, b) "

2.5.4. Vé ki hiéu z = (a, b)

Tu nay méi s6 phic (a, b) cé thé ki hieu bing mot chif théi, chir z
chang han, nghia 12 thay cho cap (a, b) ta c6 thé chi viét chir z :
» z:=(a, b)

Ngoai ra, luat nhan s6 phic hay thuc ciing c¢6 thé viét khong cin
d4du chdm "." nita, nghia 12 thay cho z.z’ ta cé thé vi&t zz’ va thay cho
a.a’1a viét aa’ 1a db.
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2.5.5. Mat phang phiftc

Vi mbi s8 phitc z ta mot cap 56 thuc (a, b) nén ta c6 thé bidu dién
né bing mot diém M trong mat phing toa do Oxy (hinh 12} sao cho
M c6toa dd la a va b. Vi cach d6 ta c6 médt tuong ving 1 — 1 gitra tap
s6 phirc C va tap cdc diém cha mat phang Oxy. Do d6 mat phing Oxy
dugc goi 1a mdr phdng phirc.

Piém M c6 toa dd 12 (a, b) goi 12 dnh cha s6 phiic z = (a, b).

So phuc z goi 1a toa vi ctia diém M.

Trong mat phang phiic sé phitc (0, 0) ¢6 anh la géc toa do6 O, s6
phtc (1, 0) va (0, 1) ¢é nhitng vi tri dac biét (hinh 13).
Yy y

P S M) (0.1)

0 a x /& (1.0 x

Hinh 12 Hinh 13

2.5.6. Sé thuc )a trudmg hop riéng ciia sé phirc — Pan vi thue

Mai 58 thuc a ta biéu dién bang mo6t diém trén truc Ox nhdn g am
hoanh do. Bay gid ta xét cic s6 phic cd dang (a, 0), tic 1a ciac s8 phic ¢c6
thanh phén thir hai bang khéng. Ta nhén thay (hinh 14) :

a) Anh ciia mdi s6 phtc (a, 0) 1a mot diém & trén Ox.

b) Anh ciia s6 phiic (a, 0) ring v6i diém y
biéu dién s6 thue a.

¢) Anh cha tdng hai s6 phic dang
(a, 0):

(a,0) +(a’,0) =(a +a’,0)

tring vai diém biéu dién téng cia hai s6
thuc a + a’.

d) Anh cia tich hai s6 phic dang
(a, 0) Hinh 14

] 2
o 1oy @y *
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AQQ\. a

(a.0).(a’, 0) = (aa’, Q)
trung véi diém biéu dién tich cha hai s§ thuc aa’.
e) Nghich dao cia s6 phic dang (a. 0) = (0, 0) la (a_l. 0), nghich
ddo cia s6 thuc a = 0 la P Viy anh ctia nghich dao coa s6 phic
(a, 0) = (0, 0) trung v&i diém biéu dién nghich dao ca s6 thuc a = 0.

Vi nhing 1& trén ta dong nhit s6 phic (a, 0) véi sd thuc a, nghia la
xem sd phiic (a, 0) 1a s6 thuc a va viét

(a,0)=a,a€R
Vi nghia dé ta néi : s6 thuc la truomg hop riéng ciia sé phiic.
Sau dé
1) S6 phic (1, 0) d6ng nhit véi 1 nén duge goi 1a don vi thuc, ta
cing c6 (1,0)(1,0) = (1,0)nhur 1.1 = 1.
2) Ta c6 thé nhan s6 thuc A véi s& phitc (a, b) nhu sau :
Ma, b) = (A, 0)(a, b) = (Aa, Ab)

nghia la Ma, b) = (ha, Ab), A € R

2.5.7. SG ao thuin tuy - Pon vi ao
Bay gio xét cic s6 phitc ¢é dang (O, b), y
anh ctia ching nam trén truc Oy cha mat
phing phic (hinh 15). Ta nhan thdy
(0, b0, b) = (-b°, 0) = -}
Vay sé phic (0, b) c6 binh phuong ludn
]a mét s6 am (néu b = 0). Ta got chiing 1a
s6 do thuadn tuy.

bi1(0,b)

~.

0.7)

Dic biét s61 = (0, 1) c6 binh phuong Hinh 15
i? = (0, 1)0, 1) = (-1, 0) = -1
titc 1a im=-1
nén dugc goi 1a don vi do.
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Truc Oy ding d€ bi€u dién céc s6 o thudn tdy (0, b) nén goi 1a
truc do. Con truc Ox dung dé biéu di&n cic s6 (a, 0) = a thuc nén goi

la rruc thuc.

2.5.8. Dang chinh tic cua sa phuc
Xétsgphiic  z =(a, b). Tacéd
2 =(a, b)=(a, 0)+ (0, b)
=a(l, 0) + b(0, 1) = a + bi.
Vay cb
z =(a,b) =a+ bi.
Dang  (a + bi) goi 1a dang chinh tdc cua s6 phiic
a goi 1a phdn thuc, ta viét a = Re(z)
b goi a phan o, ta viét b = Im(z).
Véi dang chinh tic, cdc phép tinh dugc thyc hién bing cich sir

dung tinh chat "C la mét trudng” va hé thic =t nghia 1a nhu
trong cdc s6 thuc vdichi y la it =-1.
Thidu?25.2.

(2 + 3i)(4 - 5i) =
=2.4-2.5i +3i4-3i5i
= 8—10i+12i + 15 =23 + 2

Vai iP=—11a suy ra
B =i = = @D = (=) = 1.
Mot cich téng quat ta cé

‘.4]3 =1 l.4p+l Ap+2 Ap+td _

=11 =~1,i =i

2.5.9. Dang lugng giac cua sé phiic

Trong mit phang phiic, s6 phiic z = (a, b) = a + bi c6 anh i diém
M (hink 16).
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y Gia sir z = (0, 0). Khi d6 diém M = gbc
O. Ta dat
T, . M(2)
: OM = p,
P H o
6 E va 6 =(Ox, OM),
0 x , ,
p la mot s6 thuc duong, ta goi né la
Hinh 16

médun cha z va ki hiéu la [z |.Géc 0 duac
xdc dinh sai khic 2k, k € Z, goi 1a agumen cla z va ki hiéu 1a Arg(z).

Chiéu vuong géc vecto OM lén hai truc Ox va Oy ta dugc

a = pcosB, b = psind.

Dods : =a+ bi = pcosB + ipsind.

Vay c6 z = p(cosd + isinB)
goi 1a dang lugng gidc cha s6 phuc.

Khi z = (0, 0) thi M = O, ta c6 p = 0, agumen bat ki.

Ta suyra:

1) Diéu kién bang nhau cua hai sé phitc 8 dang luong gidc :
Mudn cho hai s6 phiic sau day

z = p(cosB + isinB) va z°' = p'(cosB' + isinB')
bang nhau, diéu kién can va di la
p'=pvab =0+ 2kmn
2) Tich cua hai s6 phiic & dang luong gidc :
Gia str
z = p(cosB + isin@), 2z’ = p'(cosO' + isinB')
Ta c6
2z’ = pp'[cosBcosB’ — sinBsin®' + i(cosBsin®’ + sinBcosH')]
= pp'[cos(6 + ') + isin(6 + B")].
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Vay
22" ¢6 modun 12 pp' nghia la Izz'l = |z| [zl
¢6 agumen la 6 + 6" nghia 12

Arg(zz’) = Arg(z) + Arg(z)

Do 46 z2 = p2 (cos20 + isin20)
Mot cich téng quat ta c6

M= P"(cosmb + isinmB), m € N (2.5.2)
Ta ciing ¢6

Z= Lp"[cos(e — 6"+ isin(6 - 0")]
2 o

Vay

|z

2= ., Arg[i] = Arg(z)— Arg(z")
|21 z’

v

z

2.5.10. Modun cva téng
Trong mat phing phiic (hinh 17) :
56 phtc z = a + bi ¢6 Anh 1a diém M(a, b)
s6 phic z' = a’ + b'i c6 anh 12 diém
M'(a’, b’)
s6 phiic z + z’ c6 dang

Cz+r=(a+d)+(b+D)i x

s s L . . . , Hinh 17
nén cdé anh 1a di€m M"(a + a', b + b').
Do dé

OM"=OM + OM’
Trong tam gidc OMM" ta ¢6
oM =zl MM = |2], oM = |2+ 7|
déng thai OM” < OM + MM"
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Do dé

|z+z'| < |z| + lzl

2.5.11. So phuc lién hop
Xét s6 phitc z = a + bi. S6 phitic a — bi goi 1a 56" lién hop cha
z=a+bivakihiéunlia 7 :
7 =a-bi

Trong mat phang phitc, dnh cia 7 la déi xung ctia dnh clia 2 d6i
véi truc thuc Ox (hinh 18).

R& rang 1 4
=2z  keseamca-- Z

N|

z+7=2a (¢ R)

Z=a?+b (€R) e 5
7z = |z|2 Hinh 18
1_z_2

z 7 |

izl=zl.

Déng thai

Zy +Z2 =7l +72
7123 =717

(2|_7
) 7
Thidu253(1+d)(1-H=2

1 2+

2—i 5
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2.5.12. Cong thirc Moivre
Xét s6 phic z = cos0 + ismn@, tic la |2 =1.
Ap dung cong thirc (2.5.2) ta c6
(cos@ + isin8)" = cosnB + isinn 8
neNn>0
Cong thitc nay goi la cong thic Moivre.
Thidu254. Ly n=3tacé
(cos® + isind)> = cos30 + isin30
Khai trién v€ trii theo céng thitc nhi thifc ta duge
cos® 0+ 3icos? Osin 0+ 3cos 6% sin” 6 + i sin> O = cos 36 + isin 36
hay
cos’ 0 — 3cosOsin’ 6 + :'(3cc>s2 Bsinb — sin’ 8) = cos360 + isin3h8
Hai s6 phdc bang nhau khi va chi khi phdn thuc bing nhau va
phén 40 bing nhau. Ta suy ra
0s30 = cos> 8 —3cosBsin’ B
5in30 = 3cos? HsinB —sin’ O -
Ta ti€p tuc suy ra
_sin30 _ 31g6-1g°0
cos30  1-3tg%6

tg36

Chii y 2.5.1. Cong thitc Moivre diing ca khi #» nguyén biang khong va
am, nghia 1a né ding véi moi # € Z. (Dé nghi ban doc kiém tra lai).

2.5.13. Can bac n (n nguyén duong)
Hay tinh cic cin bac n cba 2. Ta xét phuong trinh 2" =a.
Gia sir
a = r(cosa + isina)

z = p(cosB + isinb)
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N (] N s
Viz = anéncod

p"(cosn® + isinnB) = r(cosa + isinc)

Do dé
p" =r, nB = o+ 2kn
Vay
p=¥/;, 0=g+3k-n—..
n n
k=0,1,2,...,n—1.
Tasuyra:

C6 n can bic n khic nhauciaa# 0 1a

-f[cos[_+_]+‘ -

a 2k1t
n |

]k 0,n—1 (2.5.3)

Cic anh ciha z, 1a cic dinh cila mét da gidc déu n canh noi ti€p
trong duong tron tdm O bén kinh .

Thi du 2.5.5. Tinh can bac 2 cia a. 6

y 1a (xem 2.5.3) :
zo

a .. o
N Zy = x/?[cos;%-zsm—z-].

(o] X

a . |
7y =Nrjcos|—+m|+isin|—+7
2 ! [ [2 ] ' [2 H
Hinh 19 = —\[r-_[cos%-l-is'm%]z —2,.

Anh cha z, vi z 12 hai diém d6i nhau trén dudng tron tam O bén
kinh r,r = lal (hinh 19).
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Thi du 2.5.6. Tinh c4c cin bac ba cva 1.

Vi | = cos0 + isinQ nén céc can bac ba khdc nhau cia 1 1a

[o 2kn] . [0 2kn]

Zp =cos| —+——|+snj—+——

3 3 3 3
k=0,1,2.

Vay c6 ba can bac ba khdc nhau clia 1 12

z,=1

2n 1\/5

z -coszn+isin—————+i—
=773 3 2

4an . An_ 1 A3
23 =coS— +ismM—=———j——,
3 3 2 2
Ta chi ¥ ring ta c6
2 2
=1, 21 =13, Y
2 1 1 2 Z,

24 +Zl +22 =0.

I+ 7 +2f =0,

142, + 23 =0.

Anh ctia 7, 2, 2, 12 cdc dinh ciia mot
tam gidc déu trén dudng trdn 1am O bin Hinh 20
kinh 1 (hinh 20).

2.5.14. Giai phuong trinh bac hai
Xét phuong trinh
ax’ +bx+c = 0,

a,b,ceR.

Ta di biét ring néu A = b° ~ 4ac > O thi phuong trinh ¢6 2

nghiém thuc khdc nhau hay 1 nghiém kép. Bay gid ta xét trudng hop
A<Q.
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Phuong trinh da cho viét duge & dang

[ b ]2 b — 4ac
X+ —| ————=0
2a 4q*
2 2
(—A
hay [x+£] =i=l ( ).—A>0.
2a 4a? 4a*
Ta suyra
P SN Y
2a 2a
Vay khi A < 0 phuong trinh bic hai ¢6 hai nghiém phic lién-hop
—b+iv-A —b —iJ-A
XN =—, Xy =
2a 2a
Thi du 2.5.7. Phuong trinh
X +x+1=0
¢6 hai nghiém
—1+iV3 ~1-iV3
NSy ms T

Dac biét, phuong trinh x? +1= 0 c6 hai nghiém la i va —/.

BAI TAP: 2.8 — 2.33.

2.6. PA THUC

2.6.1. Pinh nghia da thic
Dinh nghia 2.6.1. Cho s6 nguyén n > 1.
Pa thiic la ham $6 ¢6 dang
p(x) = a, + ajx + ayx® + ... +a,x"

trong dé a; la cac hé s néi chung € C.
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Né€u biét a,, = 0 ta ndi p(x) c6 bac n.
Néi chung, ta ndi da thite ¢é bac < n.

Néu ¢y = ay =...=a, =0, a, = 0, thi ta s& néi ring da thic
p(x) c6 bac1a 0 (p(x) = a, (a, = 0)). Néu a, = 0 nifa, ta quy udc
néi da thitc cé bac —eo,

Thidu2.6.0. x —2x* + 3x + 112 mot da thic bac 3.

X -x —4xh mot da thic bac 5.
Da thifc 12 mot dang ham don gian vi:
1) Viéc tinh gid trj clia da thic tai x = a cu thé chi cdn thuc hién

bing cdc phép tinh nhéan va cong :
p@) = a, + 0 + ay0* + ...+ a,a”,

2) Pa thic luén cé6 dao ham :

pi(x) = ay + 2apx + ... + na,x""1,
3) Da thitc luén c6 nguyén ham :

2 xn-H

x
PW=c+ax+a—+..+a,——.
) i ) a'n—l—l

2.6.2. Chia da thic theo luy thira giam

Thi du 2.6.2. Ta muén chia da thite

pl(x):=-6 +X—7X3 +x5
cho da thirc q(x): = -1 —x+x2+x3.

Ta sap x€p lai cdc da thic theo luy thira gidm
p(x)-:-x5 +0x4—7x3 + Ox2 +x-6
q(x)=x3 +x2 -—x-1

roi ti€n hanh chia
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x5+0x4—7x3+012+ x—6 | x3+x2—x—1
2 ' l 2

5 4 3
X + x - x —-x

- -6’ + i + x -6
- x4— x3+ x2+ X
— 543 -6
—5x3~512+ 5x+ 5
5x% - 5x - 11
Pén day ta nhan thay da thic chia g(x) ¢6 bic 3 ma da thic du
5% — Sx ~ 11 ¢6 bac 2, 2 < 3, nén khong ti€p tuc chia nira, ta dimg
lai va vi&t két qua
_ 15——7x3+x—6=(x3+x2—x—l)(.rz—x—5)+5x2—5)(—11
(giéng nhu khi chia 13 cho 4 ta duoc 13 = 4.3 + 1), '
N6i chung khi chia mét da thitc p bac n cho mét da thitc g bAc m
(m < n) theo luy thira giam, ta dugc mot da thitc b ¢6 bac bing n —m
va c6 phan du la mét da thic r ¢c6 bac <m:

p=gb+r, bACcﬁér<baccﬁaq
Khi r = 0 thi ta néi p chia hét cho q.

2.6.3. Nghiém cta da thic — Phan tich da thic thanh tich
Pinh nghia 2.6.2. S5 a goi la nghiém cia da thitc p(x) néu
p()=0
Dinh 1i 2.6.1. Gid si p(x) c6 bdac n > 1. Diéu kién cdn va du dé no
c6 nghiém ala né chia hét cho x — a :
p(x) = (x — a)p(x) (2.6.1)

trong d6 p,(x) la da thic cé bac n — 1.
Chitng minh : Diéu kién du. Néu p(x) c6 dang (2.6.1) thi rd rang
p(a) = 0, do d6 né ¢6 nghiém a.
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Piéu kién can. Néu p(x) c6 nghiém «, 1a chia p{x) cho x — o tht duge
p(x) = (x = o)p(x) + k

trong d6 p;(x) 1a da thic c6 bac n — 1, con £ la da thitc bac < 1, tic 1a
k = hang.

Thay x = «a vao hai v& ta duoc k = p(a) = 0.

Vay p(x) chia hét cho x — a.

Néu p(x) = (x —a)p(x), p(a) =0, thi o duoc goi la mét
nghiem don cua p(x).

Neu p(a) = (v — )" py(x), py(e) = 0, m nguyén duong 1dn hon
1, th1 & goi la mot nghiém bot m cia p(x).

Binh li 2.6.2. (D Alembert). Moi da thirc p(x) ma bac n > 1 déu ¢é it
nhat mét nghiém (thuc hay phiic).

Pay 12 mot dinh If co ban cua Pai s6 hoc. Ta thira nhan né ma
khong chirng minh.

Hé qua quan trong cua né la

Dinh li 2.6.3. Moi da thite bac n > 1 ¢6 n nghiém thuc hodc phic,

don hodc béi, moi nghiém boi m tinh m ldn, dong thoi da thicc ¢é
phan tich thanh tich cac thita s6' bac nhdr

p(x) = a,(x —oy)x —0p)..(x —@,), a, o,... ¢, € C (2.6.2)

Chimg minh : Theo dinh li 2.6.2 (D’Alembert) thi p(x) c6 it nhét
moét nghiém o thuc hoac phuc. Do d6 né ¢6 dang (2.6.1) :

p(x) = (x — ay)p(x)
tron-g dépi(x)cébaclan—1.
Néu béc cha pj(x) > 1 thi cling 1ap luan nhu tren ta lai cé
P1(x) = (x — 0tp)p3(x)

trong dé py(x) cébacla(n—-1)-1=n-2,v.v.
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Cuéi ciing ta dugc p(x) = (x — o )(x — 0) ... (x — &, )k trong d6
k Ta da thiic bac < 1, nghia 1a k = hang.

So sénh hé s6 cba x" & hai vé€ ta dugc k = a,,.
Mot hé qua cia dinh 1 2.6.3 1a

Pinh i 2.6.4. Moi da thirc bac khong 1on hon n (n > 1) khbng thé
c6 qua n nghiém (thuc hodc phic).

2.6.4. Truong hop da thic cé hé sé thue
Xét da thiuc
P(x)=a,+ax+..+ax", a;€R,a,=0
Thay x bang z va 7 tacé
P(x)=a, +az+ ...+ a,,z"
P(Z) = a, + &7 + ... + a,(D)".

Vi 2+z2'=724+7'
7' =77
nén P('Z')=P( ).

Néu P(a) = O thi P(a) =0=0.Dodé P(@ =9. nghia la néu o
la nghiém clia P(x) thi & ciing la nghiém coa P(x).

Gia sir P(x) c¢6 cdc nghiém thuc 1a ¢y, ¢y, ..., ¢, VA cdc nghiém
phler khOng thUC la ay, (Y] y O, &2 v O, ES'
Khi d6 P(x) cd dang

P(x) = a,(x — 1) . (x — ) x —ap)(x — &) ... (x — &g )(x — Q). -
Xét s6 hang (x —oy)x — @) tacéd

(x—og)x — &) = x> — (&g + &)x + || .
b6 la mot tam terc bac hai c¢6 hé¢ s6 thuc (vi oy +a@ =

2Re(y) € R va |a,| € R) nhung khong cé nghiém thuc (vi n6 di
¢6 hai nghiém phic 1a o va @, ). Vay né c6 dang

x2 +px+q VGt p]2 —4()1 < 0.
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Tém lai ta cd

Dinh li 2.6.5. Da thic P(x) bdc n (n > 1} véi hé s6 thuc co
phaén tich thanh tich cdc thira s6 bac nhdt thuc va bdc hai thuc :

P(X) = ay(x — ) . (x — e, X062 + prx +q) . (02 +pox +4,) (2.6.3)

trong dé cy, ..., ¢, 1a cdc nghiém thuc cia P(x) con céc thira s6 bac
hai khong ¢6 nghiém thuc :

pr—4g, <0,k=1,2, .5
Pong thoi, vi theo dinh 1f 2.6.3, s6 nghiém la n, nén
r+2s=n

Chu y 2.6.1. Dang (2.6.2) goi la dang nhdn tit hod cia da thic
P(x) nét chung.

Dang (2.6.3) goi 1a dang nhdn tir hod cia da thic P(x) vGi hé s8 thyc.
Thi du 2.6.3. Hay nhan tir hod da thitc

P(x)=x4~3x3 + 3x2—3x+2
Loi gidi : Ta c6
P(x) =x"+3C +2-3x("+ 1) =
— (0 + D+ 2) - 3302+ 1)
Pix) = (F + D2 +2-3%)
= (- Dx -2 + 1)
2.6.5. Pa thitc dong nhit khong
Dinh nghia 2.6.3. Da thitc p(x) c6 bdc <n
CpY=a, +ax +axt + .+ a,x"
goi la da thitc déng nhdt khong néu p(x) =0, Vx.

Dé biéu thi diéu 46 ta viét p(x) = 0.
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Pinh l{ 2.6.6. p(x) =0 a; =0, Vi,

Chimg minh : Phin & : Gia s g; = 0, Vi. Khi d6 p(x) viét

p(x)=0+0x + 0x* 4 .. + Ox"

Vay p(x) =0, Vx.

Bay gio ching minh phin = : Gia slt p(x) = 0. Gia s bac cia
pix)lam, m < n. Néum > | thi theo dinh 1i 2.6.4, p(x) c6 khong qui
m nghiém. Nhimg & day né lai c6 vé s6 nghiém. Vay bac m cla p(x)
phai nho hon |, nghia 12 p(x) ¢ dang p(x) = a,, cic g; khic déu = 0.
Heé s6 a, ciing phai = 0 vi p(x) = 0, Vx. Do dé

a;=0, Vi
Da thitc déng nhat O 1a da thiic khéng.
2.6.6. Cac da thiic dong nhat
Dinh nghia 2.6.4. Hai da thicc ¢6 bdc khéng {on hon n
p(x) = a, + ayx + azx2 + ot X
q(x) = b, + byx + byx® + . + b,x"
goi la dong nhdt néu p(x) = q(x), Yx.
Pé biéu thi diéu d6 ta Vi€t p(x) = g(x).
Dinh i 2.6.7. p(x)=q(x) & a; = b;, Vi
Chiung minh : Trudc hét ta ¢6
px) — q(x) = a, — b, + (a) — b))x + ... + (g, — b, )x"
Bay gigtacé ~
p(x)=g(x) & p(x) —q(x)=0
< a; — b; = 0, Vi (theo dinh 1{ 2.6.6)
& a =b, Vi

BAI TAP : 2.34, 2.35, 2.36, 2.37.
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2.7. PHAN THUC HUU Ti |

2.7.1. Dinh nghia phan thic hiru ti

Dinh nghia 2.7.1. Phan thuc hieu i la 11 s6 cia hai da thic
P
o(x)y ~

Chuy 2.7.1. Ta chi xét trudng hop céc hé s6 1a thuc.

QO(x) khdc da thuc 0.

2.7.2. Phan thiic thue sw va phan thirc khong thue su

Dinh nghia 2.7.2. Néu bdc cua tw nho hon bdc cua mau thi
phan thirc got la phan thite thuc su.

Néu bac cua tir khong nho hon bac clia miu thi phan thitc goi la
phan thitc khéng thuc su. Trong trugng hop phan thare 1a khéng thuc
sut bao gidr ta ciing ¢6 thé chia tir cho miu theo luy thira giam dé duoge

S
PO g, S
Q(x) O(x)
trong d6 E(x) 12 mot da thic c6 bac biang bac cha P trir bac cla Q
S(x)

(goi 1a phdn nguyén cia phan thic), con 12 mot phan thidc ma

(x)
bac cia tir S nho hon bac cia miu Q, nghia l1a S/Q 12 mét phan thic
thuc sur.
Thi du2.7.1. (xem thi du 2.6.2 & muc 2.6.2).

S 7.3 i 2 _ _
x> =Tx" 4+ x 6=x2—x—5+ ix Sx —11

x3+x2—x—1 x +x2—x—1-

2.7.3. Cac phan thirc (thue sy) don gian
Cic phan thic ¢6 dang
A

——.m=1,2,..,a€R
(x_a)m

goi 1a cac phan thic don gidn loai mor.
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Cic phan thice c6 dang
Mx+ N

5 ,p2—4q<0.m=l,2,...
(x* + px + "

goi 1a cac phan thic don gian loai hai.

Chu y rang (x — a)" c¢6 nghiém thuc don hoac bdi m 1a a con
(x> + px + g)" khong ¢6 nghieém thuc vi p° — 4g < 0.

Ngoai ra cac phan thic don gian déu 13 cac phan thiic thue su.
2.7.4. Phan tich mot phan thic thuce sy thanh tdng cha cac phan
thirc dom gian

Gia sit phéan thic thuc su ¢6 dang

P(x) P(x)
o(x) (x —a) (% + px + ¢q)°

Khi dé6 ta ¢6 cong thic phan tich

P Al Ay A,
— = + st t—"—+
0 (x~-a (x—a) (x —a)
M N Mx+ N
p it T Mot Wy T
x“+px+q " +px+gq) (x* + px+4q)

trong d6 Ay, Ay. ... A M| Ny, ... M N 14 cdc hang so thuc, ¢6 thé
xdc dinh dugc bang cach quy dong mdu so réi déng nhat hag veé.

N&u phan thic thue su ¢6 dang téng quat

P P(0)

€ (x-ag)..(x~- a,)a'(x2 +pix + 41)'8' STt Py + ‘1:)[3‘

thi ta c6 c6ng thic phan tich téng quat trong dé mdi thira s& loat mor
(x — a;)™, ..., Gng v6i moOt tdng cac phan thac don gian loai mot va
mdi thira s6 loai hai (x* + px+q B Umg vér mot tdng cac
phan thuac don gian loai hai nhu trong céng thic phan tich 9 trén.
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Thi du 2.7.2. Hay phan tich
P__xl42

0  x(x?-1?
thanh téng cdc phan thic don gian.

Lot giai. Trudce hét ta nhan xét bac ca P = 4 nho hon bac cua Q = 5.

Vay P/Q da la phén thirc thuc su.

Vé Qtaco

0 = x(x* = 1)? = x(x - D*(x + 1)

Do dé P/Q c6 dang phan tich thanh téng

P P A B c D E

o 2 =L T + >t + 2

Q@ x(x-D*(x+1D x x-=1 (x—1p x+1 (x+1
(2.7.1)

Dé tinh A, B, C, D, E c6 hai cich (néi chung).

Cich thi nhit 1a cach c6 dién : ta quy déng mau s6, bd miu s6
chung r8i dong nhat hai v€ wic 1a can bing hé s6 cha cung liy thira
cla x 0 hai v€&. Ta sé dugc mét hé phuong trinh tuyén tinh d6i vai A,
B,C,D E . giaihé dotaduge A, B,C, D, E.

Quy dong méu s va béd miu s8 chung ta duoc

A2 A - D2 1)+ B - D(x + 1) +

4+ Cxtx + D* + Dx(x + (x — 1) + Ex(x - 1)?

Thuc hién phép nhan & vé phai va riit gon bang cich dat cic luy
thira cia x thanh thira s& chung ta dwoc

x4+2=A(x4—2x2+ 1)+B(x4+x3—x2—1)-\-
O+ 2+ 0+ D - - 0+

+ E(x° = 2x° + )
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fr2=xA+B+D)+(CH+B+E-D)+
+xX(-2A+2C-B-2E-D)+
+xC-B+E+D)+A

Hai da thifc & hai v€ bang nhau v8i moi x. Do d6 ta can bing cic
hé s& cua cung luy thira cua x & hai v€ (lay thira 4, 3, 2, [, 0) ta duge
cdc phuong trinh dai véi céc 4n A, B, C, D, E :

A+B+D =1
C+B+E-D =0
—2A+2C-B-2E-D=0
C-B+E+D =0
A =2
Giai hé nay ta duoc :
Phuong trinh cuéi cho A =2
Hai phuong trinh thi hai va tiht b8n cho
B=DvaC=-E
Tir d6 phuong trinh thi nhit cho
B=D= L
2

Sau d6 phuong trinh thit ba cho C = %

Tiép theo 12 E = —%.

Tém lai ta thu dugc phan tich :
P2 2 1 3 1 3

x(x2 -1 x 2x-1  ax-12 2Ax+1) gx+1)?2

Ciach thit hai : sir dung mét s8 nhan xét (meo).

Pé tinh A ta nhan hai v& clia (2.7.1) véi x r6i cho x — 0 ta duge
A=2.
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Bay gi& ta nhan xét ring P/Q 1a ham 1¢é, ta suy ra

A B C D E
—— —_ + =
pe A C R VIR VA Sl BN CT I

A B C D E

x (=0 (x=12 @E+D  (x+1)?

Do dé
D=B, E=-C

DE tinh C ta nhan hai v€ cda (2.7.1) véi (x - 1)% i cho x — 1
ta duge :

3=4CtL’rcléC=%

Pé tinh B ta nhan hai v& clia (2.7.1) véi x 16i cho x — +oo ta dugc

1=2+2B,ticlaB=~1/2

Tém lai, cic k&t qua thu duge vin nhu trude.
Thi du 2.7.3 Hay phan tich

P X542
0 B (12 + 1)2(x -1
thanh t8ng cac phan thic 18i gian.

Loi giai : Trudc hét, vi biic cna tir 1a 6, bac cia miu la 5 nén P/Q
1a phan thiic khong thuc su. Ta chia tir cho mau theo liiy thira giam :

6 4 _ 2
x -4—22 _ = x r1- X 12 3 _
(x = D(x* +1) (x—Dx“+1)
Phan thitc ¢ v€ phai la thuc sir. Ta phan tich né :
A3 A Mx+N _ Br+C

x-DE2+n? =D a1 @24
D€ tinh A ta nhan hai v& v8i x — 1 r6i cho x — | ta dugc A = —3/4.
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Sau dé ta cé

Mx+ N Bx+C A —x? -3 A
@) P+ =pat+nt x—1
782 4762 4 9x+9

T

S =

vi A = -3/4.
Chia tir s8 cho (x2 + 1) theo 1u§ thira gidm cua x ta duoc
147 1049 =(+ D)7+ D +20x+ 1)
Chia hai vé& clia dang thic nay cho 4(x2 + 1)2 ta duoc

7 x+1 2 x+1
T 4.2 t a2, 2
4+ A+

Tém lai
6
2 3 7 1
s +2 y =<1+ - 7)(2+ - Jr2+ )
(x— D"+ 1) Ax—=1) 4x*+1) 2x"+1)

Dé nghi ban doc giai bai tap & thi du 2.7.3 bang phuong phip c6
dién, nghla 12 quy déng miu s6, bd miu s6 chung, cin bing hai v&
roi giai hé phuong trinh dai s& tuyén tinh d6i v4i A, B, C, D, E.

BAI TAP : 2.38.

TOM TAT CHUONG I1
Luat hop thanh trong, hay con goi 1a phép toan, trén tap E 1a
mot anh xa tr £ x E t6i E. Ki hiéu nd 1a (*) 1a cé

(a,b)c EXE—a*bekE.

Tap G cd mo6t phép todn (*) goi 1a mot nhém néu thoid man cic
tinh chat sau
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(G1) Phép todn (¥) ¢6 tinh két hop

(G2) Tén tai phdn 1z trung hoa déi véi phép (*)
(G3) Tén tai phdn tir déi cia moi phin i thuée G
Né&u them tinh chat

(G4) Phép toin (*) c6 tinh giao hodn thi nhém G goi la nhém
giao hodn hay nhém Abel. '

Phén tir trung hoa va phan tir d6i la duy nhdt.
Néux*y=x*zthiy=z

Tap A véi hai phép todn goi 1a mot vanh néu A véi phép todn thi
nhit tao thanh mét nhém giao hodn, ddng thoi phép toin thit hai cé
tinh két hgp va tinh phan phéi d6i vdi phép toan thi nhat.

Né&u phép toin thi hai c6 tinh giao hodn nira thi vanh A goi la
vanh giao hodn

Néu phép to4n thit hai ¢ phén t trung hoa niva thi vanh A goi la
vanh cé don vi

Tap K véi hai phép todn goi 12 mot rrudng n€u né 1a mét vanh giao
hoin c6 don vi, d6ng thdi moi phan tir khidc phan tl trung hoi cta
phép toin thit nhat déu c6 phdn tir d6i dG6i véi phép toan thit hai.

Sé phirc

Ma4i s6 phitc z xdc dinh bdi mot cap s6thucava b :

z=(a, b)

Trong mat phang phitc s phitc z bifu dién bang mot diém M cé
toa 46 la (a, b). Dang chinh tic clia s6 phuc :

z=a+ bi
a goi 1a phin thuc cta z : a = Re(z)
b goi la phan docua z : b = Im(2)
i = (0, 1) 12 mot s6 ao thuin ruy cb dic diém
i = —1 tic 1a i 12 mot can bac hai cha 1.
Nguai ta goi 7 12 don vi do.
So phuc lign hgpciazla Z =a—bi
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Dang lugng gidc cia sé phic
z = p(cosO + isinf)
p=0M= a® + b? goi 13 médun cua z, viét F1
6 = géc (Ox, OM)goi 12 agumen cia z, Viét Arg(z)
Tich ciia hai s6 phifc '
7y = py(cosO) +isinby)), z, = Py(cosh, + isinby)
la 21.2y = Pypy(cos(B) + 6,) + isin(f, + 6,))
Cong thic Moivre
(cosB + isin®)" = cosnB + isinnd
Can bdc n cia a = r(cosa + isin@) la

a+2kn . «a krm
2 = Urlcos EH 2K | join 2 ¥ 24T
n n

k=0,1,2,....,n—1.
Da thitc
Da thic c6 dang
p(x) = a, + ax + apx? + ..+ a,x"
o 12 nghiém coa p(x) néu p(a) = 0.
Dinh li D'Alember:. Mol da thifc ¢c6 bdc n > 1 sé ¢6 it nhat mot
nghiém o € C.
Hé qud. Mo da thitc ¢6 bac n > 1 s& ¢6 du » nghiém
oy, o, ..., @, trong dé nghieém boi m tinh m lan.

Déng thoi da thic ¢é bac n > 1 thi ¢6 thé phan tich thanh » thira
s6 bac nhat

p(x) = a,(x —ay )(x — &) ... (x = @)
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Maéi da thire bac n > 1, ¢6 hé s& thuc, cé thé phan tich thanh tich
cic thira s6 bac nhit thuc va cédc thira s6 bac hai thuc khéng cé
nghiém thuc, tuc la ;

x2+px+q.p,qthuc,p2—4q<0.

Da thitc khéng 12 da thire bing O tai moi x. N6 ¢6 dang 0 + Qx + ... + Ox™

Ta con viét p(x) = 0. Tacé

’ p(x}=0s a; =0, Vi

Hai da thic dong nhdt. Hai da thic

px)=a, +ajx + ...+ a,x" va
q(x) = by + byx + byx® + .. + b,x"
goi 12 hai da thire d6ng nhat néu p(x) = g(x), Vx.
Ta con viét p(x) = ¢g(x). Tacé
plx) =q(x) & a; = b;, Vi.
Phan thirc hiru ti
Phan thitc hiru ti 1a ti s8 cta hai da thic.

Phan thic goi l1a thuc su néu bac caa tir nhé hon bac cita miu

Néu P(x)/Q(x) 12 mot phéan thite khéng thue su thi bing cich chia
tir cho miu theo 1@y thira gidm cia x ta cé
P R
> _ E() + (x)
O(x) O(x)
trong d6 E(x) 1a mét da thite con R(x) / Q(x) 12 moét phan thifc thuc su.
Mot phan thic thyc sir c6 thé phan tich thanh t6ng clia cic phan
thitc dom gian loai mot
A ,A,aeR,meZ m21"
(.X _ a)lh
va cdc phan thifc don gian loai hai
Bx+ C

2+ px+ )"

.B,C,p,qER,p2—4q2<0,me Z.m=1,
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BAI TAP CHUONG 11

2.1.Cho E = {1, 2. 3}, Py, Py, P3, Py, Ps. Pg la cic hodn vi clia E.

1) Chiing minh rang v4i luat hop thanh i tich cic hodn vj thi tip hgp
cdc hodn vi nél trén tao thanh mét nhdm, ki hiéu 1a §5
2) Héi nhém dé ¢6 giao hodn khong ?

2.2. Goi R* : = R — {0}. Xét cic 4nh xa f; : R* — R* nhur sau

o) =1x, folx) = 1/x
) =—x, fq(0) = —1/x
Vé6i lnat hop thanh * xdc dinh boi
Lt h=f

hay chimg minh ring cic 4nh xa trén tao thanh mot nhém. Nhém dé
c6 giao hodn khong ?

2.3. Ciing c4u hdi nhu & bai tap 2.2 vé6i R = R - {0, 1} va
fi i R"—> R nhusaun:
x—1

1
_f,().') =X, f2(x) =T f3(-x) = )
1-x

X
X

|
fay = 0 =1-x fe(x) =

x—1
2.4, Hoi méi tap s6 sau day véi phép cong s& va phép nhan s6 ¢6
phai 12 mot vanh khéng ?

1) Tap cédc s6 nguyen ;

2) Tap céic s6 nguyén chin ;

3) Cdc s8 hituni ;

4) Cdc s8 thuc ;

5) Cdc s6 phic ;

6) Cic s c6 dang a + bv2,avab nguyeén ;
7) Céc s6 c6 dang a+bf3,avabhiud;
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8) Cic s§ phiic ¢6 dang a + bi, a va b nguyén ;
9) Céc s6 phic c6 dang a + bi, a va b hitu ti.
2.5. Hoi méi tap s6 & bai tap 2.4 trén c6 phai 1a mot trudng khéng ?
2.6. Chilng minh rang phuong trinh L 4x-1=0 khong ¢6
nghiém hitu ti.
2.7.Cho a, b, ¢, d 1a cic s8 hitu ti, A 12 m6t s6 vo ti, ching minh ring :
(@a+Ab=c+Adye(a=cvab=d

Ung dung : Vi€t s6 V192 + 9633 & dang
x+ y\,/g vdi x, y hitu ti.
2.8. Chiing minh ring
z=(1 4+ 2i))(2 -~ 3)(2 + i)(3 ~ 2i)
12 mét s6 thuc.
2.9. Tim x va y thuc théa mén

(1+2Nx+@~-SDy=1-3i
2.10. Cho a, b € R, hdy xdc dinh x, y € R sao cho
(x+a)b+y)=4+3i
Bién luan theo a va b.
2.11. Hay thyc hién cdc phép tinh sau
1+ itga a—+ bi
a) ———— ;
1 —igox a — bi
Q+207 —a-i
BG+2)Y —Q+i)

L AS \9
d) Q’_)s_l . &) a +t)7
1+ +1 1~
2.12. Hay tinh
2 3
a) [—l+i—\/§] ; b) [—i+i£] ;
2 2 2 2
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2.13. Hiy tinh cdc can bac hai clia cdc s6 phic :
a)3-4i; b) -15 4+ 8i;
c)-3—-4i; d) -8 + 61.
2.14. Giai phuong trinh

a)Jlr4 + 6x3 + 9x2 + 100=0
byt + 2P -24x+72=0

2.15. Viét cic s8 phic sau & dang luong giac

a)l; b)~1; R d) —i;
eyl +1; fy-1+1:; g)-1-1i; h1-i;
i) 1+i3 j)—l+ix/§; k) —1—-iV3 ;
D1-iv3: m) 2i ; n)-3;

o) 3 —i: P2+3+i
2.16. Tim dang lugng gidc cia

. 160
Tinhz .

1—-a

2.17. Cho a = cos0 + isinB. Tinh A theo 0.

+a

2.18. Xét hai 6 phic z; va z,. Tim diéu kién vé 2 vi z, dé
a) z/z, 1a thuc ; b) 2,/z, 1a do thuén tiy.
2.19. Hay tim biéu dién hinh hoc cia cédc s6 phifc z théa min

a) lz] <2 by l[z-t| <1}

c) lz— 1 —il <.

2.20. Giai phuong trinh _

a) lzl —z=1+2; by lzf +z2=2+1



/0",

"
ASLET
8,1

“1p

2.21. Ching minh hing ding thirc
|x + y]z + |x—y‘2=2(|X|2+ |y|2)
va cho biét y nghia hinh hoc cia né.

2.22. Tinh
I . 20
ay (1 + b) [-H".B]
1—1
24
c) [1 - ﬁ_—_—l] ;
2
NG 1+ i3S —if3)3
Y +
)] a+i

2.23. Tinh (1 + cosat + isinoy)"

2.24. Chimg minh ring néu z + L 2cosb, (z € C), thi
z

m o L 2cosmb
2”’

2.25. Chimg minh

L+itga)” 1+ itgna
1-itga 1 — ntgna

2.26. Tinh céc can :

141 ) i—1
bic 6 clia s bac 8 clia : bac 6 cia )
\f_ 3414 «/3 —1i 1+ i\/-3'
2.27. Hay biéu dién theo cosx va sinx :
a) cosdx ; b) cos8x ; ¢) sinbx ; d) sin7x.

2.28. Hiy biéu dién tg6¢ theo tgQ.
2.29. Chitng minh

n
L4+ i) = 22| cos2Z 4 isin 22
(I+71) 4 n
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2.30. Hay biéu dién cos"8 va sin8 theo cos va sin clia chc goéc bo1

clia 0.

2.31. Viét nghiém ctia phuong trinh
x* + x\/g +1=0

0 dang luogng giac

2.32. Giai phuong trinh

2 —(+ifz—1+if3=0
2.33. Giai phuong trinh

x6 - 7x3 -8=0

2.34. Hay chia
a) 2" —3x + 4x” — 5x + 6 cho x> = 3x + 1 .
b),\c3 —3x2—x— 1 ch03x2—2x+ 1
c)x4+ix3—ix2+x+1chox2—ix+1
2.35. Tim diéu kién dé x° + px + g chia hét cho  +mx—1.
2.36. Tim diéu kién dé x* + px® + ¢ chia hét cho X+ mx+ 1.
2.37. Hay phan tich thanh tich céc thira s6 bac nh4t

a)x4—2x2cos(p—l; b)x3—6x2+11x—6;
oxt+4; &) x* - 1043 + 1
2.38. Hiy phan tich cdc phéan thic sau thanh tdng cdc phan thifc
don gian :
-1 2
2) (X2 ) : b) 21(2x +21) )
x° -4 (x* =1
2
&) —— o2+,
x(x —1) x=Dx"+x+))
4
x*+4 1
e) = ; D — ;
x7 —4 x +1
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‘og,

DAP SO

2.1. 1) Hay lap bang nhan va suy ra két qua.
2) Nhém khéng giao hodn.
2.2. Hay l4p bang nhan va suy ra két qua. Nhém giao hoan.
2.3. Hay lap bang nhan va suy ra k&t qua. Nhém khong giao hodn.

2.4. 1) Vanh ; 2) Vanh ; 3) Vanh ; 4) Vanh ; 5) Vanh ; 6) Vanh ;
7) Vanh ; 8) Vanh ; 9) Vanh.

2.5. 1) Khong ; 2) Khéng ; 3) Tamg ; 4) Truong ; 5) Truong ; 6) Khong ;
7) Truong ; 8) Khéng ; 9) Truong.

2.6.1:-%(1:&«/5_);er:~ V5 €Q:voli
27.a-c=Md-b),d-b=0=>A€Q: :voli

2 +3y2 =192
2xy =96

Ung dung = (x + ysﬁ)z =192 + 963 &

x=12,y=4
2.8. z = 65.

4 5
2.9, x:—ﬁ : y=1—1-.
2.10. -1 <ab < 4:2 nghiém
ab = -1 hay ab = 4 : 1 nghiém
ab < —1 hay ab > 4 : v6 nghiém

at - p Dabi

2.11. a) cos2q + isin2Q ; b) + '

a2 +b2 a2 + b2
o 45 g 123 02
318 25
2.12. a) LB b) 1.
2 '
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213. 2) +(2 — i) ;

b) £(1 + 4i);

c) £(1 —2i); d) =(1 + 3i).
214, a) 1 +2i; -4+ 2i;
b) 2 +iv2 ; =2 2i2.
2.15. a) cosO + isin0 ; b) cos® + isinT ;
T .. 7T i .. 3
¢) cos— + 1sin— ; d) cos— + tsin—
2 2 2 2
n

e) \/2_[cos£+isin£] :
4 4

n 2

[

cos—+tsm— R
4

B ‘E[COSST”“"'SinE}] . h) \/E[cos%[+isin77n] .

i) 2[cos£+ is'mﬁ] ;
3 3

k) 2[cos4—”+isin—4£]
3 3

m) 2[cos£ + isinzz] .
2 2

2n

3k

cosz— + isin—
3

J) 2[

5

cos§£+ isin—ﬂ] :
3 3)°

; 1)2[

n) 3(cosT + isinm) ;

11z 1z
o 2cos—-~—+tsn— «/_+x/-[cos—+ —]
) [ p S ] p) ( T 151012
2.16. z=cosz6[—+isin£ :
00 _ o 100m . 100m _ —J§+1_
2
(7}
2.17. —itg—.
g2

2.18. Goi M| va M, 1a anh clia z; vi z, thi

a) M| va M, thing hang véi g6c O ;
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2.19. a) Phén trong cuia duong tron tAm O ban kinh 2.

b) Phan trong va phin trén clia dudng tron tam (0, 1) ban
kinh 1.

c) Phan trong ctia duong tron tdm (1, 1) ban kinh 1.

2.20.a)z=2—2i; b)z=3+i.
2 4

2.21. Y nghia hinh hoc : Téng céc binh phuong cia hai dudng
chéo cia mét hinh binh hanh bang t6ng cdc binh phuong cla cic
canh ctta hinh binh hanh dé6.

2.22. 2)2' 21 + iy b) 2°(1 — iV3) ;
Q) 2-V3)?, d) —64.

2.23. 2" cos” & cos "% + isinﬁg]
2 2 2

2.24. Chiing to rang z = cos6 * isin® ; ! = cosB F isind réi dung
z
cong thic Moivre.

1 [ 24k+19 .. 24k+19 ]
cos T +isin————1mn
% 72
k=0,1,23,45.
1 24k + 5
b) 1%[005
k=0,1,2,3,4,5,6,17.

o A [eos 2kt S L 24 HS
x:7)

72
5 3 .2 . 4
2.27. a) cos5x = cos x — 10cos™ xsin“x + Scosxsin x

2.26. a) 7

T + isin

24k + S ]
_— T

.2 4 .. . 6 .
b) cosﬁx - 28cos(’xsm x + 70cos xsinx - 28coslxsm X+ sme
. 3 .3 .
c) 6cossxsmx —20cos " xsin" x + 6cosxsmsx

. 4 . . 5 .7
d) 7cos6xsmx - 35¢co0s xsm31 + 2lcoszxsm X —sin x
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2.28.

2.29.

2.30.

2.31.

232, ;

2.33.

2.34.

2(31g@ — 10ig0 + 31g°p)

1 - 15tg2(p + 15tg4(o - tg6q)

Hay biéu dién 1 + i & dang lugng giac.

cos’ @ = L(1:0556 + 5c0s83
24

sin®® = —(sin50 — 5sin30
24

—3 +i

Sk .. 5Sm
a=7=005“g‘+lsm—

2
—3—i
2

ad =

2 2
2 cos%—ﬂ'singl;£ LKk =

cos” + 247 +

T ..
= cOos— — isin—
6

S 1+3 A=, 1=
= + ¢ 2 =

.. T+ 2kn
t1S1n

0 + 10cos8)

+ 10sinB)

6

Sm

+I_1+«./3_

2

0,1,2

a) 2x% +3x + 11+ >

3x =17 26x —2

,k=0,1,2.

25x -5 |
x“—3x+1 ’

b) _
9 9Bx% —2x +1

c) x2+2ix—3—i+(2—1

).
W+ 441

X

2‘35.p=—qz—l,m=q

2.36.

Dg=p-1,m=0

2)q=1‘m=:|:,/2—p.

~ix+1

2



98,
79

7 ]
%,

\-
&

¢ 4

2.37. a) [x — cosg — isingJ X+ cos— + isin—] X
2 2 2 2

x+ cosg - ising]
2 2

x[x — cosg + ising}
2 2

b) (x — D(x = 2)(x - 3) ;
x-1-Dx=-1+Dx+1-Dx+1+1),

d) (x = V3 = V2)x =B + V2)x + V3 = V2)(x + 3 +2).

2.38.a) x—-3+ ! + 27 :
4x=2) 4x+2)

1 I 1 1
b) >+ — 5 :
(x-17 x—1 (x4+1p° x+l1
1 1 1
©) 3 7+ Ty
(x—17 (x=-1D x-1 «x
1 1 2x +1
+ ; ;
x+1 3x-1) 3x*+x+1)
S S S
I\/’2_—2 X‘\/E+2 x2+2 ’
1 1\/5+2 —-xv3 +2
NPT t 2 :
241D 62 +xd3 41 6(x2 = xd3 + 1)

d) —

e) 1+

x _ X _x—l
x4+ F 4

g)
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Chuong 111

MA TRAN - BINH THUC -
HE PHUONG TRINH TUYEN TiNH

3.1. MA TRAN

3.1.1. Khii niém ma tran

Khi ta ¢6 m X n s6 ta c6 thé x&p thanh mét bang chir nhat chira m
hang n cot. Mot biang s6 nhu th& goi 1a mot ma trdn.

Pinh nghia 3.1.1. M6t bang sé chit nhdt cé6 m hang n cét

ay) a2 - 4y

a a e @
A= 21 22 2n

Ay Qpp - Oy

got la mdt ma trén cdm x n.

a;; la phdn 1 cia ma tran A nam & giao di€m clia hang i cot j. Dé

ki hi¢u ma trAn ngudi ta dung hai dau ngoac vudng nhu & trén hay hai
d&u ngodc tron.

Dé néi A 12 ma trdn & m x n c6 phin ¢¥ nidm & hang i cotj la
a;; ta viet
A =18l x p

Khi m = n, bang s@ thanh vuéng, ta c6 ma trdn vuéng véi n hang
n cOt, ta goi né 1a ma trdn cdp n :
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4 43 - 9
ay 4 - Ay
Q4 42 - 4y

Cic phén tir ¢y, @33,....a,, £0i 1 cdc phdn tir chéo. Pudng thing
Xuyén qua cidc phdn tlr chéo goi la duong chéo chinh.
Ma tran A cdp n

a)y a4 - 4y ay a4y
0 a .. a i a " a
22 2n con Vit 22 2n .
0 0 .. ay ayy

trong d6 a4;; = O néu i > j, goi la ma trin tam gidc trén.

Ma trancip n :

agy 0 0 | a1t
a a . O . a a
21 22 con vi&t 21 22
dpy Qyp - Gy ) Qyy - Ay

trong d6 g;; = 0 néu /< j, goi 12 ma trdn tam gidc duéi.

Ma tran clp n :

ap 0 cen 0 311
0 a .. 0 . a
22 con Vi€t 2
0 0 .. ay dpy

trong d6 a;; = O né€u i = j goi 12 ma tran chéo.
Thidu 3.1.1. Bang s6
1 2 3
A= :
4 5 6
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12 mot ma tran ¢& 2 x 3 vdi cdc phan
ayp =lap =2,a3=3
ay) =4,ayp =35, a)3 =
Bang s6

B =

W=

12 ma tran ¢& 3 x 1 véi cdc phin tir

by =1by =2,by =3.
Bang sé

C=1[456]
1a ma tran c¢d | % 3 véi cic phan i
11 =4. Clnp = 5, Gy = 6.

Chu y 3.1.1. Sau day chi xét chi y&u cac ma tran thuc, tic 1a cic
ma tran véi g;; € R.

3.1.2. Ma tran khéng

Dinh nghia 3.1.2. Ma trdn khong la ma trdn ma tar c¢d cdc phdn
tu déu bang khong.

Ma trdn khong ki hiéu 1a 0.

Thidu3.1.2.
0 00O
0 00O

12 ma tran khéng co 2 x 4.

3.1.3. Ma tran bing nhau

Dinh nghia 3.1.3. Hai ma trdn A va B goi la bdng nhau néu ching
€6 cung ¢ va cdc phan tir cung vi tri bang nhau, tic la
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1) A= [a[j]mxn- B = [b:j]mxn
2) a; =b; vé1 moiivamoij

Khi A bing B ta viét A = B.

Thi du 3.1.3
l2_ab
3 4| |c d

conghtalaa=1,b=2,c=3.d=-4.

3.1.4. Cong ma tran
1) Dinh nghia 3.1.4. Cho hai ma tran cling c8 m x n :
A= [aij]mxn . B= [bij]mx;l
Téng A + B la ma tran ¢ m x n xdc dinh bdi
A+B= [a,-j + bij]mxn
tire la
(A+ B)U = aij + b‘J
Nhu vay muén cong hai ma tran ciing ¢3 ta cong céc phan tir ciing

Vi tri.
Thidu 3.1.4

2 3 +5 71 [2+5 3+7] [7 10
-1 4| |2 3| |-1+2 4-3] |1 1
2) Tinh chdt. Dé thiy rang
A+B=B+A
A+0=0+A=A4

Néu goi
~A = {_aij]an
thi con cé
A+ (A =(-A)+A=0
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Né&u ¢6 thém ma tran C vdi
C = l¢ijlmxn
thi
A+B+C=A+B+0)

Chu 'y 3.1.2. Goi -#,y, la tap cic ma trdn cd m x n. Khi d6
¢ #yxns +) 12 mot nhém giao hodn.

3.1.5. Nhan ma tran véi mét so
1) Pink nghia 3.1.5. Cho

A= [aij]mxn +k€eR
thi tich kA 1d ma trdn c6 m x n xdc dinh boi kA = [kajj )y, -

Nhur viy, muén nhan m6t ma tran v3i mot s6 ta nhan tat ca céic
phén tir clia ma tran véi s6 dé.

Thidu3.1.5.

3 47 [23 24 ) [6 8
7 2| (27 2] (14 —
2) Tinh chdt. Dé thiy ring

k(A+B) =FkA+kB
(k+hA =FkA+hA

k(hA) = (kh)A
LA =4
0.A =0

3.1.6. Phép nhan ma tran véi ma tran
Pinhk nghia 3.1.6. Xét hai ma tran

A = [jlpxp. B = [bnj ]pxn
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trong dé s6 c6t cua ma trdn A bdng sé hang cia ma trén B. Nguii ta
goi tich AB la ma tran C = [cj;lyyx, €6 m hang n cot ma phan it ¢

dugc tinh bdi cong thitc

Cij = ilblj + U;'2b2j + ...+ aipbpj = ﬁa,'kbkj (3.1.1)
k=1

Cich tinh ¢;; ¢6 thé hinh dung bing so dé

by
/ &
a; G, ... aj, :
AN
byj

va c6 thé néi tit ;

¢jj bang hang i cla A nhan véi cot j cla B.

Thi du 3.1.6.
H [t 4] _[3.1 34] _[3 12]
2] X2 (2.1 24, [2 8,
=
[1 4], {2 = [1.3+ 4.2 = (1]
Jxg

41+13+21 42+12+24

_ [10 18]
9 18 2%2

7 TOANHOC CAO CAP T 97
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Chi y 3.1.3. Mu6n nhan AB (A bén trdi, B bén phai) phai c6 diéu
kién: s6 cot cua A bing s6 hang ciia B. Mudn nhan BA (B bén rai,
A bén phai) phai c6 diéu kién : s6 cot clia B bing s6 hang clia A. Do dé
khi nhan AB duoc chua chic di nhan BA dugc. Trudng hop dac biet khi
A va B 12 hai ma tran vuong cliing c4p thi nhan AB va BA déu dugc.

Chu y 3.1.4. Khi nhan AB va BA dugce, chua chic di c6 AB = BA.
Thidu 3.1.7. Cho

-1 0 1 2
AI . B: i

2 3 30

-1 2 3 6
AB = BA =

11 4 -3 0

O day AB # BA.

thi

Chi y 3.1.5. C6 nhitng ma trin A # 0, B# 0 ma AB = 0 nhu

L

00
AB =
00
3.1.7. Mot s4 tinh chat
C6 thé chitng minh véi gia thiét cdc phép tinh viét & dudi thuc hién
duoc, tacé :
Pinh li 3.1.1.

thi

A(B+C)=AB+ AC
(B+C)A=BA+CA
A(BC) = (AB)C

k(BC) = (kB)C = B(kC)
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Chi y 3.1.6. Véi cac phép tinh cong ma tran va nhian ma trin véi
ma (ran ta c¢6 thé thay rang tap cic ma tran vuong cing cdp véi hai
phép todn dé tao thanh mot vanh khong giao hodn.

3.1.8. Ma tran chuyén vi

Dinh nghia 3.1.7. Xét ma trdgn A = [a,-j],,,x,,. Doi hang thanh cot,
cét thanh hang ta duoc ma trdn moi goi la ma trdan chuyén vi ciia A,
ky hiéu la A"

Vay ¢é Al = (ai)yxem

Ta thay ring néu A c6 m hang n cot thi A’ ¢6 n hang m cot.

Thi du 3.1.8.
-4 1
o, (432
A=[3 0| thi A =
1 .0 7
2 7
3.1.9. Chuyén vi ciia tich hai ma tran
Gidst A= [ayluxp. B= (b1 pxn

Khi d6 nhan AB dugc vA AB ¢6 cd m x n. Qua phép chuyén vi

ta cé
Al = [aj;']pxms B' = [bji]nXp

Ta thdy ring s6 c6t cia B’ bing s6 hang cha A'. Vay nhan B'A
dugc va tich dé ¢6 ¢d n X m.

Dinh li 3.1.2.

(ABY = B'A’
Xem chitng minh trong phan phu luc cuéi chuong, muc 3.6.1.

Thi du 3.1.9.
-1 2 -1
A 2l p-=
| 4 301
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Ta co

Vay trong thi du nay dung 1a
(ABY' = B'A".

BAI TAP : 3.1 —3.11

3.2. PINH THUC

3.2.1. Dinh thic clia ma trin vuong
Xétma tran cdp n :

ay a4y .. alj - Ay
a1 922 . @ - Oy
A=
a4 42 - 4 ajy
[ At An2 - Gyj e Gy |

Ta chi y d&€n phin tir a;;, bo di hang i va cot j ta thu dugec ma tran
chi con n — 1 hang n — 1 c6t, tic 1a ma tran c&p n — 1. Ta ki hiéu nd

la M;; va goi né 12 ma tran con img phan tir g;; .
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Chang han, vdi

21y 92 43
A=lay ayp ap
a3 43 433
ta co
a a ] -a a ] a a
22 a3 _ |91 an e @
My, =[ . Mp = - MIB_[ ]
dazp; a3 | L4931 433 | a3 azp
a() 013— —011 013_ q) a
Mjy) =[ . My = . My =
a3; 33 | Lasl a3y J a3y azp
Ma, = | 912 a3 | Mo = [a; a3 Maa = |1 A2
3= . 2= ) 33 =
dyy a3 | | 271 223 | azy 4y

Pinh nghia 3.2.1. Dinh thitc cua ma tran A, ki hiéu la det (A), duoc
dinh nghia dan ddn nhu sau :

Alamatréncdp !l :

A= [(111] thi dCt(A) =4ay)
A la ma trén cdp hai :
ay a
A= |: 11 ]2:|
D) 4n

thi dCt{A) =dayy det (Mll) —das det (Ml2) = a11ar2 — ajz4dy

(Chi ¥ rdng a;; va a;, 12 cdc phdn tir nAm ciing & hang 1 cua ma
tran A), van van, va mot cdch téng quat, -
A 1a ma tran cép n thi

dCt(A) = ayy de((Ml |) =43 det(Mlz) +...+ (—I)H"al,, dC((M]") (321)

(Chi ¥ ring a, 4y, ---. ay,, 12 cdc phdn tir cing ndm & hang 1
ciia ma trin A).
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Dé ki hiéu dinh thiic, ngudi ta dung hai gach ddng dat & hai bén :
a) a4 413
az) G a4z
ay) a3 ds3

Q1 4ap

a4y ay

Dinh thitc ciia ma tran cap n goi la dinh thiee cdp n.
Thidu32.1.
1 2
=14-23=-2
4

3
1 2 3
5 6 -4 6 -4 5
—~4 5 6/ =1 -2 +3 =
-8 9 7 9 7 -8
7 -89

= 1(45 + 48) — 2(=36 — 42) + 3(32 - 35) = 240

3.2.2. Tinh chat cua dinh thic

Tinh chdt 1. dei(A") = det(A).

Huong chung minh. Trudc hét ngudi ta chimg minh mot cong
thuc phu : '

det(A) = aj; det(My,) — ay; det(My) + ... + (=1)" g, det(M ;)

(3.2.2)

Sau d6 4p dung phuong phdp quy nap todn hoc (xem ching minh
chi tiét trong phan phu luc cudi chuong, muc 3.6.2).

Thidu3.2.2. .

{12 1 3

= -2
3 4‘ 2 4

‘=1.4—3.2=—2

Hé qud 3.2.1. Mot tinh chdt dd ding khi phdt biéu vé hang cia
dinh thitc thi né vdn con ding khi trong phdt biéu ta thay hang
bdng cét.
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Tinh chdt 2. D6i ché hai hang (hay hai ¢o1) cia mét dinh thic ta

duoe mét dinh thitc méi bdang dinh thiee cii d6i ddu.
Xem chimg minh trong phin phu luc cuéi chuong, muc 3.6.3.

Thi du 3.2.3. Ta c6
12
‘= 14-23=-2

3 4

D48i chéd hat hang lién tiép ta dugc
3 4
=32-41=2=—(=2)

2
Tinh chat 3. Mot dinh thiie c6 hai hang (hay hai cét) nhu nhau thi

bang khong.
Chitng minh. Goi dinh thic c8 hai hang nhu nhau 12 A. DSi chd

hai hang dé ta dugc
CA=-A
Viyc62A=0,dodé A=0.
Tinh chdt 4. Dya vao dinh nghia (3.2.1) va dp dung tinh chit 2 ta

suy ra
det(A) = (—1)‘“ [g;; det(M;() — a;5 det(M;y) + ... E a;, det(M;,)]
(3.2.3)

Chd y ring cdc phdn ¥ q;), a;y, ..., a;, déu ndm & hang i ca dinh
thitc, nén céng thitc (3.2.3) 6 thé got 1a khai trién cia dinh thirc theo
hang i.

Dua vao cong thic (3.2.2) va tinh chat 2 ta suy ra
det(A) = (-1)'*/[a;; det(M) ) — ay; det(My;) + ... £ a,; det(M,;)]
déu ndm & c6t | ctia dinh

(3.2.4)

Chd ¢ ring cac phan tir apj @yj e Ay
thic, nén cong thic (3.2.4) ¢6 thé goi 12 khai trién ciia dinh thitc theo
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Thidu 3.2.4. Xét

1 2 3
A=}4 5§
7 -8 9

3 thi du 3.2.1, ta dua vio dinh nghia va da tim duoc A = 240.
By gid dp dung khai trién dinh thic theo hang 3 (3.2.3) ta ¢6

A=(-—1)3+'J72 3 1 3 12
|'l5 6 —4 6 |4 S

= 7(12-15) + 8(6 + 12) + 9(5 + 8) = 240

+9

|—(—8)

Ap dung khai trién dinh thic theo cot 2 (3.2.4) ta ciing ¢

=-=2(-36 —42)+ 5(9 - 21) + 8(6 + 12) = 240

Tinh chdt 5. Mot dinh thic ¢6 mét hang (hay mét cét) toan 1a sé
khong thi bdng khong.

PG 1a he qua cita cic cong thic (3.2.3) va (3.2.4).

-4 6
7 9

1 3
79

-5 + (-8)

1 3
-4 6

Tinh chét 6. Khi nhdan cdc phan tir cua mét hang (hay mét cot)
vai ciang mot 56 k thi duoc moér dinh thiec méi bang dinh thic ci
nhadn voi k. _

D6 12 he qua cha cédc cong thite (3.2.3) va (3.2.4).

Hé qud 3.2.2. Tir tinh chat 6 ta suy ra nhan xét sau : Khi cdc phan
nr cua mot hang (hay mét c6t) cé mot thita s6 chung, ta cé thé dua
thita s6 chung dé ra ngoai ddu dinh thic.

Thidu 3.2.5.
2 3 |2 3 2 3
= =4 =4(4-3)=4
4 8 |41 42|71 2
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Tinh chdt 7. Mot dinh thic c6 hai hang (hay hai cor) i 1é thi
bang khong.

That vy, dua hé s6 ti 1é ra ngoai dau dinh thitc thi dugc mét dinh
thiic ¢6 hai hang (hay hai c6t) nhu nhau nén né bang khong.

Tinh chdt 8. Khi tdt cd cdc phdn ti cua mot hang (hay mét cot) cé
dang téng ctia hai s6 hang thi dinh thirc c¢6 thé phan tich thanh tong
cda hai dinh thiec, chdng han nhu

ay @y tap)_ | ap TR

@ ay taxn| |(a an| |4 ap
a +ta aptap|_ |4y 92 9y 92

ajz| s ayy axp| |%1 a»

D6 1a he qua cia céc cong thue (3.2.3) va (3.2.4).

Tinh chédt 9. Néu mét dinh thirc ¢6 mér hang (hay mot cot) la 16
hop tuyén tinh cua cdc hang khdc (hay cua cdc cét khdc) thi dinh
thicc dy bdang khong.

D6 1a hé qua cua tinh chat 8 va 7.

Tinh chadt 10. Khi 1a céng boi k cua mét hang vao mot hang khdc
(hay béi k ctia mét cot vao mor cot khdc) thi duoc mot dinh thire mot
bang dinh thicc ci.

Thi du 3.2.6.
2 1 3 2 ] 3
4 5 7={4+(-2)2 S5+-2)1 T+(-2)3
6 15 6 1 5
21 3
=10 3 1
6 1 5

Chu y 3.2.1. Lam nhu trong thi dy trén ta dugc mét dinh thic mdi
bang dinh thifc cii, nhung lai c6 phén tir 5 hang 2 ¢t 1 bing khong.
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Ta ciing c6 thé 1am nhu thé véi hang thit ba dé bién phan tir & hang 3
cot 1 thanh s6 khong -

2 1 3 2 1 3
0 3 1|= 0 3 1
6 1 5| 6432 1+(-3)1 5+(-3)3
2 1 3
=10 3 1
0 -2 4

Ta thay dinh thiic s& don gian di.
Tinh chdt 11 (V& cic dinh thitc ¢6 dang tam giac). Céc dinh thic
cia ma tran tam giic bang tich cic phén tir chéo :

an 4y .- 4y
0 022 02" _ )
= 4114 - Ay
0 0 o a"ll
aq 0 .. O :
ay @y .. 0)=aphap .. ay,
ay 4y - 4y

Cich chimg minh dua vao khai trién (3.2.3) va (3.2.4).
Chang han, xét dinh thifc cip ba
a1 Q2 a3
A=10 ayp apn
0 O a33

Khai trién theo c6t 1 ta duge

ay ax

A=a“ 0 a3
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Sau dé tinh dinh thdc c4p hai bing khai trién theo cOt 1 cda nd
ta dugc

A= ay ay ay

Thidu32.7.
1 2 3
0 7 -6=1711=77
0 0 11

3.2.3. Cach tinh dinh thifc bang bién ddi so cap

Pé tinh mét dinh thic, cé thé ding dinh nghia hodc khai trién
(3.2.3), (3.2.4), ciing c6 thé dp dung cdc tinh ch4t cha dinh thic ma
tim cich bién d&i dé dua né vé cac dang don gidn. Cich ding cdc
bi&n dot so cap 1a mat trong nhiing cich nhur thé.

Cac bién déi so cap vé hang ma ta sé diung duge liét ké & bang
dudi day

Bién dbi so c4p Téc dung Li do

(1) Nhan mét hang | Dinh thile nhan véi k| Tinh chét 6
véi mot s6 k =0

(2) Déi chd 2 hang | Dinh thic déi dau Tinh chat 2

(3) Cong k lan hang | Dinh thirc khong déi | Tinh chét 10
r vao hang s

Chi y rang :

(1) N6i nhan moét hang vai mot s8 k c6 nghia 1a nhan tat ca cic
phdn tir ciia hang d6 véi k.

(2) N6i cong k 1an hang r vao hang s nghia 12 cong £ 14n mébi phin
1 & hang r v6i phdn tir ciing cot v4i né & hang s va dat vao hang s.

Bay gid dé tinh mot dinh thic ta 1am nhu sau :

Buoc 1. Ap dung cic phép bi€n déi so cdp vé hang tim cich dua

ddn dinh thifc da cho vé dang tam gidc, nhd ghi lai tdc dung ctia wWing
phép bi&n d4i sa cap duoc sir dung.
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Budc 2. Tinh gid trj ciia dinh thidc dang tam gidc thu dwoc dua vio
tinh chit 11 vA ké dén tic dung téng hop clia cdc phép bién déi so cap
da sir dung.

Thi.du 3.2.8. Hay tinh

0 1 5§
A=13 6 9
2 6 1
Gidi. Ta c6
3 69
A =-0 1 5 déichd haihang1 va2
2 6 1
1 -2 3
=-3|10 1 5| duathirasé 3 dhang | rangoai
2 6 1
1 -2 3
= -310 | 5| cong-2lin hang 1 v&i hang 3
0 10 -5
1 -2 3
==3[0 1 5 | cong -10 14n hang 2 vdi hang 3
0 0 -5§

=-3.1.1.(-53)=165

Chii y 3.2.2. Ciing ¢6 thé xét c4c bién dbi sd cap vé cot va 4p dung
chiing dé€ tinh dinh thirc.

BAI TAP : 3.12 - 3.22.
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3.3. MA TRAN NGHICH PAO

3.3.1. Ma tran don vi

Goi #, 1a tdp cac ma trn vudng cdp n :

aq) 42 - 9

a a a
'//" = (A} A= 21 22 2n

anl " 42 - Ay

Dinh nghia 3.3.1. Ma trdn

1 0 0

0 1 0
] =

00 1

trong dé cdc phdn tif chéo bdng 1, cdc phdn tir khdc bdng khéng, goi
1a ma trdn don vi cdp n.

Ddc diém cua ma tran don vi I 1A :
Al=IA=A, VAe .4
Thidu3.3.1.

I R | R

3.3.2. Ma tran kha dao va ma tran nghich dao
Dinh nghia 332. Xt A€ ., . Néu tén tai ma trgn Be .4, sao cho
AB=BA=1
thi néi A khd ddo va goi B la ma trdn nghich ddo cua A.

Khi A c6 nghich dio ta n6i A khéng suy bién.
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Nguoi ta ki hiéu ma tran nghich ddo clia A 1a A_l. nghia la ¢é

AAT = ATTa =1
12 2 1
thlA
[ 4] [3/2 -1/2]
11 f1o
3/2 172 |0 1
| 1 2] [t o
3/2 =172 13 4| |o 1

3.3.3. Su duy nhit ciia ma tran nghich dao

Thidy 3.3.2.

A

I

vi

Pinh Ii 3.3.1. Ma trn nghich ddo A~ "

cua A € .M, néucé thi
chi ¢6 mot ma thoi.

Chimg minh. Gia sit B va C déu 12 ma tran nghich ddo cia A € .4,
nghia 1a cé

AB=BA =], AC=CA=1
Tr AB=1tasuyra

C(AB) = CI
(CA)B=C
IB=C
B=cC

3.3.4. Su ton tai ciia ma tran nghich dio va biéu thire cia no
Xét ma tran

Q1 49 ... Qy

a a .. a
A= 21 22 20

4y Q- Ay
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O muc 3.2.1 ta da goi ma tran M;; suy tir A bing céAch bo di hang i
c6t j 12 ma tran con Ung phan 1 a;; .
Bay giG ta goi
D;; = det(M;) (3.3.1)
12 dinh thidc con img phin tir g,;, va
C; =D*D;
la phy dai s6 ciia phan tir a;;.

Vai cac ki hiéu d6 cong thuc (3.2.3) k& hgp véi tinh chit 3 cla
dinh thuc cho

det(AYnéu k = ¢
ﬂkI]C“ + asz,-z + ...+ ak,,C,-" = {0 nEuk % i (3.3.2)
K&t hop cong thirc (3.2.4) vai tinh chat 3 ta cé
det(A) néu k = §
alkCU + a2kC2j +..+ a,,kC,u- = {O néu k # j (3.3.3) )

Ta co

Dinh Ii 3.3.2. Néu det(A) 20 thi ma tran A cé nghich ddo A tinh
boi cong thirc sau :

Gy G - Gy
Aol a1 G Cnoe G
det(A) det(A)

Cln CZ" Clm

Chimg minh. Nhan AC' va 4p dung céng thifc (3.32) ta dugc

det(a) 0 .. O
AC'=| 0 det(A) .. O
0 0 ... det(A)

Nhan C'A va ip dung céng thitc (3.3.3) ta ciing duoc nhu thé.



Vay ¢6

[N

1 AC! = 1 TA = ) =1
det(A) det(A)

va dinh Ii duge chiing minh
Chit y 3.3.1. Khi det(A) # 0 thi A c6 nghich dao, nén A 12 ma tran
khéng suy bién.

3.3.5. Cach tinh ma tran nghich dao bing phu dai s6
Ap dung dinh 11 3.3.2 :
Thidu 3.3.3. Cho

1 2 3
A=12 § 3
1 0 8
Tacé
dey(A)=-120
Cll=40 CIZ=—13 Cl3=_5
C21=“16 C22=5 C23=2
C31=-9 Cp=3 Cy=1
Do dé
40 -13 -5 40 -~16 -9
C=!-16 § 2 c'=l-13 5 3
-9 3 | -5 2 1
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Vay

~40 16 9
at=Lec|n s
5 =2 -1

Thi du 3.3.4. Xét ma tran c4p hai
A=
c d
Véi det(A) =ad - be # 0 thi
ad —bc|-c a
C C d -
Vi c=| 12 _ c
C21 C22 —b a
va do dé
o [d b
N

3.3.6. Ma tran nghich dao coa tich hai ma tran

Dinh l{ 3.3.3. Gid su A va B e .#4, la hai ma trgn khd ddo. Khi do
AB cing khd ddo va
ABy' = g7la"
Chung minh. Ta cé
I

—ABB Ha=AIA "= A4”!

(AB)B 'A~ =1
l B | -1, .1 —1 ol
B A (AB)=B (A AB=B 'IB=B B=1]
Vay AB kha dao va B 'A™' lama tran nghich dao cua AB.
Ngoai ra ta con co
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Pinh I 33.4. NéuA € A, khd ddo va c6 nghich déo A” " thi
(a) A cing khd ddo va (A_l)"] = A.
(b) A™ ciing khd ddo va
(Am)_l = (A_l)m, m nguyén > 0.
(c) Yk # 0 ta co kA ciing kha ddo rd
-1

kA) = —A7
(kA) P

3.3.7. Pinh thitc caa tich hai ma tran

Pinh If 3.3.5. Néu A va B la hai ma trdn vubng cung cap thi co
det(AB) = det(A)det(B)

Xem chiing minh trong phan phu luc cudi chuong, muc 3.6.4.

Thi du 3.3.5. Cho

R

AB = 2 17
3 14
Péng thai

det(A) =1, det(B) = 23, det(AB) = -23
Vay diing 12

Khi dé

det(AB) = det(A)det(B).
3.3.8. Dinh li 3.3.6. Néu A € ., khd ddo tirc la c6 nghich ddo
A~ thi det(A) #0.
Chiing minh. Tu AA™]
ta 4p dung dinh 1i 3.3.2 thi suy ra
det(AA” ") = det(!)
det(A) det(A ') = 1
Vay phai cé det(A) # 0. Ciing c6 det(A ') # 0.

=1
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3.39. Pinh Ii 3.3.7. 1) Néu B la ma nan vuéng cung cdp voi A
sao cho BA = I thi A khd ddovaB= A"’
2) Néu B la ma trdn vuéng cing cdp vdi A sao cho AB = I thi A
khd ddovaB=A""
Chumg minh phan 1). Vi BA = I nén
det(BA) = det(])
det(B) det(A) =1

Do d6 det(A) # 0. Vay A khi dao va ¢6 nghich ddo 1a A '. Nhan
ding thirc BA = I bén phai véi A ' ta c6

(BAYA ' =1IA
Baa Yy =a"!
B =4"

Phan 2) Chilng minh tuong ty.
BAITAP: 3.23 - 3.28.

3.4. HE PHUONG TRINH TUYEN TiNH

3.4.1. Dang tdng quit cia mot hé phuong trinh tuyén tinh
D6 12 mot hé m phuong trinh dai s6 bac nhat d6i véi n 4n s6
a g + aj;nxp + ...+ Ay Xy = b|
ayxy + ayxy ..t ay,x, =
21X + 832X 2nXn = by (3.4.1)

Ay Xy + Gy Xy + .t ay,, X, = bm

trong d6 xy, xy, ..., X, 12 cic 4n s8
ajj 12 he s8 & phuong trinh thd i cba in x
b; 1a v€ phai cua phuong trinh thi ¢
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Khi m = n ta ¢6 mét hé vuéng véi n phuong trinh n an.
Khi céc b, = 0, Vi ta c6 mot he thudn nhdt.
Thi du 3.4.1

2x; =30y +4x3 =5
31] +2.I2 —7X3 =6

l1a mot hé 2 phuong trinh 3 4n ;

2x1 - 3)(2 =35

3.(1 + 2X2 =6
12 m6t he hai phuong trinh 2 4n ;

2X| - 5.X2 =0

4X| + 6.X2 =0

1a mat hé thudn nhat.

3.4.2. Dang ma tran cia hé phuong trinh tuyén tinh
Xét hé (3.4.1). Ma tran

Ay 4y . Gy,
a a e Q@

A= 21 22 21 (3.4.2) -
Al 4y - aan

goi 1a ma trdn hé s6 cia hé ; ma tran
b,

by

b= (.2 | =1b by ... bl

S

ml
by
£01 12 ma 1rgn vé phdi (hay cot v€ phai) cla hé ; ma tran
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goi 12 ma trdn dn clia hé.
Vi phép nhan ma tran v&i ma tran, hé (3.4.1) viét
Ax=b (3.4.3)
Dé 1a dang ma tran cua hé (3.4.1).
3.4.3. Hé Cramer

Bay gid xét hé n phuong trinh # 4n :

ay x) +apxy o tagx, =b

a1 Xy + ayy Xy + ... + @y, X, = by
2141 2242 2nn 2 (3.4.4)

a,xy +ayx + ..+ apx, = b,
vAi ma tran hé sé

ay a - 4y
a a .. a
A= 2 2n (3.4.5)
19 a2 - Ay

la mo6t ma tran vudng cip n.

Dang ma tran cua hé vin 1a (3.4.3), chi khic & chd A ¢d dang
(3.4.5) va

b=1[b;by..b,l
Heé (3.4.3) & day viél lai 1a

Ax=b (3.4.6)

Dinh nghia 3.4.1. Hé (3.4.4) tic 1a (3.4.6) goi la hé Cramer néu .
der (A) # 0.
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Dinh li 3.4.1. (Dinh li Cramer). Hé Cramer c6 nghiém duy nhdr
tinh bang céng thicc x = A i 1a
_ det(A))

- 3.4.7
M7 T den(a) (3.4.7)

trong d6 A la ma trdan (3.4.5), Ajla ma trdn suy tir A bang cdch thay
cot thit j boi cot vé phai b.
Chiung minh. Vi det (A) # 0 nén theo dinh 1i 3.3.5, A c6
nghich dao :
-1 !
det(A)

Thay trong (3.4.6) x bai A 'btacs
AAT By =aA Db = b
Vay x = Ab1a nghiém cua hé.
Sir dung biu thitc cia A~ & dinh 17 3.3.5 ta suy ra
Cy Gy - Cul[h

1y 1 Ciy Cp - Cp|ibh
det(A) SR N
Cl n C2n sz i b

n
nghia 12 ¢6
Gyt Cajby + o+ Cyy _det(Ap
3 det(A) T det(A)
D€ chitng minh su duy nhat cla nghiém ta gia sir hé (3.4.6) c6 hai
nghiémlaxva y:

Ar=b Ay=b
Bing phép trir v€ véi vé ta duge
Ax—Ay=0
hay A(x—-y)=0
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Nhén hai vé véi A ' ta cé
Alax-y=4aTlo=0

(x=y)=0
nghia 1a ¢6 x = y. Vay hé chi c6 mo6t nghiém.
Thi du 3.4.2. Gii he |
X+ 2x3=6
=-3x3 +4x; + 6x3 =30
- X —2x) +3x3 =8

Gidi. Ta c6
1 0 2 6
A=1-3 4 6|, b=|30
-1 -2 3 8
Vay
6 0 2 1 6 2
A =130 4 6| Ay =|-3 30 6],
8 2 3 -1 8 3
1 0 6
Ay=1-3 4 30
-1 -2 8
Ta tinh dugc det (A)=44#0
det (A)) = —40, det (Ay) = 72, det (A5) = 152
Ta suy ra cic nghiém ciia hé di cho : -
0 7 18 12 3%
4 11" a4

40
fnd - x’)
1 -

Xy = -

I 4
3.4.4. Giii hé phuong trinh tuyén tinh bing bién déi so cAp
Xét hé phuong trinh wyén tinh & dang phuong trinh (3.4.4) va 0
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dang ma tran (3.4.6) trong d6 A la ma tran (3.4.5).
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a) Hé tam gidc trén. D6 12 h¢
anxy +apxy + ..t a,x, = b

ayxy +..+ay,x, = b

ayxy, = b

v8i ma tran hé s6 12 mot ma trian tam giic trén

a4 ... 4y

a .. Qa
A= 22 2n
Apn

Vai gia thi€t a;; # 0, viéc giai n6 tir dudi 1én rat don gian : phuong
trinh cuéi cho ngay x,, phuong trinh lién trén cho x,—;, van vin,
phuong trinh du cho x,.

b) Ta viét ma tran A va canh né 1a vecto b, ta dugc ma tran chit
nhat [A, b]. Ta 4p dung cac bién déi so cap vé hang (xem 3.3.9) vao
ma tran [A, b} dé dua din ma tran A vé dang tam giac. Ta nhan thay :

Phép bién d6i so cdp nhian mot hang v4i mot s6 khac khong tng
vé1 phép nhan mot phuong trinh cia hé véi moét s6 khdc khong, né
khéng lam thay déi nghiém cia hé.

Phép d6i chd hai hang ing v6i phép déi vi tri clia hai phuong trinh
khong 1am thay d6i nghiém ciia he.

Cuéi ciing, phép cong boi k cia mot hang vao mét hang khidc ung
vé1 phép cong boi k cia mot phuong trinh vio mét phuong trinh khdc
ciing khong 1am thay d6i nghiém cia hé.

Vay hé tam gidc cudi cling thu duge tuong duong vé hé di cho.

Giii hé nay — diéu nav khéng khé — tir dudi len ta thu duge nghiém
cia hé da cho.
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Thidu 3.4.3. XéL hé
2+ 4xy+3x3=4
3+ X —2x3 =-2
4 + 11y +Tx3 =7

Ta suy ra
2 4 3 4
A=|3 1 =2}, b=|-2
4 11 7 7

Ap dung cédc phép bién ddi so cdp vé hang dé dua ma tran A vé
dang tam giic ta c6

2 4 3 4
3 1 -2 -2
4 11 7 7
2 4 3 4
-5 -6,5 -8

3 1 -1

2 4 3 4
-5 -6,5 -8

-2.9 -5.8

Viy hé di cho twong duong vai hé tam gidc trén
2x; +4x,+3x3 =4
~5x, - 6503 =-8
~29%3 =-5.8
Giai hé tam gidc trén nay tir dugi 1&n ta thu dugc
x3=2,x=-1,x =1
D6 cing 1a nghiem cna h¢ di cho.
Phuong phap vira trinh bay con c6 tén 1a phuong phdp Gauss.
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3.4.5. Phuong phap Gauss — Jordan

Sau khi dua ma tran vé ma trin tam gidc trén ta ti€p tuc 4p dung
cédc bién ddi sq cap dé dira ma trdn tam gidc trén vé ma tran don vi.
Trd lai thi du 3.4.3 & trén, ta cé

2 4 3 4
-5 -6,5 -8

-29 -5,8

1 2 1,5 2
1 1,3 1,6

| 2

1 0 -1
1 0 -1

L 2

1 0 1
1 0 -1

1 2

K&t qué ta duoc he chéo :
_Xl = ].

X =-1

Do d6 ¢ ngay két qua
Xl‘—‘l, X2=—1,X3=2
3.4.6. Ap dung phuong phip Gauss — Jordan tinh ma tran
nghich dao
Muén tinh ma tran nghich dao cvua ma tran vuéng A = [g;;], theo

dinh 1i 3.3.6 ta chi can tim ma trdn B = [b;] sao cho AB =1, khi d6
B=4a"".
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Pé cho don gian cdch viét ta xét trudng hop ma tran cip ba :

apy
A = 021
a3)
Ta phdi tim ma tran
by
B =|by,
by
saocho AB=1:

A B,
f__A—\ f \
ayy a4y by
ay; ayp a3 by
ay ay a3y | | by

a3
az3
as3

ay
ay
azy

by,
by,
bsy;

B, B I I I
—_— S A A

by, b3 1 0 0
by, b3 0 10
by, byaf [0 0 1

Nhu vay cdc cot By, B,. By thoa min

ABI =II,AB2 =12,AB3 =

I3

D6 12 ba he dai s6 tuyén tinh ¢6 chung ma tran hé s8 la A. Ta s&
giai ching bang phuong phap Gauss — Jordan trong cing mot bang.

Quy tdc thuc hanh : Muén tinh ma tran nghich dao A cia ma
tran A bang cic phép bién d6i so cap vé hang ta 1am nhu sau :

1) Vi€t ma tran don vi I bén canh ma tran A.

2) Ap dung cic phép bign déi so cap vé hang dé dua din ma tran A
vé ma tran don vi /, tdic dong d6ng thdi phép bién dbi so cip vao cot

ma tran .

3) Khi A da dugc bién déi thanh 7 thi I trd thanh ma tran nghich

dao A—I
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Thidu 3.4.4. Xét ma tran

l 3
A=|2 3
1 8

S L N

Toan bd qué trinh tinh todn c6 thé ghi tdm tat thanh mot bang
nhu sau .

1 2 3 | Q 0 L,
2 5 3 0 | 0 L
1 0 8 0 0 1 L,
1 2 3 1 0] 0
0 1 -3 2 1 0! 2L +L, o1,
0 -2 5 -1 Y 1 —L + 143 > Ly
1 2 3 ) 0 0
0 1 -3 -2 1 0
0 0 -1 -5 2 i 20, + L3 > L3
1 2 3 1 0 0
0 | -3 -2 1 0
0 0 1 5 -2 -1 1l > I
1 2 0 -14 6 3 —3[@ + Ll - Ll
0 1 0 13 -5 -3 34+ L > L,
0 1 5 2 4
1 0 0 | —40 16 9 | -2y+L L
1 0 13 -5 -3
! 5 2 - N
Vay
40 16 9
A= 13 -5 3
5 2 -1
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3.4.7. Hé thuan nhat (n phurong trinh n 4n)
Xét hé thuan nhat
‘a“Xl +appxy +.Fap,x, = 0
ay Xy taxpxyt..tay,x, = 0

(3.4.8)
apx) +apx; t+..+ta,,x, = 0
Ma tran hé s8 van 1a (3.4.5)
Hé ¢6 dang ma tran _
Ax=0 (3.4.9

V& phai 12 ma tran khong, cd n x 1.
He thudn nhat (3.4.8) uic 1a (3.4.9) luon c6 nghiém khong :
0

0 t
x=|.|=[00..0]
0

vi khi thay x; = 0, x5 =0, ..., x, = 0 vao v¢€ tri cua (3.4.8) thi céc
phuong trinh dé thoa man.

Nghiém khong ciia hé thuidn nhat goi 1a nghiém tam thuong cta no.

Mét cau hoi dar ra 1a : Khi nao hé thuan nhat (3.4.8) ¢6 nghiém
khong tdm thudng. Ta cé

Dinh Ii 3.4.2. Hé thudn nhdt (3.4.8) c6 nghiém khong tam thuong
khi va chi khi der (A) = 0.

Chiing minh. Néu det (A) # 0 thi theo dinh 1i 3.4.1 n6 c6 nghiém
duy nhat, nén chi ¢é nghiém tdm thuong.

Néu det (A) = 0 th bang bién d6i so cap vé hang va bang cich
dinh s6 lai cdc an tic 13 d6i chd cdc cot ta c6 thé dua ma tran A vé
dang tam gidc trén
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ay dyy .. 4y &y o dyy
a'yp e @ dpyy .. Ay
a'y, Ay e @y
0 . 0
L 0 .

rongdd a’y; #0,i=1,2,...,r.Néur =nthi det(A)= ta'y,..a', #0
biéu nay trii gia thi€t det (A) = 0. Vay r < n. V& phai vin toan 1a s§
khong. Vay hé tam gidc trén thuan nhat, twong duong véi hé di cho,
s€ ¢4 56 phuong trinh it hon s& 4n, nén né c6 vé s6 nghiém. Cho nén
ngoai nghiém tdm thudng ra né phai cé nghiém khong tim thudng.
Thidu 3.4.5. He
2.Xl + 3X2 =0
3x) +4x, =0

¢6 dinh thitc

2 3
3 4

=150

nén chi c6 nghiém tim thudng x; =0, xy = 0.

20 +3xy, =0
He
411 + 6.!2 =0

¢4 dinh thic

2 3
4 6

‘zo

nén c6 nghiém khong tim thudng ching han x; =3, x5 = —2. That ra hai

phuong trinh dd chi 1a mét. Cho x; = 3 ta tim ra xy = -2.
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Két qua tém tat

Trong tridng hop m = n, ta c6 k&t qua tém tat sau :
Cdc ménh dé sau tuong duong :

(a) det (A) # 0.

(b) A kha dao.

(c) Hé Ax = b c6 nghiém duy nh4t véi moi b.

(d) Hé Ax = 0 chi ¢8 nghiém tdm thuomg.

BAI TAP : 3.29 - 3.41.

3.5. HANG CUA MA TRAN - HE PHUONG TRINH
TUYEN TINH TONG QUAT

3.5.1. Hang cua ma tran

Xétmatraincd m X n

any 4z - a4,
A= 922 - o
Qyl Gy2 o Gy

Goi p 1a mot s6 nguyén duong khong 16n hon min {m, n}.

Dinh nghia 3.5.1. Ma trdn vuéng cdp p suy tir A bang cdch bo di
m —p hang va n — p cét goi 1a ma trgn con cdp p cua A.

Dinh thitcc cua ma trdan con dé goi la dinh thitc con cdp p cua A.

Thidy 351 Xétmatrancd3 x4

1 -3 4 2
A=(2 1 1 4
-1 -2 1 =2
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Tacémin {3,4)=3,dod6p=1,2,3.

Céc dinh thirc con cap ba cia A la

1 -3 4 1 4 2

2 1 =0 2 1 4|=0
-1 =2 1 -1 1 =2

3 4 2 1 -3 2

1 1 4|=0 2 1 4|=0
2 1 -2 )

1 -3
-1 -2

‘:—5 V.V,

Pinh nghia 3.5.2. Hang cia ma trdgn A 1a cdp cao nhdt cua cdc
dinh thitc con khdc khéng cua A.

Ta ki hiéu hang clla ma tran A 1a p(A).

Thi du 3.5.2. Xét ma tran A & thi du 3.5.1. Cic dinh thdc con cap
ba déu bang khong, nhung c6 dinh thirc con c4p hai khac khong. Vay
p(A) =2.

Vi vét moi ma tran vuéng B ta cé det(B') = det(B) nén c6
Chiy3.5.1. P(A") = p(A).
3.5.2. Cach tinh hang ctia ma tran bing bién déi so cAp vé hang

a) Ma tran bac thang : D6 1a nhiing ma tran ¢ 2 tinh chat :

1) Cic hang khdc khong (tdc 12 c6 phan tir # 0) ludn 4 trén cic
hang khong (1ic 13 c6 tat ca cdc phin tir = 0).
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2) Trén hai hang khic khong thi phdn tir khdc khong ddu tien &
hang duéi bao gid ciing d bén phai cot chita phin tir khéc khong dau
tién & hang trén. Chang han, cic ma trin sau c6 dang béc thang :

1 -3 0 4] (1 -3 0 4
A=|0 0 1 2|, B={0 0 1 2
0 0 0 5 0 0 00
(1 2 3]
C=]0 4 5
[0 0 6]

Ta thdy rdng & ma tran A, dinh thic con khac khéng cap cao nhat
12 3, vay p(A) = 3, né bang s6 hang khdc khong chia A, con & ma tran
B, dinh thiic con khdc khong cdp cao nhat 1a 2, vay p(B) 2, n6 bing
s6 hang khac khong cia B.

N&i chung ta c6 nhan xét sau :

Chii y 3.5.2. Hang cia mét ma trgn cé dang bdc thang bang sé
hang khdc khéng cua né.

b) Bay gid vi cdc phép bién ddi so cip vé hang (xem 3.3.2, 3.3.9)
khong 1am thay déi tinh khic khéng hay bing khong cha cdc dinh
thifc con clta moOt ma tran, nén khong thay déi hang ciia ma tran. Vi
vy ta ¢ th€ 4p dung ching dé dua mot ma tran vé dang bic thang
réi 4p dung chi ¥ 3.5.2 ma suy ra hang cia ma tran da cho.

Thi du 3.5.3. Xét ma tran
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Cic bién déi so c4p vé hang cho

1 -3 4 2
2 1 1 4
-1 -2 1 -2
1 -3 4 2
0 7 -7 0
0 -5 5 0
1 -3 4 2
0 i -7 0
0 0 0 0

Bing s6 cudi cing la mot ma trAn & dang bac thang c6 hai hang
khiac khéng. Vay p(A) = 2.

3.5.3. Hé phuong trinh tuyén tinh tdng quait

Bay gi& xét hé phuong trinh tuyén tinh tdng qudt (3.4.1). Ma tran
hé s6 cla né 1a ma tran A & (3.4.2). Xét ma tran bd sung tic 12 ma
tran A thém cot b : ;

ay ap .. @y b
— a ay .. a, b
A=[ADb]l =
L9nl Qp2 - Gy b, i

Dinh If 3.5.1. (Dinh 1i Kronecker — Capelli). Hé (3.4.1), tic la hé
Ax = b, cé nghiém khi va chi khi

p(A) = p(A)
Chimg minh. Bing céc bién déi so c&p vé hiang va bing cdch dinh s6

lai cdc 4n tic 12 d6i chd céc cot ta dua ma tran A vé dang bac thang :
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ayy @y @y Ty o 3 DYy

d'pp e @ Aoy - @9 By

(3.5.1)
@'y dyp) - Gy b
0 .0 b,
0 b,

trong d6 » < min {m, n}. Tir d6 ta suy ra dinh 1i 3.5.1.
Chi y 3.5.3. Tudinh 1 3.5.1 ta suy ra :
P(A) # p(A) thi he vé nghiem
P(A) = p(A) = n thi hé c6 nghiém duy nhat
p(Z) = p(A) < n thi hé c¢6 v6 s6 nghiém.

Gid sit p(A) = p(A) = r. Ta giai he (3.4.1) nhu sau :

Vi p(A) = p(A) = r nén tén tai mét dinh thic con khidc O cdp r
clia A, ta goi né la dinh thitc con chinh. Cic phan tir clia dinh thic
con chinh nim & r phuong trinh, goi 12 cdc phuong trinh chinh, va l1a
hé s6 clia r 4n, goi la r dn chinh. Cic 4n con lai goi 1a dn phu. Ca he
tuong duong v3i hé méi gém r phuong trinh chinh, goi 12 hé con
chinh. Trong hé con chinh ta chuyén cac 4n phu sang vé phai, ta dugc
mot hé con c6 r phuong trinh déi véi r 4n chinh. Gidi hé con d6 déi
véi céc dn chinh ta duge nghiém cia hé phy thudc vé phai va cac 4n
phu. Khi r = n thi khéng ¢6 4n phu.

Néu da dua dugc ma tran A vé dang bac thang (3.5.1) thi nén lay
dinh thic con chinh la

ay day - ay
a'y . dy
a,
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Khi d6 hé con chinh la mot hé tam gidc trén, dé giai.
Thi du 3.5.4. Xét hé phuong trinh
Xy + 2X2 + axs = 3
3X1 - x2—u3=2 (352)
2X| + 12+3X3=b>
1) Hay xdc dinh a va b dé hé c¢6 nghiem duy nhat.
2) X4c dinh a va b dé hé c6 vo s6 nghiém.
3) X4c dinh a va b d€ hé vo nghiém.

Gidi. Xét cdc ma tran

1 2 a 1 2 a 3
A={3 -1 -a| A=|3 -1 -a 2
2 1 3 2 1 3 b
1 2 a
Ta cé det(A)=3 ~1 —-a[=2a-21
2 1 3

1) Diéu kién cidn va di dé hé da cho (3.5.2) c6 nghiém duy nhat la
det (A) = 0. Vay ddp s6 clia cau hoi 1) 1a @ = 21/2, con b bat ki.

2) Tir két luan trén ta suy ra: muon cho hé (3.5.2) c6 vb s6 ’
nghiém, trudc hét phai c6 a = 21/2.

Khi dé det(A) = 0 nén p(A) < 3. Vi A ¢é dinh thitc con
I 2

=-1-6=-7=0

3 -

la dinh thic cip 2 nén p(A) = 2 khi ¢ = 21/2. Theo dinh i 3.5.1
(Kronecker — Capelli), muon cho hé cé nghiém <4in va du la
p(A) = p(A) = 2. Ta hdy tinh p(A) khi a = 21/2 bing bién déi so
cdp- Tacé
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A=]3 -1 22 2| 2Lob) |6 -2 20 4| LS
21 3 b 21

1 2 21/2 3 2L, 2 4 21 6} 3L, +L L,
4
1

2 4 21 6 2
-——1L -

0 —14 -84 -14 L’ ! 0

L0

0 3 -18 b-6

6 1
-3 -18 b-6

(2 4 21 6

Shthi2h 1oy 6

00 0 b-3

Qua bing cudi cling nay ta thdy ring s6 hang khic khong cia A
12 2, phit hop vé két qua p(A) = 2 khi a = 21/2. S6 hang khac khong
cua A phuthuoc b.N61a2nfub=3vala3dnéub =3 Vayco

p(A) = p(A) =2 khia=212, b=3
p(A) # p(A)  khia=21/2, b=3

Khi p(A) = p(A) =2 < 3 thi hé da cho tuong duong v6i mot he 2
phuong trinh 3 an.

X| +212 +%X3 =3
3X| —)(2—%,@:2

nén né cé vo s nghiém.
Tém lai (xem thém chi ¢ 3.5.3) :

a=21/2 thi hé c6 nghiém duy nhat

a=21/2, b= 3 thihé vé nghiem

a=21/2,b=3 thihé cé vo s6 nghiém
BAI TAP : 3.42 ~3.45
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3.6. PHU LUC

3.6.1. Chimg minh dinh li 3.1.2 : Cho hai ma trdn A va B sao cho
cé thé nhan AB. Khi 46 1a cé

(ABY' = B'A' (3.6.1)
Chung minh. Xét
A= [aij]mxn\ B = [bij]nXp

thi ¢6 thé nhan AB va

n
AB = C =[cjlxp trong d6 c;; = Y, ayby;
k=1

Khi d6 ta cé .

] H z t .
A= [af'j]nxrn trong dé 4, = aj;

B' = [b{j]px" trong dé b,-'j =bj

n
1 { P !
Cc = [c,-j]px,n trongdé ¢; = ¢ = zajkbki
k=1

Do d6 ¢6 thé nhan B'A’ :
B'A" = D = [djl,y,, tongds dj =Y biaj;
k=l

Ta nhan thdy

n n
dj = Y byag = Y apby =cj = cfj
k=1 k=1
Viay ¢cé
BIAI =C’ =(AB)I
tie 14 (3.6.1).
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" 3.6.2. Chitng minh tinh chat 1 ciia dinh thic :

det(A") = det(A) (3.6.2)

Trude hét ta chimg minh mot bé dé, bd dé 3.6.1 dudi day, dé
chinh 1a cong thirc (3.2.2) 8 muc 3.2.2.

Bi dé 3.6.1 :
det(A) =4qp del(Ml 1) — ay dCl(MZI) + ...t (—l)”+] ap det(M"l)
(3.6.3)

Pay 12 cong thifc khai trién dinh thirc det (A) theo cot mot.

Chitng minh

M;; ky higu ma tran suy tir A bing cich bd di hang i, cot j ; MY
ky hiéu ma tran suy tir A bing cdch bo di hang i, hang k, cot j, cot ! ;

Kl kil
A= det(A) ; Ay = dey(M;;) ; Ajj = det(M;;)

Ta ching minh c6ng thitc (3.6.3) bing phuong phip quy nap
todn hoc.

RO rang né dung véi dinh thic cdp 1 va cap 2. Biy gid gia su
(3.6.3) diing véi dinh thiic cdp n - 1, n > 2. Theo (3.2.1) ta cé

n
A= aq lA“ + 2(—1)l+"01jAU‘
j=2
Ap dung (3.6.3) vio cdc dinh thic A cdpn -1 taduge

n n
I+4 k+1 k
A=apA + 2(—1) HOU(Z(“D * aklAl})
j=2 k=2

n n
- k+j k1
= A=apAy + Y, Y D gy AT
j=2k=2
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n " .
= A= a“A“ + Z(—1)k+1le(z(’“l)l-ualef)]‘)
k=2 j=2

n H
= A=ad + 3 g, Y Ay = (3.6.3)
k=2 Jj=2

Bay gid ta ching minh cong thic (3.6.2).
R6 rang nd diing véi ma tran cdp 1. Bay gid gia sir n6 con ding dén
ma tran cdp n — 1, n >1. Xét A 1a ma tran cip n. Theo (3.2.1) ta c6
det(A) = ay det(M, ) — ay, det(My,) + ... + (-1)!*" det(M,,)
Vay theo gia thi€t quy nap thi
det(A) = a; det(M{}) — a5 det(My) + ... + (-)! " det(M{,)
V& phai cia ding thic trén chinh la khai trién cha det (A’) theo
cot 1. Vay dp dung bd dé 3.6.1 ta suy ra (3.6.2).
3.6.3. Chiing minh tinh chat 2 cita dinh thic :

Déi ché hai hang (hay hai cét) cia mér dinh thicc ta dioc méot
dinh thitc méi bang dinh thic cii déi ddu.

Bd dé 3.6.2. D3i ché hai hang lién tiép thi dinh thirc doi ddu.

Chimg minh. R3 rang bd dé diing véi dinh thic cap 2. Bay gio gid
s&r n6 con ding vdi dinh thic capn— 1, n > 2. :

Goi A= {aj] la ma tran cip n, A,»j = det(M;;):
Goi A" =[a';] 12 ma trin suy tir A sau khi déi chd hai hang lién
UEp k k+ 1, A%y = de(M'y;) ;
Khai trién det(A’) theo cot mot ta co
n
d(A) = Y (-0 ay Ay
i=1
trong d6 A;; }a cdc dinh thifc c4p n — 1, déng thdi
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khi i = k thi (I'“ = A +1) = Alkl = —A(k‘”)]
khl I = k + I thi a'(k'l’l)l = akl = A’(’H-l)l = -Akl
khi ¢ zk, k + 1 thi a'“_ =a; = AI,‘] = —A“

a'Gent = iy = AlGay = “Agsy
Do dé

n R n )
def(A) = ¥ (=)' ay Ay ==Y (- g8, = -A
i=1 =]
nghia 12 bd dé 3.6.2 duge ching minh.

Bay gid mudn déi chd hai hang bat ki s va r (r > s + 1) trudc hét
ta dua hang r dén hang s bang r — s 14n dai chd hai hang lién tiép.
Khi d6 hang s cid chiém vi tri hang ¢ + 1, ta dua n6 dén vi tri hang r
cil bang r — s — 1 lan d6i ché hai hang lién ti€p. Vay mudn d6i chd
hai hang bat ki s var, (r > s + 1) ta phai thuc hién 2(r —s) — 1 14n d3i
ché hai hang lién ti€p. Do dé theo bé dé 3.6.2, dinh thic ddi dau
2(r —s) — 1 lan, tic 1a mot s 1€ 1dn. Vay dinh thilc mdi bang dinh
thirc ci d6i d4u.

3.6.4. Chung minh dinh 11 3.3.5 :
A va B la hai ma tran vuéng cung cdp. Khi dé
det(AB) = det(A)det(B) (3.6.4)

Chimg minh nay chia 1am nhiéu budc :

(i) Ma trdn so cdp va phép bién doi so cdp vé hang ciia ma trdn.

C6 ba phép bién déi so cap vé hang cha ma tran A va ba ma tran
so c4p thuc hién chung :

1. Phép nhan (cdc phén tir cda) hang r véi s6 A = 0, thuc hién bdi

phép nhan bén trai ma trdn A véi ma tran
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F(r,2) = A hang r

1

Ma tran nay suy tir ma tran don vi bing cich nhan phén tir chéo
a, =1 voiA.

Ma tran F(r, A) goi 12 ma tran so cap loai 1.
Thidu3.6.1.
1 1 1 1 1 1 1
A 2 02 2(=(24 214 24
1] [3 3 3 3 3 3

Ta nhan thay
det(F(r,A) = A 2 0.
Do dé F(r, r) kha nghich va ma tran nghich dio

For Ay~ = F(r, i)

thuoe cing loai véi F(r,A).

Hon nira, phép nhan bén phai A véi F(r,A) thuc hién phép nhan
cot rcha A véi A.

2. Phép ddi chd hai hang r va s, thuc hién bdi phép nhan bén tri
ma tran A v3i ma trin
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P(r, ) =

1

hang r

hang s

Ma tran nay suy tir ma tran don vi bing cdch déi ché hai hang r va s.

Ma tran P(r, s) goi 1a ma tran so cdp loai 2.

Thi du 3.6.2.
01 0|t t 1] 222
1o of||2 2 2[=1 11
00 1][33 3] [333

Ta nhéan thay
det(P(r, s)) = -1
Do d6 P(r, s) kha nghich va ma tran nghich dao

(Pr. ) = Pr, 5)

thuéc cung loai vai P(r, s).

Hon nita, phép nhan bén phéi A véi P(r, s) thuc hién phép déi chd

hai c6t r va s clia A,
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3. Cong A lan hang r v4i hang s, thuc hién bai phép nhan bén trai

ma tran A véi ma tran

| -

1 hang r

or, A, s) =

hang s

1

Ma tran nay suy tir ma tran don vi bang cdch thay a;, = 0 bdi s A.

Ma tran Q(r, A, s) goi 12 ma tran so cdp loai 3.

Thidu 3.6.3.
1 0 0|l[a b ¢ a b c
0 1 O|l.|]a" b <c'|= a’ b' c'

Aa+a" Ab+b"

A0 1] [a" b" " Ac + ¢
Ta nhan thay

det(Q(r, A, 5)) =1
Do dé Q(r, A, s) khad nghich va ma tran nghich dao

Qr. A s) ™' = Qr, - 4, 5)

thuoc cung loai véi Q(r, A, s).

Hon nira, phép nhan bén phai A véi QO(r, 4, s) thuc hien phép

cong A 1an cot r vai cdt s cha A.

(il) Bo dé 3.6.3. Néu A la mot ma trdan vuéng thi tén tai mot sé

hitu han ma trén socap F,, i=1,2, .., kdé
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A=FR5..FRU, (3.6.5)
trong do U la mét ma tragn tam gidc trén voi
u; 20,1 <i<k k< n (3.6.6)

Chitng minh. Bing mot s6 hiru han phép bién d6i so cap vé hang ta
dua ma tran A vé€ ma tran tam gidc trén U thoa man (3.6.6), nghia [a
tdn tai moét 8 hitu han ma tran so cép E|, E,....,E,, dé

E,E,_1.EA=U.
Do do dp dung dinh 1§ 3.3.3 ta suy ra

A=E'E' . .E\U.
Diat E7' = F thi F 13 ma tron so c&p ciing loai véi E; va

A= FF..F,U.

Vay ta dugc k&t luan ciia b6 dé.
Thi du 3.6.4, Cho ma tran
' 2 3] L
5 3|1,
0 8L,

A=

— N =

Ta thyc hién cic phép bién déi so cip vé hang nhu sau :

L =L 12 37 [1 00
l/2$=‘2L]+l/2=> 01 -3|=|-2 1 0 A=E|A=A1
Ly =L, 10 8] o o1
El
L =1 1 2 3] [1 00
Ln=L, =|0 1 =3|=|0 1 0|A=F5EA =4
Ly=-1L+Ly |0 =2 5] |1 01
N E



S
1]
S
4

( o
—_
&
Il

c o ~

N o= O

0
0| Ay = E3Ay = Aq
1

~

w

L =L, 12 3] 1o o0
lQ::LZ 2|01 -3j=j0 1 O A3=E4A3=A4
“Us=1, (00 1| |00 -1

E

trong d6 E, E,, E4, E4 13 cic ma tran so cap.
bat

ta co

U = Ay = E4Ay = EjE3Ay = E4EsEpA| = E4E5EoE| A.
Do dé

A=E'E'EE; .
Vay
A=FRRBEFRU, F =E!

(iii) Bd dé 3.6.4. Néu A la ma trdn vuong, E 1 ma trian so cdp
cung cdp thi

det( EA) = det( E)det(A). (3.6.7)
Ching minh. E = F(r, A) thi

det(EA) = Adet(A), va dey(E) = A
nén (3.6.7) diing.
E = P(r, s) thi
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det(EA) = —det(A), va det(E) = -1

nén (3.6.7) ding.

E=0(@,A,s) thi

det(EA) = det(A), va det(E) =1

nén (3.6.7) ding.

(iv) Bo dé 3.6.5. Néu A la ma trén vuong, U la ma trin tam gidc trén
cung cdp voi A ma cdac phan t chéo ui; # 0 khi 1 <i<k,k<nthi

det(UA) = det(U)det( A). (3.6.8)

Chitng minh. N&€u k < n thi u,,, = 0. Khi dé th1 U va UA cé céc

phén tlr & hang cudi cung toan 12 s6 khong. Do dé

det(U) = 0, det(UA) = 0 = det(UA) = det(U)det(A)

Néu k =nthi y; # 0,1 <i < n Khidétadua U vé ma tran don

vi I bang cédc phép bién d6i so cdp vé hang, thi du nhy

1 2 3| L
U=|01 3| L,
0 0 1] L4
Ta c6
L =L 1 23] [1 0o
Ly =3+, = |0 L 0|=|0 1 3{U=U,
Ly = I, 00 1] (001
SR B é| ]
L= =315 + L 1 20] [t o -3
L=L, =[010|={01 0|U=U,
Ly =14 0 01 00 1
— v
%))
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Li=-2L, + 1 1 0
L=L =101
Ly =1, \O 0

0 1 =22 01
0|=]0 1 0|U,=1,
1] [0 0 1J

0

trong 46 Qy. 0,, Q3 1a cdc ma tran so cdp. Vay c6
I = Q3Uy = Q3(QU)) = 0302(Q)U) = 030,0\U.
Mot cdch t6ng quat, t6n tai cic ma tran so cdp Q; dé
OOy - QU =1
=>U=07'0" .0 1=PP .. P,

trong d6 P = Q,-_l 1a ma tran so c&p ciing loai véi Q; . Do do
U=PRP .. F.
Vay 4p dung bé dé 3.6.4 ta dugc
det(U) = det(P))det(Py)...det(P,)
det(UB) = det(P))det(Py)...det( P )det(B) = det(U)det(B).
Vay ¢6 (3.6.8).
(v) Chirng minh (3.6.4)

Ap dung b3 dé 3.6.3 ta thay A ¢4 biéu dién (3.6.5) trong d6 U thda
man (3.6.6). Do do

AB = RF,..F,UB.
Ap dung bd dé 3.6.4 va 3.6.5 ta suy ra
det(A) = det(F,)det(F;)...det(F,,)det(U)
det(AB) = det(Fy)det(F,)...det(£,,)det(U)det(B).
Vay c6
det(AB) = det(A)de1(B) = (3.6.4).
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3.6.5. Phan tich A=LU

V6i khdi niém ma tran so cdp ta di ching minh duge bé dé 3.6.3
va tir dé suy ra dinh 1f 3.3.5. M6t he qua nira coa bé dé 3.6.3 1a phdn
tichA=LU:

Gid sut A la-ma trdan vuéng cdp n. Néu cé thé dua A vé U thda man
(3.6.5) chi bang cdc phép bién doi so cdp loai mot va loai ba thi tén
tai ma trdan tam gidc duci L va ma trén tam gidc trén U dé

A=LU.
Chimg minh. Theo bd dé 3.6.3 thi t6n tai cdc ma tran so cip F; dé
Fka_lA..FIA = U‘
trong d6 U 12 ma trin tam gi4c trén. Pong thoi vi ta chi dp dung cic
phép bi&n ddi so cAp loai mot va ba nén F; va (F,-)" la cac ma tran
tam gidc dudi. Do d6
A=FE) BB

Vi tich ciia hai ma tran tam gidc dudi 1a mot ma trin tam giac
dudi nén

Ry E T =L
1a moOt ma tran tam gidc dudi vatacé A= LU.

Chu y 3.6.1. Néu khi dua A vé U ta phii dung dén mot s6 bién ddi
sa cip loai hai thi cu6i cling ta thu dugc phan tich ma 1ran A sau khi
da d8i ché cic hang cén thié€t thanh tich LU.

TOM TAT CHUONG III

1. Ma tran

Ma tran ¢8 m x n 12 bang s8 chit nhat

) 43 - qy
A =% 02-2 al.’n
Ay dy2 T Ay

a,-j € R
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Vi€t tit 12
A= [aij]mxn
Khi m = n ta c6 ma tran vudng cédp n.
Tap cdc ma trdn ¢ m X n ki hiéu 12 .4/,
Tap cdc ma tran vudng cap n ki hiéu 1a .#,
Ma tran khong
O = [01,,x, (c4c phén tir déu bang 0)
Ma tran béng-nhau
(9 hnxn = Bijlmscn & ajj=byj Vi, )
Cébng hai ma tran
(9 Ypxcn + [Bijlmxn = [aij + bijhnxn
Nhin ma tran véi mot s6
klay mxn = (kG lmxy
Nhan ma tran vdi ma tran
A = {a ) ps B = 151 pen
thitichAB=ClamatrAincGmXx n :
C = [cjlmxn

trong dé
n
cj = D au by.
k=1
Ma trgn chuyén vi
A= [al'j]mxn = A = [aji]nxm :
Néu A € My, BE Myy, thi (ABY = B'A".
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2. Dinh thitc cua ma 1rdn vuéng
Cho ma tran vuéng cip n

a a4y - 4y
A= ayy ay v @y,
ayy adpyy "t Ay

Bo di hang i cot j thi con lai ma tran c&p n — 1 goi 1a ma trén con
ing phdn nir ay;, ki hiéu ma 1ran dé la My;.

Pinh thitc cida ma tran vuong A, ki hi¢u 1a det(A) duoc dinh nghia
din dan nhi sau :
A= [0“] thi det(A) = ay
Sau d6, dinh thdc clia ma tran vuong A cip n 13
det(A) = ayy dC[(Ml 1 ) ~ ayy dCt(Mlz) + ...+ (—1)“'"0]" dCt(Mlh ).

Dinh nghia dé ciing cho ludn cich tinh dinh thic cia ma trin cip
b4t ki. Dinh thitc cia ma tran cdp n goi la dinh thitc cdp n.

BPinh thie cia ma tran ¢dp n ¢6 mot s tinh chit qhan trong :
1) det(A") = det(A).
2) D6i chd hai hang thi dinh thic d8i d4u.

Tir dinh nghia va hai tinh chat d6 ta suy ra cac tinh chat khidc cia
dinh thiic

Néu A va B € .4/, thi det(AB) = det(A). det(B).
3. Ma tréan nghich ddo
Ma tran don vi cip » 12 ma tran vuong cap » c6 dang

. :
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N6 c6 dac diém Al =IA=A VA e .H,.

Ma tran A € .4, goi 1a khd ddo néu 16n t2i ma trin B € .44, sao
cho AB = BA = I. Khi dé. B goi 12 ma tran nghich dao cta A.

K{ hiéu ma tran nghich ddo cia A 13 A~ :

Aaal = ATt A =1

Cach tinh ma tran aghich dao :

Goi D; =deqM;;) la dinh thic con ing vdi a; va goi
Cj = (-1)* D;; 1a phu dai s6 cia a;,tacé:

N&u det(4) # O thi A kha dao vdi

-1 1 I
c', C=1(C;;
det(A) (Gl ,

va nguoc lai, n€u A kha dao thi det(A) # 0.
Néu A va B e .4/, va kha dio thi AB kha dao va
(AR = B1A7)
4. H¢é phuong trinh tuyén tinh
Dang ma tran cha hé phuong trinh tuyén tinh :
a1+ apxy ot ayx, = b
@1 ¥ apx; T+ ax, = by

™)
Ay Xy + QX + .+ Ay, Xy, = by
_ Xét cdc ma tran
ar 4z ' Gy Xy b
A=l G2 0 @R, (b
ny Ap2 Ay Xy ' b
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Khi d6 hé (*) c6 dang ma tran
Ax=b (**)
H¢ Cramer la hé vuéng (m = n) véi det(A) # 0.
Dinh li Cramer. Hé Cramer c6 nghiém duy nhdt
i= dct(Aj)/del(A). =1,2,...0,

trong dé Aj suy tit A bang cdch thay cot thit j bdi cot vé phdi b.

Trudng hopm = nta con c6:

Hé thudn nh4t Ax = 0 c6 nghiem khong tAm thudng khi va chi khi
det(A) = 0, va cic ménh dé sau tuong duong :

(a) det{A) # 0.
(b) A kha dao.
(c) Hé Ax = b ¢6 nghiém duy nh4t.
(d) He Ax = 0 chi c6 nghiém tim thudng.
Dinh li Kronecker - Capelli. Diéu kién can va di dé hé (*) nic la
(**) co nghiém la
hang clta A = hang clia A (=[A, b))
A 12 ma tran A b sung them cét b & bén phai.

BAI TAP CHUGNG III
3.1. Cho
1 3 01 2 -3
A=|-1 2|: B=|32|: Cc=|1 2
3 4 -2 3 4 -1
Tinh
DA+B+C; 2)A+(B+C); 3) 3A.

4)Tim A', B, C'.
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3.2. Hay nhan cédc ma tran :

[2 1] [1 -1 3 5|2 1
a) . : b) .
(3 2|1 i 6 —-1|'|-3 2
3 1 1|1 1 -l 131
2 11
o2 1 202 -t 1f; d) 2 1
30 1
1 2 3| [t 0 1 -1 0
3 2 1] | 2
e)[012.2 H1].[1 23]
- 13 3
2
g) [t 2 3].|4
1
3.3. Hay thuc hién cic phép tinh sau
21 17 3
YI13 10 b) 2 1 ) 3
a ’ N c
1 3 -4
0 1 2
d) 1 l"; o) c?sw —sing "
101 sing  cos¢
3.4. Hiy tinh AB - BA néu
[1 -2 -1 4 1 1
ayA=|(2 1 2|; B=|-4 2 0
(1 2 3 121
(2 1 0 3 1 =2
b)A=| 1 1 2{; B=| 3 =2 4
-1 2 -3 5 -l
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3.5. Ching minh ring néu AB = BA thi
a) (A +B)? = A2 +2AB + B?
b) A2 - B2 = (A + BYA - B)

3.6. Hay tim tit ca cic ma tran giao hodn v4i ma trin A dudi day :

(1 2 11
a) A= : b) A =
-1 -1 01
[1 0 O
c)A=|0 1 0
131 2

3.7. Hay tim f(A) véi

-1
F(x)=x*—5x+31 va A= 2
-3 3

3.8. Hiy tim t4t cd cdc ma tran cdp hai cé binh phuong bing ma

tran khong.
3.9. Hiy tim 4t ca cdc ma tran c4p hai ¢ binh phuong bing ma
tran don vi.
3.10. Cho
-1 12 2 2 {
A= 2 0 3|. Bl 2], C:[—l]
-2 -1 1 3 0

Hay kiém tra lai tinh két hop
(AB)C = A(BC)
cita phép nhan ma tran.
3.11. Cho
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Hay tinh
1) A" 2) B'; 3) A'B" 4) B'A'.
55 (ABY ;  6)(BAYI T (A+B).
3.12. Tinh céac dinh thitc cap hai
23 ‘ 2 1} sina  cosa
a) ; b) ; c) .
1 4 -1 2 —cosa  Sino
d) a c+di : tgor -1
c—di b 1 (g«
3.13. Tinh cédc dinh thic cap ba
1 1 1 01 1
a)|-1 0 1 b) (L 0 1
-1 -1 O 1 10
11 1 i 1+
ot 2 3 | -1 0
1 3 6 1-i 0 1
3.14. Cho
a b ¢
a b c¢'|=A4A
nopr
Héi cdc dinh thic sau
a b a" b "
a) |la" b" " b) ja° b' '
a b ¢ a b ¢
bing bao nhiéu ?
3.18. Cho
| a b ¢ d
at b ¢ 4
a" b c¢" d" =4
a" b™ c¢™ d"



AR
%@ oty
og,

Hoi cdc dinh thic sau bang bao nhiéu :

b ¢ d a d ¢ b a

b' ¢ 4 a d ¢ b a
a) . b)

b" ¢ d" a" 4" ¢" b" a"

b ne C " dl'l a'il d wi c m b"l a (11}

3.16. Giai phuong trinh

1 x £2 &
1 2 4 8| _
t 3 9 27
1 4 16 64
3.17. Biét ring céc s6 204, 527, 255 chia hét cho 17. Hiy chimg minh
2 0 4
5 27
2 55
chia hét cho 17.
3.18. Chiilng minh
b+c c+a a+b a b ¢
b+c¢ c+a a+b' |=2a b
b"+c¢" c"+a" a'+b" a" b ¢
3.19. Tinh dinh thitc
1 0 -1 -1
-1 -1 1
b ¢ d
-1 -1 1 O

bang cich khai trién né theo cic phdn tir cia hang ba.
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3,20. Tinh dinh thic

X
y
z

— e - ND
— e N
N =t

| S

bang cdch khai trién né theo cdc phén tir clia c6t bén.
3.21. Tinh cac dinh thic sau

13547 13647 246 421 327
1) 28423 28523 f 2) 1014 543 443
=342 721 621
3111 1 1 1 1
1 3 1 1 1 2 3 4
3) ; 4)
I 1 31 1 3 6 10
1113 1 4 10 20
1 2 3 4 It 1 1
5) 2 3 41 : 6) {1 2 3 4
341 2 1 4 9 16
4 1 2 3 1 8 27 64
0 1 1 1 y ’ Xty
T 8| y x+y x
1 a 0 ¢
1 bco xryooxo
3.22. Chiing minh
1 1 1
X X2 Xp
D, = x,2 x% x,z, E
xn—l n—| x::——l
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= (X3 —x)x3 —xp) .. (x, —x)X

X (x3 = xp) ... (x, —x3) X

X (X = X)) =

=[] - xp

i>f
3.23. Cho ma tran chéo
apn 4] o -- 0
0 a o - 0
A= 22
0 0O 0 dy,

trong d6 ayyayj ... a,, # 0. Chimg minh ring A kha ddo v tim Al

3.24. Chung minh ring néu A 12 ma train vuébng thoi man
A2 -3A+1=0thi A =3/-A

3.25. Cho hai ma tran vuong A va B sao cho AB = 0. Chiing minh
ring A khong thé kha déo trix khi B = 0.

3.26. Chimg minh ring n€u A kha dido va AB=AC thi B =C.
3.27. A ]a m6t ma tran vudng cip n.

1) Cho det(A) = 3, hay tinh det(42) va det(4>).
2) Cho bi&t A kha dao va det(A) = 4, tinh det(A” ).
3) Cho det(A) = 5 va B> = A, tinh det(B).

4) Cho det(A) = 10, tinh det(A'A).

3.28. Héi cdc ma tran sau c¢6 kha dao khOng, néu c6, hdy tim ma
tran nghich d4o bang phu dai s6 :

1)2—1 2)—12
3 3 3 -6
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=

[2 1 -] 1 -1 2
3)j0 I 3 410 1 2
2 1 1 0 i
1 4 2
5)|-1 0 1
12 2 3
3.29.Giat phuong trinh AX = B d6i v&i 4n 12 ma tran X véi
1 -1 1 1 1 1 -1
A=|-1 2 1. B=11 0 2 2
-2 31 1 -2 2 0
3.30. Ap dung dinh li Cramer giai cic hé sau
{2xl+5y=l 2 {x+2y=4
4x + 35y =-5 2x+y=3
2x -2y — 2 = -1 [(x—y+2=1
3) - y+z=1 4 2x+y+z=2
—x+ y+z=-I B3x+y+2z=0
(2 —x, —x3 =4 [3x; +2x) +x3 =5
5) 43x; + 4xy — 243 = 11 6) 42x; + 30y + x3 = 1
|36 — 20y +4x3 =11 12X +x3 +3x3 =11
[x; +2x5 +3x3 —2x4 =6 Xy —3x3 +4x4 =5
7 2xy = xy —2x3—=3x4 =8 8)<x1—2x3+3x4=—4
3x) +2xy —x3 +2x4 = 4 3x +2xy =504 =12
[2x) = 3x3 +2x3 + x4 = -8 (4x; +3xy —5x3 =35

3.31. Hoi cic ménh dé sau 1a diing hay sai

1) Theo dinh 1f Cramer, n€u det(A) = O thi hé Ax = b v6 nghiem.

2) Theo dinh i Cramer, néu Ax = 0 c6 nghiém khong (dm thudng
thi det(A) = C. .

156



3.32. Tim ma tran X thoa man phuong trinh

125 4 -6

a) X=

1 3 2 1
1 1 -1 1

b) X(2 1 O |=|4 3 2
1 -1 1 I =2 5

3.33. Hay giai cdc hé sau bang cdch tinh ma tran nghich dao

3xr+4y=2 2 [—3x +2y =1
4x+5y=3" 2x+4y=—-6"
3x+4y=3 4 -3x4+2y=-6
4x +5y=2" 2¢+4y=1
3.34. Giai

2x) +xy —4xy +2x4 =2
2x+3y=4 2) 3xp +x3+x4 =6
2y =4 2x3 +3x4 = ~1

X3 = -1
3.35. Ap dung phuong phip Gauss giai cdc hé sau :

0 ,2x—- 0,8y= 20
-1,5x + 0,25y = 4,0

xX+y+z=1
2y sx+2y+3z2=-1
x+4y+92=-9

|‘.X1 - Xt X3- x4 = 2
3) Xy - X3 +2X4 =0
—Xy +2JL'2 —2X3 +7x4 =-7"

21|*.\.’2—X3 :3
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Xp— Xp+2x3+2x4+ x5=73
Xp+ X9 +5x3+2x4 +2x5 =6
Xy +4x, —6xy + x5 =-3

—2X‘-4X2—4I3— X4+ X5 =—
2xl+4x2+4x3+7.x4— XS=9

3.36. Dung phuong phdp Gauss - Jordan tinh ma tran nghich dao
cua cAc ma tran sau

a) A=

c) A=

2] i 12—3‘
0] YA=|0 1 2|;
- B 0 I
1 3 -5 7
01 2 =3
00 1 2f
00 0 1

3.37. Dung phuong phédp Gauss - Jordan tinh ma tran nghich dao
cua cdc ma tran sau néu cé

1) A=
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_ 1 -1 2
2 -1
]; 2YA=|-1 2 1.
3 1
- 2 =3 2
[ 2
1 2
2 3 21 4)A=[2 4}:
[1 3 -1
2 3 2 -3
: 6) A= ;
{ -6 9
1 -1 -1 2 1 1
2 2 0 1 1 2



C
@
laﬂ.

1 =2 1 -1
3 2 0
9 A=|2 1 3| 10) A=| 4 2
- ’ 2 0 1 13|’
4 2 -]
2 6 0
2 -1 0 3
1 2 -1
1) A= .
- 3
0 12 1

3.38. Vi cac gia tri nao clia a thi hé sau day khéng ¢6 nghiém duy nhat

_ _ xX—y+2z=3
1){“; +2y‘_51 N d2x+ay+32=1
xvay= 3x+3y+z2=4

3.39. Tim nhitng gid tri clia a d€ hai hé sau twong duong

x+2y=1 x+ay=4
2x+5y =1 -x+2y=-5
3.40. Viét nghiém cia cac hé sau theo a, b, ¢
_ X+y~z2=a
1) {;"fi”_”b 2) x+2y-2z=b
xrey= 2x—y+2z=c¢

3.41. X4c dinh a d€ hé sau c6 nghiém khong tdm thudng
ax—3y+z=0 -

1) 42x+y+2z=0 2)
3x+2y-2z=0

J(l—a)x+2y=0
l2x+(4-a)y=0

3.42. Trong cic hé sau day, hé nao ¢6 nghiém khong tdm thuong,
hé nao khéng ¢6 :

[X1+3.X2+513+X4 =0 [X1+2X2+3X3'—‘0
1) 411—7X2“3X3—X4=0 2) X2+4I3=0
311 +2X2 +7X3 +8.X4 =0 513 =0
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3.43. Tim hang clia cic ma trin sau :

_ 2 -1 3 2 4
a)A=14 2 5 1 1
2 -1 1 8 2
(1 3 5 -1
b)A:2—1—34
5 -1 7
7 7 9
(4 3 -5 2 3]
8 6 -7 4 2
c)A=(4 3 -8 2 7
4 3 12 -5
8 6 -1 4 —6]

3.44. X4c dinh hang clia cc ma tran sau iy theo A (A thue) :

3 A 1 2
a)A=1472
1 10 17 4
4 1 3 3
(-1 2 1 -1 1
b)A:A-ll-l -1
I 20 1 1
122 -1 1

3.45. Gial cdc hé sau va bién luan theo cdc tham 56 ;
Ax+y+z=1
Dix+Ay+z=4

x+y+Aiz=2A%
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6,

L3
og,

“d

{ 2

LX+C)’+C z=c

(x+y+z=1
Ddax+by+cz=d
2

31.1)va?)

|7, B VS S OV
A N -

yaro[t 13
3

2 1
-3 2

F ‘]
32.a)
5 -1
[6 2 -1
c) |6 | 1
18 -1 4
)10
€ v
L8
g) (13).

11 TOAN HOC CAQO CAPTI

x+ay+a‘z=a

2) {x+ by + b’z = b°
2 3

3

a x+ b2y + o2z = g?

k]

PAP SO

3 9
3)|-3 6
[ 9 12

B [0 3 -2
12 3

b)f@ 1ﬂ
15 4

d)93
10 3

2 46
Hlr 2 3
13 6 9
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(7 44 15 20 3

33 a)|9 4 35; b) : c)
20 35 4 8
|13 3 4
d) 1 n] : &) Fc?an) —siruw]_

[0 1 | sinn@  cosng

(4 0 -1 [0 0 0
34, a)| 6 -2 —4 bB)|0 O O

-7 9 -2 |0 0 0

35. (A+B)=A"+AB+BA+B =A>+24B + B’
(A+BYA-BY=A’-AB+BA-B =A2- B

[ 2
36. a) x Y ]

L-y x =2y
by |~ y}

(0 x

[ X y 0
c) u v 0

L3t—3x—u t—=3y—-v 1

0 0
3.7.
oo

b
3.8. [a ] vdi bc + a2 =0
c —-a

1 0 a b| . o
3.9. + véi a” + bc =1
0 1 c -a
9
3.10. C4 hai v& déu bing |9
0
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9 a5,
‘0g B

3.12.

3.13.
3.14.
3.15.
3.16.
3.17.

3.20.
3.21.

a)5;

e) 1/cos’a.
a)l;

a)A;

a) -A;

b)5;

b)2:

b) —A.

b) A.

o)l

c)1l;

Phuong trinh ¢6 ba nghiém : 2, 3, 4.

d) ab - c? —dz:

é) 2.

Cong vao cot cubi cot thi nhat nhan véi 100 va cot chit hai
nhan véi 10.

319. 3a-b+2c+4d.

4-x-y-2z
1) —1487600 ;
3)48;

5) 160 ;

2) —29400000 ;

4H1;
6) 12.

7 a® + b% +c? = 2(bc + ca+ ab) ;

8) —2(x> +y%).
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1

1 _
(Lo .o
a
0 I 0
-1 -
323. A = ayy
0 0 _l_
L A

3.27. 1) det(4%) = 9, det(A>) = 27
2) det(A ') = 1/4
3) det(B) = £/5
4) det(A'A) = 100

338, 1) 1/3  1/9
[-1/3 2/9.
[—1/2 -1/2 1
3)| 372 1 =3/2
-1/2 0 172
[-1/7 -4/7 217
5)|5/14 -1/14 -3/14
-1/7 317 2/7
0 51 9
329.10 3 1 7
1 -1 1 =3
3.30. 1) (-3,7/5):
3)(2,4,-3);

5@G. 1, 1D,
7n(d,2,-1,-2);
3.31. 1) Khong ding ;

64

2) Khéng kha dio

11 4
4]0 1 =2
00 1

2) (2/3, 5/3)
4) (7, -3,-9)
6) (2, -2, 3)
8)(1,2,1,-1)
2) biing



o’ 0;

'(06

3.32.

3.34.
3.35.

3.36.

3.37.

[2 —23]
a)
0 8

1) (-1,2);
1)(3,2);
3)(2,1,0,-1);
(1 27
a)_O 1],
[1 -3 11 -38
& 0 1 =2 7
0 0 1 =2
0 0 0 1

0 1/5 1/5
=3/5 2/5

(9 7 —4
3)]4 -3 2
(3 2 1
[ 4/5 -3/5
[ -1/5 2/5}
[ 1/4 -1/4 1/4
7 |-1/4 174 1/4

5)

-1/2 -1/2 0
[ 5/43  2/43 6/43
9) | 14/43 -3/43 -9/43
| —8/43 14/43 -1/43

-3 2 0
b)|4 5 -2
-5 3 0
2)(3.2,1,-1)
2)(1,2,-2)
4)(-3,0,2,1,0)
1 2 7
b0 1 -2
0 0 1

7 -4 -5
2)|4 -2 3
-1 1 1

4) Khong cé nghich dio

6) Khong c6 nghich dao

3/4 -1/4 -1/4
8)|-1/4 374 -1/4
~1/4 -1/4 3/4
172 12 32 12
334 13/4 -4 34
5_R 1R -1 1R
—132 =52 32 -2
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1 1 2 -4

1) 5 2 7 251
=32 -1 -4 152

12 0 1 =32

3.38. 1)-6; 2) ——.

3.39. -1
3.40. 1) ((3b — 2a)/4, (22 — b)/4)

2Y(2a—b,-6a+4b+c¢,-5a+3b +¢)
341. 1) -5

2)0va$s
342. 1)Go; 2) Khong
343. a) p(A) =2

b) p(A) = 3

) p(A) =2
3.44. a) A = 0 thi p(A) = 2

A+ 0 thi p(A) = 3
b) A =1 thi p(A) = 3
A+ 1 thi p(A) = 4
3.45. 1) Néu A # 1 va A » -2 thi hé ¢6 nghiém duy nhat :
A+ 1 (A +1)?

2v2 YT ae2 T Av2
Néu A = 1 thi hé ¢6 v6 s6 nghiém phu thudc hai tham s§
Néu A = -2 thi hé khong cé nghiém
2) Néu a # b # ¢ thi hé c6 nghieém duy nh4t

x =abec, y=—(ab+ ac+ bc), 2=a+b+c¢
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Néu trong s8 a, b, ¢ ¢6 hai s§ bing nhau thi he c6 v6 s6 nghi¢m
phu thuéc mét tham sé.

Néu a = b = ¢ thi hé c6 vo s6 nghiém phu thudc hai tham s6.
3) Néu a # b # ¢ thi hé ¢ nghiém duy nhit
‘= (b—d)(c—d), y= (a-d)(c—d)’ = (a—d)b-d)
(b - a)c—a) (a—b)(c—Db) (a-c)b-rc)
Néua=b, a#c, d=a hay d = c thi hé cé vo s6 nghiém phuy
thudc mét tham s6.

Néu b =c, a# b, d=a hay d = b thi h¢ ciing c6 v6 s6 nghi¢ém
phu thuéc mot tham s6.

Néwa=c, a# b, d=a hayd= b thl hé cung cé v6 s6 nghieém
phu thudc mot tham s6.

Né&u a = b = ¢ = d thi hé ¢6 vo s6 nghiém phu thuoc hai tham sé.
Trong tat ca cdc trudng hop con lai, hé vo nghiém.
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Chuong IV

HINH HOC GIAI TiCH
(On tap : Pudng bac hai va mit bac hai)

4.1. MO PAU

Cé6 thé néi hinh hoc giai tich la ‘mén hinh hoc 14y dai s6 lam
phuong tién chi yéu.

Muén thé truc hét ngudi ta biéu dién mai diém trong mat phing
bing mot cip s toa d6, mébi diém trong khéng gian bing mot bo ba
s6 toa do, mbi dudng trong mit phang bing mét phuong trinh d6i vé6i
cap sO toa do, mbi mat trong khong gian bang mét phuong trinh déi
v(i bo ba s6 toa do. Sau d6 nguoi ta dp dung céc phuong phip dai s6
dé giai quyét céc van dé hinh hoc.

Noi dung mén hoc nay da duge trinh bay & sdch gido khoa bac hoc
phd thong. Chuong nay chi on tap khéi niém dudng bac hai va mat
bac hai, cin bi&t khi hoc mén giai tich todn hoc, dac biét la phdn
phép tinh tich phan cua ham nhiéu bién s&.

4.2. PUONG BAC HAI TRONG MAT PHANG

4.2.1. Phuong trinh bac hai ting quit

o) trudng trung hoc ta da thdy cic dudng tron, elip, hypebon,
parabon déu cé phuong trinh 1a phuong trinh bac hai d6i véi x va y.
Nay ta xét hai todn nguoc lai, titc 12 tim bi€u dién hinh hoc clia mét
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phuong trinh bac hat déi véi x, y. Dang téng quil cia moét phuong
trinh nhu thé€ 13

Ax? +2Bxy +Cy? +2Dx +2Ey +F = 0 (4.2.1)
dal + 1Bl +|cl # 0)

ma biéu dién hinh hoc cla né 1a dudng bac hai.
Trudc hét ta xét mot s6 trudong hop riéng thong qua cic thi du.

4.2.2. Phuong trinh ving sé hang chéo xy va cé cac hé s6 cua x>
va y2 bing nhau

Thi du 4.2.1. Xét phuong trinh

X4y —2x+4y—4=0 (4.2.2)
N6 tuong duong véi
(=12 +(y+2)} =9

Ta nhan thdy phuang trinh (4.2.2) biéu dién trong mat phing Oxy
dudng tron tam I(1, ~2) bédn kinh R = 3.
4.2.3. Phuong trinh ving s hang chéo xy va cdc sé hang bac nhat

Thi du 4.2.2. Xét phuong trinh

4x? +9y? 36 =0 (4.2.3)
N6 tuong duong véi
22
9 4

a X

b = 2 ndm trén Oy (hinh 21). u

Hinh 21

Ta nhan thdy phuong trich (4.2.3) 1a y
phuong trinh clta mot elip ¢é bdn truc b
16n a = 3 ndm trén Ox va ban truc nhé /-‘
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Thi du 4.2.3. Xét phuong trinh
4x* —9y? =36 (4.2.4)

N6 trong duong véi

\ L / Ta nhan thiy (4.2.4) 13 phuong
A A ¥ trinh cia mot hypebon c6 bén truc

_____ O \ thuc @ = 3 ndm trén Ox va bin truc
8 40 b = 2 nam trén Oy va c6 hai tiém

\

Hinh 22 can y = i%x (hinh 22).
Thi du 4.2 4. Xét phuong trinh

x2+2y2 =0 (4.2.5)
Phuong trinh nay thoi man khi va chi khi x =0, y = 0. Vay biéu
dién hinh hoc cia né 12 mot diém c6 toa do (0, 0), d6 1a géc toa do.
Thidu 4.2.5. Xét phuong trinh

4’ -yt =0 (4.2.6)
Phuong trinh nay tuong duong véi

2x-y2x+y)=0 (42.7)
Cap s6 (x, y) thoa min (4.2.7) khi va
chi khi né thoa man mot trong hai y
phuong trinh y=2
2x—y =0,
2x+y=0
Vay biéu dién hinh hoc cia (4.2.6) la
bi€u dién hinh hoc cua hai phuong trinh
(4.2.8), d6 13 hai dudng thing di qua g6c y=2x
toa do (hinh 23), Hinh 23

(4.2.8)
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Thi du 4.2.6. Xét phuong trinh

eyt r1=0 (4.2.9)
N6 tirong duong véi
Cyr=-1 (4.2.10)
Khong c6 cap s6 thuc (x, y) nao thod man phuong trinh
(4.2.10). Nhung nhimg cap s6 nhu (4, 0), (=i, 0), (0, i), (0, —i) thoa
man né. Néi chung ta c6 thé vi€t (4.2.9) thanh
2 2

x4+ y2 =i
va xem no 1a mot dudng trdn ao tam tai 0(0, 0) véi ban kinh do R = i.
4.2.4. Phuong trinh ving sé hang chéo va ving mot sé hang
binh phuaong
Thi du 4.2.7. Xét cic phuong trinh
y2 =2x, y2 = —2x,
x2 =2y, x2 = -2y,
Ta thdy chiing c6 biéu dién hinh hoc 1a cdc dudng parabon & hinh 24,
y=2xty

0O x

Hinh 24
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4.2.5. Cong thic déi truc

Toa d6 (x, y) clla mot diém M phu thude hé truc toa do ma ta
chon. Phuong trinh bac hai t6ng quéat d&i véi x, y ¢6 dang (4.2.1)
trong hé truc Oxy. Néu ta chon mot hé truc khac thi phuong trinh dy
s& thay d6i va c6 thé don giin di r4t nhiéu. Vi vay muén xét biéu dién
hinh hoc clia phuong trinh t8ng quat (4.2.1) trudc hét ta xét cdc cong
thitc déi truc. !

Co hai cdch d6i truc tir hé cii Oxy sang hé mdi O'x’y’, dé la phép
tinh 1ién va phép quay.

a) Cong thitc tinh tién truc

Tinh tién hé truc Oxy thinh hé

4 y truc O'x’y' néu O'x’ [/ Ox va Oy’ [{ Oy

________________ M (hinh 25). Phép tinh ti€n truc duge

y ' hoan toan x4c dinh khi cho toa dé
b L__ | (a, b) ctia O’ d6i vén he Oxy.

o ﬁ:‘ x Xét mot diém M tong mat phang.

0 l )'( - Lién hé giita cdc toa do (x, y) cuia M

Hinh 25 trong hé Oxy véi céc toa 49 (x', ¥’}
cling cia M trong hé O'x’y’ 1a
x=a+x'
{ ' (4.2.11a)
y=bty
D6 1a cdc cong thice tinh tién truc (tir Oxy sang O'x’y’).
Tir d6 ta suy ra
X'=-a+x
y=-b+y
Day ciing ¢6 thé xem la cong thiic tinh ti€n tryc tir O'x’y’ sang Oxy.
b) Cong thicc quay truc
Khi ta quay hé cii Oxy modt géc o xung quanh géc O ta duge mot

hé¢ madi Ox’y’. Phép quay truc dugc xdc dinh hoan toan bdi géc «
(hinh 26).
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Xét moét diém M trong mat y
phang. Né c6 toa do (x, y) d6i
véi h¢ cii va toa do (&', y) d6i Y Y[ ey
vé hé mai. Ta cd g

OM =OP + P'M Y

Chié&u dang thic hinh hoc nay
1én hai truc Ox va Oy ta dugc o
hén hé gita (x, y) va (x’, y') : Hinh 26

R
PO PIREPUT

x = x'cosd — y'sina
{ (4.2.11b)

y = x'sina + y'cosd
Cac cong thiic nay goi la cdc cong thitc quay truc (tir Oxy sang Ox'y").

Bang cich thay «a boi —o ta suy ra cdc cong thic quay truc tir
Ox"y’ sang Oxy :

x' = xcosct + ysin«
y' = —xsina + ycos&

4.2.6. Mot sé ap dung don gian
Thi du 4.2.8. Xét phuong trinh :
y=x'—2x+2 (4.2.12)

3 phé thong ta goi dd thi clia ham s6 y nady 1a mot parabon. Bay
210 ta giai thich tai sao c6 thé goi nhu vay. Ta viét (4.2.12) thanh

y=x2—2x+2=
= — 21+ l=(x=-1)+1
va suy ra
y-1=(x-1>

bat y-1=y" ,x-1=x.
Viy néu tinh tién truc theo cong thiic

x=1l+x
y=1+y
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y ty (trong d6 @ = 1, b = 1), thi phuong trinh
\ da cho viét
y =x2,
o x’ b6 1a phuong trinh cia moét parabdn
a7 > d6i v6i he méi (hinh 27).
Hinh 27 Thi du 4.2.9. Xét phuong trinh :
xy = k* (k 12 hiing s6 khéc 0) (4.2.13)

3 phd théng ta di goi dd thi clia n6 1a mot hypebon can. Bay gios
ta giai thich tai sao goi thé&,

Ta quay truc di mét géc a = 45° tic 12 theo cong thitc :
1
x = x'cos45° - y'sind45° = —(x'- y")
2

1
= x'sin45°% + y'cos45° = —(x'+ y")
d N3

Thay vao (4.2.13) ta cé

1 1 2
— ("= y)—7=(x+y) =k
2 2
2_ 2
")y k2. hoic
2
2 12

X Yy =1
2k (J2k?

D6 la phuong trinh cba moét
hypebdn déi vdi hé truc méi (hinh 28)
véihaitiémcan y' =+ x°.

Hypebdn nay goi la cAn theo
nghia né ¢é ban truc thyc va bin

truc 4o bang nhau (cing bing 2k ). Hinh 28
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4.2.7. Truomg hop tdng quidt
Trd lai phuong trinh téng quét (4.2.1). Gia sit B # 0.
Trudc hét bing mot phép quay truc thich hop
X = x'cos — y'sin&
{y = x'sin + y'cosa
ta dua phuong trinh (4.2.1) vé mét phuong trinh bac hai déi véi x’, y’
A'x242B'x'y'+ C'y2+2D'x'+ 2E'y'+ F = 0 (4.2.14)

trong 46

A'= %(A — C)cos2a + Bsin2a + —;—(A + C)

C'= %(C — A)cos2a — Bsin2a + %(A +0)

B' = —;—(C — A)sin2a + Bceos2a

Chon «thoa man diéu kién B’ =0, tiic la

2B
tg2q = ———— 4215
g2 = —— (4.2.15)

Khi d6, phuong trinh (4.2.14) chi cdn
Ax?+C'y 42D x+ 2E'y'+F =0  (4.2.16)

trong dé

A= x%ﬂA -0)? +4B% + %(A +C)

C'= xéxf(A —0)Y? +4B% + %(A +0)

N&u B = 0 thi phuong trinh (4.2.1) da c6 dang (4.2.16) 16i.

Sau khi da c6 (4.2.16) ta dung mot phép tinh tién truc thich hop ta
cé thé dua phuong trinh (4.2.16) vé mat trong nhitng dang don giin
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dd xét & cac muc trén va do d6 cé thé tim ra biéu dién hinh hoc clia
phuong trinh da cho.

Xét dai luong : _
§:=A'C'= AC - B* (4.2.17)
K&t qua téng quat Ia : _
1) Néu 8 = AC - B > 0 thi (4.2.1) xdc dinh mot elip, hoac thu
vé mot diém, hodc mot elip ao.

2) Néu 8 = AC — B* < 0 thi (4.2.1) xdc dinh mot hypebon, hoic
hai dudng thang giao nhau.
3) Néu § = AC - B® = 0 thi (4.2.1) x4c dinh mot parabdn, hoic

mot cap dudng thing song song, hoic mét cap dudng thing trung
nhau, hoic mét cap dudng thing io song song.

Thi du 4.2.10. V& duong biéu dién phuong trinh
Sx2 +4xy +2y* —24x— 12y +18=0 (4.2.18)

TacsA=5B=2C=2 8=AC - B =10-4=6>0, viy dudng bifu
dién 1a mot elip.

Trudc hét ta quay he truc toa dé mot géc a, dugce tinh bdi cong
thic (4.2.15)

4
g = —— = —
5-2 3 4

Viay tga = %vé tga=-2.Tachon tga =—;dodé

[ I NS [Py

1
cosfl = ——-==1%

V1 + g2

] 1
sing = +—

7

y

&

Ln

1
Ta sé 14y cosa = —, sina@x = —=.
| J5

ol
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bl
%@,

o
v

. 2x'~y'
Vay : x = x'cosx — y'sina =

L . x'+ 2y
y=XSInxX+ycosx = \/—

Thé viao phuang trinh trén ta duge

0
6x' 2+ y2— 80 r18=0

Js

Phuong trinh dé ¢é thé viét :
6(x'= V5)? —30+ y'2+18 = 0,
hay 6(x'— \/—5-)2 + y'z— 12=0.

D6i toa do x'~ 5 = X, y’ = ¥, uic 1a tinh tién he truc Ox’, Oy’
sao cho g6c t5i diém I c6 toa do d6i véi he Ox’, Oy’ 1a (v/5,0).
Ta duagc :
6X2+Y' -12=0
hay, chia hai v&€ cho 12, ta dugc
x* y?
— == \
2 12 y
Vay dudng biéu dién cha (4.2.18) la
mot elip nhan 7X, /Y lam truc 461 xdng,
c6 truc 16n nam trén IY, bin tryc 16n 1a

2\6, truc nhé nam trén /X, ban truc nhod
bing v2 (hinh 29).

Vay Ia biang céc cong thirc d6i truc
1a ¢6 thé dua mét phuong trinh bac hai
t8ng quit d&i vdi x, y vé mot trong cac dang gon nhat. Viéc lam dé
goi 1 rir gon phuong trinh bac hai téng quadt. Bai todn nay sé giai
quyé&t ddy du va gon hon & cudi chuong 8.

Chiy 4.2.1. Xem thém chuong 8, muc 8.6.1.

x 1

Hinh 29

BAI TAP : 4.1 ~ 4.4,
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4.3. MAT BAC HAI

Bay gids 1a s& nghién ctru nhitng mat ma phuong trinh cia ching la
bac hai d6i vdi x, y, z. Nhitng mat dé duoc goi 1a nhitng mat bdc hai.
4.3.1. Mit cau

O trudng phé thong trung hoc ta di thdy ring phuong trinh cha
mat cdu tam I(a, b, ¢) ban kinh R 1a

x-a)+(y-bl+@-c) =R (4.3.1)
hay
12+)’2+z2-2ax—2by—2cz+a2+b2+c2—R2=0
"D6 13 mot phirong trinh bac hai d6i vdi x, y, 2, trong d6 cdc hé s8

cita X, yz, 2 bang nhau, khong c6 céc 58 hang chéo xy, yz, xz. Ngugc
lai, moi phuong trinh bac hai déi véi x, y, z, trong dé cic hé s§ cha

2, y2. 7 bang nhau, khong ¢6 cdc s6 hang chéo, xy, yz, zx déu biéu
dién mot mat cdv nao db, vi ¢ thé dé dang dua phuong trinh gy vé
dang (4.3.1), mat ciu d6 c6 thé thu vé mot di€m hay (2 do.

Thi du 4.3.1. Phuong trinh
x2+y2+22—21+4y—62—2=0
¢6 thé vi€t nhu sau :
=214y 44y + 4470 ~624+49-1-4-9-2=0,
hay (x-1)2+(y+2)2+(z—3)2—16=0.
D6 la phuong trinh clia mat cau tam (1, —2, 3) bin kinh 1a 4.

4.3.2. Mat elipxoit
Trong khéng gian, phuong trinh

L= (4.3.2)
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v
e

00"

2
9
g,

trong d6 a, b, ¢ 14 nhimg hing
s6 duong, xic dinh mat ma ta
goi 1a mdr elipxoir (hinh 30). Vi
phuong trinh (4.3.2) chi chia
binh phuong cva x, y, z nén mit
elipx6it nhan c4c mit phing toa
do lam mat phing d6i ximg,
nhan géc O lam tam doi xdng.

Cér mit elipxéit boi cac mit Hink 30
phang toa do xOy, yOz, zOx,
giao tuyén theo thu ty 1a nhimg elip (hinh 30).

2 2
x—2+‘y7=1,2=0
a b

2 2
y—+£—=l,x=0
bZ 2

2 2
z X
—+—==1y=0
C2 a2

Cit mat elipxsit bdi mat phing z = h song song véi mat phing
xOy, giao tuyé€n c6 phuong trinh
2

2
Xy
— t=—==1-—-,2=h (4.3.3)
a2 bt c2
Né&u |h| < ¢, phuong trinh (4.3.3) c6 thé vigt

x2 }’2

2 + 2
2 h 2 h
a“jl-—1| b°|l——

D6 1a phuong trinh clla mot elip ¢6 cdc bdn truc la

5] 5]

=1, z=h
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Khi h tang tir 0 dén ¢ cdc bdn truc d6 nhd dan. Néu & = 0 giao
tuyén 12 elip c6 cic ban truc a, b. Néu h = c, giao tuyén thu lai diém
(0, 0, ¢). Khi h bién thién tir —c dén +c, giao tuyén di chuyén va sinh
ra mat elipxoit. a, b, ¢ duoc goi 12 cdc bdn truc ciia elipxoit.

Néu a = b, giao tuyén cia elipxdit v6i cdc mat phing z = h la
nhimg dudng tron

2 2
. . S . z
Co 1thé xem elipxoit dé 1a mat sinh ra do quay elip % t+—= 1
¢
quanh truc Oz. Ta goi dé 1a mdt elipxébit tron xoay. Cling vay, nén
a = ¢ hay b = ¢ ta c6 nhimg elipxo6it tron xoay.

Néu a = b = ¢, phuong trinh (4.3.2) trés thanh x° + y* + 2° = 2%, d6
la phuong trinh cia mit cau.

4.3.3. Mat hypebdéloit mét tang

2 ¥
-‘7 + b_2 - ;2— =1, (4.3.4)
trong d6 a, b, ¢ 1a nhilng hing s6 duong, 12 phuong trinh clla mot mat
ma ta goi la mdr hypebéléit mot tang (hinh 31). Mat d6 nhin cdc mat
phing toa 46 1am mat d6i xing, nhan géc
toa d6 1am tdm d6i ximg.

0 ~ Cit mat (4.3.4) bdi mat phing xOy,
2 2

2
Phuong trinh

&

z

giao tuyén ja elip x_2+y_2 =l z=0.
a b

0 Y Cit né bdi céc mat phing yOz, zOx, giao
tuyén theo tha ty la cdc hypebon
)‘2 Z2 X2 22
—-—=1, x =0, —-—=1,
bZ C2 . 02 (.'2

Hinh 31 y = 0 (hinh 31).
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Cit mat (4.3.4) bdi mat phang z = h song song véi mat phing xOy,
giao tuyén c6 phuong trinh
2 2 2
I/
S+ls1+ 2= (4.3.5)
a ¢

U‘l‘w&
)

D6 1a phuong trinh ciia mét elip ¢6 céc ban truc la

2 2
a 1+£2—. bl-t-il-z—
V c c

Né&u /i = 0 giao tuyén la elip ¢d cic badn truc a, b. Khi h ting din
va Ién 1én vo cling, cac bén truc cha giao tuyén ciing ting ddn va ldn
1én vé cung. Khi & bién thién tir — dén +==, giao tuyén di chuyén va
sinh ra hypeboloit moét ting. a, b, ¢ dugc goi 1a cde bdn truc ciia mat.
Néu a = b, giao tuyén (4.3.5) la nhitng dudng tron :

2,.2_ 2 K’
x“+y =a l-I-—?,z:h.

c

Lic d6 ta cé mat hypeb6ldit mot tdng tron xoay, sinh ra do
2 2

hypebon X—2—2—2=1 quay quanh truc Oz 1 truc khong cit
[ C

hypebon.

4.3.4. Mat hypebaloit hai tang
Phuong trinh

2 2 2

2L, (4.3.6)
(.‘2

x
2
a

U‘NJ‘-C

trong d6 a, b, ¢ 1a nhilng hang s3 duong, 12 phuong trinh cia mot
mat ma ta goi la mdt hypebsléit hai tang (hinh 32). Mat d6 nhan cac
mat phang toa do 1am mat phing d6i xitng, nhan géc toa do lam tam
ddi xung.

Mat phing xOy khong cit mat d6. Cdc mat phang xOz, yOz theo
thit tyr cit né theo cic dudong
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x° oz
—~5 -5 =-Ly=0;
a

2 2
y——z—2=—1.x=0,
b ¢

d6 1a nhimg hypebon cit truc Oz (hinh 32).

Cit mat (4.3.6) bdi mat phang z =
song song v8i mit phiang xOz, giao tuyén
c6 phuong trinh

2 2 h2
T =5~ l,z=h (4.3.7)
a b c
Néu h| > ¢, d6 1a phuong trinh cia
mot elip cé cdc bdn tryc la

2 2
a [h—z—l . b [h—z—l].
Hinh 32 c c

Néu h = % ¢, giao tuyén thu vé mot di€ém. Néu |4 ting din va
16n 1én vé cling, cdc bdn truc cua elip (4.3.7) cling ting din va 1on 1én
vo cung.

Khi |hl ting tir ¢ dén +es, giao tuyé’n di chuyén va sinh ra
hypeboloit hai tdng. Mat d6 c6 hai 1dng riéng biét.

a, b, ¢ duge goi 14 cic bdn truc cia mat. N&u a = b, giao tuyén la
nhimg dudng tron :

2,2 oK
X +y =a|—-1{z=h.
£2

Lic d6 ta c6 mat hypeboloit hai tdng tréon xoay, sinh ra do
2 2
hypebon X—2 - 2—2 = —1 quay quanh truc Oz 1a truc cit hypeb6n.
a c _
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4.3.5. Mat parabdloit eliptic
Phuong trinh

2 2
LI Ay (4.3.8)
P q
trong d6 p, g ta nhimg hing s6 duong, xic dinh mot mat ma ta goi la
madt parabéléit eliptic (hinh 33). Vi cac bé&n x, y ¢6 mat trong
phuong trinh (4.3.8) vd1 56 mii chin nén mat cong nhin cic mat
phang yOz, zOx 1am mat phang d6i ximg.
Mat phing xOy cit mit cong tai
diém (0, 0, 0). Cic mat phing xOy,
yOz theo thit tiy cat n6 theo cac dudng

x? =2pz, y=0

y2 =2qz, x=0;
do6 1a nhitng parab6on nhan Oz lam truc
(hinh 33).
Cit mat cong bdi mat phing z = &
song song véi mat phing xOy, giao
tuyén cé phuong trinh Hinh 33

2 2
vy —ohz=h (4.3.9)

p q

Néu h > 0, d6 1a phuong trinh clla mot elip ¢6 cic ban truc la
J2ph, \J2gh . Néu h = 0, giao tuyén thu vé mot diém ; khi h ting
dan va 1n 1én vé cung, cdc ban truc clia giao tyén cing tang din va
16n 1én v6 ciing. Khi h tang tir O d€n +eo, giao tuyén di chuyén va sinh
ra mat paraboléit eliptic.

p, q duge goi 13 nhimg tham s6 cia mat. Néu p = g, giao tuyén
(4.3.9) 1a nhitng dudng tron

x* +y? =2ph, 2=h,
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Lic dé, mat paraboloit eliptic 14 mat tron xoay do parabon
£ = 2pz quay quanh truc Oz sinh ra..

4.3.6. Mat paraboléit hypebélic
Phuong trinh

2 .2
LI AR Y: (4.3.10)
P q
trong d6 p, ¢ 1a nhimg hing s6 duong, 12 phuong trinh cia mot mat
ma ta goi 1a mdr parabéloit hypebélic (hinh 34). Mit dé nhan cic
mat phing yOz, zOx 1am mat phing d6i xing.

Hinh 34

Mat phing 20x cat mit cong theo dudng :

x> =2pz, y=0 (4.3.11)

D6 1a mot parab6n nhan Oz lam truc. Cat mat cong bdi nhitng mat
phing x = h song song vdi mat yOz, giao tuyén c6 phuong trinh

2 h?
o Y=gl -2 | x=n (4.3.12)
. 2p

D6 1a phuong trinh ciia nhitng parabén c¢6 tham s8 g, ¢é truc song
song véi Oz, quay bé 16m vé phia z < 0 ; c6 dinh nidm trén parabbn
(4.3.11). Khi & bién thién tir —ee dé€n +eo, cdc parabbn (4.3.12) di
chuyén va sinh ra mat parabolait hypebolic (hinh 34)
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Cit mat cong b3i nhitng mat phang z = h song song v4i mat phing
xOy, phuong trinh cla giao tuyén la

2 2
N 2h, z=h (4.3.13)

4 q

Né&u h > 0, d6 1a phuong trinh cia nhimg hypebén cé truc thuc
nim trong mit phing zOx vi song song v8i Ox, ¢ ban tryc thuc bang

J2];_h, c6 bin truc 4o bang \/—2?}; Né&u h < 0, do 12 phuong trinh cia
nhitng hypebon c6 truc thuc nam trong mat phang yOz vi song song
vai Oy, ¢6 bén truc thuc bing \/th ¢6 bén truc 4o bang m
Néu /= 0, phuong trinh (4.3.13) c6 thé viét

[L _ _y_] [ ] 0 1=
NFRNS I

D6 12 phuong trinh cha mot csp dudng thng trong mat phing xOy
di qua géc O.

4.3.7. Mat tru bac hai

Mat try Ja mat duge sinh ra béi mot duong thing D di chuyén luén
luén song song v6i mét phuong cho trudc va dira vao méot dudng L
cho truéc. Pudng L duge goi 1a duong chudn, dudng thang D 1a
duong sinh ciia mat truy.

Xét mat S xdc dinh bai phuong trinh f{(x, y) = 0. Phuong trinh ay
khéng chifa z. Gia sit M, (x,,y,.2,) 12 mot diém trén mat S, toa do
cua né thoa min phuong trinh cta mat, tite la f(x,,y,) = 0. Moi
diém M ndm trén dudng thing di qua M song song vai Oz déu cé toa
do (x,. ¥,,2), trong d6 z la mot s6 nao db. Cac toa do d6 cing thoa
man phuong trinh cia miat S vi phuong trinh 8y khéng chia z. Vay
néu M, nim trén mit S thi dudng thang di qua M, song song Vdi truc
Oz cing nam trén mat S. Mat khic trong mat phang xOy phuong trinh
f(x, y) = 0 xdc dinh m6¢ dudng L n2o d6. Di nhién dudng L nam trén
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mat S. Vay c6 thé xem mat S
duoc sinh ra bdi mot dudng thing
di chuyén luén {udn song song
véi truc Oz va dya vao duong L,
d6 1a mat tru ¢ dudng sinh song
song vai truc Oz va nhin L lam
dudng chuén (hinh 35).

g Tuong 1w, phuong trinh

// g(y, z) = 0 khéng chita x, xac

X Hinh 35 dinh mét mit tru c6 duong sinh

song song vdi Ox ; phuong trinh

h(x, z) = 0 khoéng chita y, xac dinh mot mat tru cé dudng sinh song
song vdi Oy.

Nhirng mat tru ma phuong trinh la bac hai d6i v6i toa d6 chay
dugc goi 1a nhimg mdr tru bdc hai.

Thi du 4.3.2. Phuong trinh

x2 )‘2
=t
a b
x4c dinh mat tru cé dudng sinh song song véi Oz va c6 dudng chuin
1a mot elip nim trong mit phang xOy (hinh 36).

=1

( N

NA
0

Hinh 36 Hinh 37
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N&u a = b, phuong trinh 4y x4dc dinh mét mat try tron xoay.
Thi du 4.3.3. Phuong trinh

25

@ b
xdc dinh mat tru cé dudng sinh song song vGi Oz va ¢6 dudng chudn
12 mot hypebon nadm trong mat phang xQOy (hinh 37).

Thi du 4.3.4. Phuong trinh

=1

y2 :2px .

xdc dinh mat tru c6 dudng sinh cong phuong
vai Oz va c¢6 dudng chudn 12 mdt parabon nim
trong mat phang xOy (hinh 38).

4.3.8. Mat nén bac hai

Mat nén 12 mit duge sinh ra boi mot duong
thing D di chuyén luén luén di qua mét diém
c8 dinh I va dua vao mét duong L cho trudc. Hinh 38
Duong L duge goi 12 duong chudn, dudng
thang D 1a ducong sinh, i€m I 13 dinh cia mat nén.

Xét mat x4ac dinh boi phuong trinh

= 0. (4.3.14)

Mat dé cat mat phing xOy tai géc toa do. Giao tuyén clia mat d6
véi mat phing yOz ¢6 phuong trinh

hoic [l-i (1+5 =0, x=0.
b ¢ b ¢

D6 1a phuong trinh clia mét cap dudng thing giao nhau trong mat
phang yOz. Mt phing xOz cit mat cong theo hai dudng thing giao nhau

[i_i] [£+£]=0’ y=0
a c a c
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Cit mat cong bdi mat phang z = h song song v6i mat phang xOy,

giao tuyén c6 phuong trinh

2

+
ah*

=2 —=1,2=h (4.3.15)

b6 1a phuong trinh ciia elip ¢c6 céc
. . ah bh . . . .
bdn truc 12 —, —. Khi h bién thién tir
c ¢
—oo dén +oo, giao tuyén d6 s& di chuyén
va sinh ra mat (4.3.14) (hinh 39),

Ta sé& ching minh ring nfu diém
M,(x,,y,.2,) nam trén mit (4.3.14) thi
dwng thing OM, ciing nim trén mat
(4.3.14). Qua vay, diém M, nim trén mat
(43.14), do d6 t0a do (x,.y,.2,) cila 16
thoa man phuong trinh (4.3.14). Moi diém
trén dudng thing OM, déu cé toa do
(Ax,, Ay,, Az,), trong dé A 12 mot s6 nao

d6, do do ching déu nim trén mat (4.3.14)
vi toa do cia chiing thoa man phuong trinh

Hinh 39

2.2 2.2
AxS A%y

a* b2 c?

2.2 2 2 2
Mg =,12[f£+y—°—z—0]=o.

a b 2

Vay mat (4.3.14) sinh ra bdi mot dudng thiang di chuyén luén luén
di qua géc oa d6 va dua vao mét elip cho boi phuong trinh (4.3.15)
véi mot tri b xdc dinh nao d6. D6 1a mot mat nén c6 dinh tai goc toa
d6. Néu a = b, ta ¢c6 mot mat ndn tron xoay.

Chi y riang phuong trinh (4.3.14) 13 thudn nh4t bac hai d6i véi
x, y, z. tiic 12 moi s6 hang cia né déu l1a bac hai d6i vdi x, y, z. Moi
mit ma phuong trinh la thudn nhat d6i véi x, y, z déu c6 tinh chit vira
chimg minh trén, uic déu 13 mat né6n dinh 0. Moi mit ma phuong
trinh 1a thudn nhat d6i véi x - x,,y — y,,2 — 2z, déu 1a mat nén dinh
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(X5, Y. 2,) . Nhilng mit nén ma phuong trinh 12 bac hai d6i véi x. y, z
12 nhiing mdt nén bdc hai.

Chit y 4.3.1. V& mit bac hai tdng quat xem chuong 8, muc 8.6.2.
BAI TAP : 4.5 - 4.11.

BAI TAP CHUONG IV

4.1. V& cic duomg biéu dién cla
a) y=2x> —4x +8; b) y> +8y —2x +12 = 0.

2x +43. Tim phép tinh ti&n hé truc toa do

4.2. Cho phuong trinh y = "
X
sao cho trong hé¢ mai phuong trinh khéng chira cic 56 hang bac nhat.

4.3. Cho phuong trinh 2x% - Sxy + 2y2 +3x — 4 = 0. Phai quay

hé truc toa dd6 mot gbc bang bao nhiéu dé cho phucong trinh trong hé
madi khong cé s6 hang chéo.

4.4. Dua cic phuong trinh sau vé& dang chinh tic va vé dudng biéu
dién cta chiing :

a) 3x2+10xy+3y2—2x—14y—13=0 :
b) 25x% — 14xy +25y% + 64x — 64y — 224 = 0 ;
) Tx? +6xy—y? +28x+12y +28 =0 ;

d) 9x% — 24xy + 16y% — 20x + 110y — 50 = 0.
4.5. Tim y nghia hinh hoc cia cdc phuong trinh sau :
ayy+2=0;

by x% +y2 422 =25 ;
D (x-2 2+ +3+z-52=49;
d) 12+2y2+322=0;
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e) x> +2y> +322+5=0;

g x-y=0;

hyx+2z=0;

)xyz=0:

k) x> —4x=0;

) yz+22 =0.

4.6. X4c dinb tam va ban kinh cila cic mit ciu sau :
a) x2+y2 +22—6x+8y+2z+10=0;

b) x> +y> +22 —6x+10=0 ;

o) 2 +y?+22 —4x+12y -2z +41=0.
4.7. Tim tam va bdn kinh cia dudng tron

x=2 +(y-12 +(z+1)% =36
3x+y-2z-9=0

4.8. Chimng t6 ring cdc mat phing x -2 =0,y =3,z = | cit
mat elipxoit
2 2 2
i_ + )'_ + _Z_ =1
16 12 4
theo cédc elip. Tinh cdc ban truc va xac dinh cdc dinh cla ching. V&
cic giao tuyén 4y.
4.9. Tim giao tuyén clta mat hypeboléit mot ting

x2 y2 22

%16 4
v&i cdc mat phiang toa do, v6i cdc matphdngz=1,z=2,x=1,x=2,
y=1ly=2
4.10. Tim giao tuy&n cha mat
2 2
X _Y _6;

5 4
v6i cdc mat phing toa d6. Chung td ring mat phing y + 6 = O cit mat
d4 theo mot parabon ; tim tham s6 va dinh clia né.
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© 4.11. Tim giao tuyén cia mait

y 422 =x

v6i c4c mat phing toa do. Tim phuong trinh clia lﬁnh chiéu trén mat
phang xOy ciia giao tuyén cia mat dé vdi mat phdng x + 2y —2=0.
PAP SO
2 Y
41.a) X =—2—. viiX=x-1,Y=y-6;

b) Y2 =2X . vdiX=x+2.Y =y +4.
4.2. Tinh ti€n sao cho g&c dén diém (-4, 2).

43. =
4
443)X2—Xi—1v&x~xLyl _ Xy
o 4 7 NN A
1 3
x'=X+—, y=Y~—.
2’ 2
x2 y? . x'=y’
by —+—=1 V31 x = .
TR YA
x'+y'
——;x'=X,y':Y+\/5.
2
2 2 . x'+ 3y’
c) X° ~4Y° =0, v61 x = ;
) Jio
=3x'+y' 2 6
=¥ =X-—, ¥y =Y -—.
7" o Jio? Jio
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d) Y2 = 2X véix= %

= o4y ;X'=X-3,y'=Y+2.

4.5. a) Mat phing song song v4i mat phang toa 46 xOz, cich né

mot khoang d = 2, vé phiay <0

b) Mat ciu tAm tai géc toa do, ¢6 ban kinh R=5 ;

¢) Matr cdu tam tai (2, -3, 5),cé bankinh R=7;

d) Piém géc toa do ;

¢) Phuong trinh khéng cé y nghia hinh hoc ;

g) Mat phing di qua truc Oz va dudng thing x = y trong mat
phing xOy ;

h) Mat phing di qua truc Oy va dudng thang x = —z trong mat
phéng zOx ;
i) Ba mat phing toa do ;
k) Mat phang yOz va mat phing song song v&i né, cich né
mot khoang d = 4 vé phiax> 0 ;
1) Mat phing xOy va mat phing di qua truc Ox va duong
thing y + z = O trong mat phang yOz.
4.6. a) Tam (3, —4, —1), ban kinh bing 4 ; b) Mat céu 4o ;
c¢) Tam (2. -6, 1), ban kinh bing 0. '
4.7. Tam (1, 6. 0), ban kinh bing 5.
48.3,V3.(2.3,0),(2,-3,0, (2.0, ¥3), 2,0, -/3): 2, 1,

(2, 3, 0), (=2, 3, 0), (0, 3, 1), (0, 3, =1): 243, 3, (2V3.0, 1),
(23,0, 1), (0, 3, 1), (0, -3, 1).

2 2 2 2

49. —+¥ =1, 7-0;, L-Z =y x=0;
36 16 16 4
2 2 2 2
__E_—_-l’y—o"x_.}_y_:l’z:l‘
36 45 20
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9 9

2 2

2__Z o k=2

[FERE

9 9

X2

[ECRNER

4 4

2 2

X Zz

LS S |

27 3 Y

X

=

fo-6-).
2

4A11.(0.O.0);22=x,y=0;y2=x,z=0; ’

o

xz+4xy+5y2-x=0,z=0.
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Chuong V
KHONG GIAN VECTO - KHONG GIAN EUCLID

5.1. KHONG GIAN VECTO - PINH NGHIA VA THf DU

5.1.1. Nhan xét md dau

C6 nhiéu tap hgp ma c4c phan tir c6 thé "céng” véi nhau va "nhan"
véi mot s8. Sau day 1a moét s6 thi du :

Tap cic vecta hinh hoc
Tap cdc ham sé lién tuc
Tap cac da thic

Tap cdc ma tran cing ¢d.

D€ nghién citu chiing theo mét quan diém théng nhét ngudi ta xay
dung khéi niém khéng gian vecto 16ng quéit. Sau d6 mdi tap trén chi
12 moét trudng hop cu thé, né s& c6 14t ca nhimg tinh chat clia khong.
gian vectd téng quat.

5.1.2. Khai niém khong gian vecto

Pinh nghia 5.1.1. Xét tap V khic réng ma mdi phin tir ta quy uée
goi 1a mot vecto va trudng s6 thuc R. Gia sir trong V ta dinh nghia
dugc hai phép toan : phép coOng hai vecto va phép nhan mét vecto vai
mot s6 thuc.

Phép cong hai vecto 12 mot lnat hgp thanh trong trén V cho phép tao

ra tir moOt cip vecto x, y € V mét vecto duy nhit goi 1a 16ng cia
ching, ki hidu la x + y.
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Phép nhan mot vecto véi mét sé, con goi la phép nhdn véi vé
huong, 12 mot luat hop thanh ngoai trén V cho phép tao ra tir mot
vecto x € V va mot s& thuc k € R mét vecto duy nhat goi la rich cia
ching, ki hiéu 12 kx. )

Né&u 10 yéu can sau duge thoa man véi moi x, y, 2 € V va moi
k, 1 e R thitap V dugc goi la mét khong gian vecto trén truong R :
()Néuxvaye Vihix+ye V
Dx+y=y+x,Vx,yeV
Bx+(y+2)=(x+y)+2,Ix,y,ze V
(4) T6n tai vecto #e V sao cho .
8+x=x+60=x,VYxeV
Phén tr 6 goi la phan ni trung hoa cua phép + (hay cua V).
(5) VGi moi x € V tén tai vecto — x € V sao cho
xX+(-X)=(-0)+x=86
Phin tir ~x got 1a phdn tik dé1 xumg (hay phdn tiz dé1) cla x.
(6)NEv ke Rvaixe Vthikxe V
() k(x+ y)=kx + ky
) (k+Dx=kx+Ix
(9) k(Ix) = (kh)x
(1) I.x=x

Chu 'y 5.1.1. Yéu cdu (1) néi Ién tinh déng kin cia V d6i véi phép
cong vecta, ciing ndi tit 12 tinh déng kin clia phép cong vecto.

Yeéu ciu (6) néi Ién tinh déng kin chia V d6i véi phép nhan véi vo
hudng, cling néi tat 1a tinh déng kin cia phép nhan vé&i v huéng.

Yeéu ciu (2) néi lén tinh giao hoin cua phép céng vecto.

Yéu cdo (3) n6i 18n tinh két hop ciia phép cong vecto.
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Chi y 5.1.2. Mudti yéu cau (1) — (10) goi |a mudi tién dé cia
khong gian vecto.

Cé6 tai Lieu ngudi ta chi néu 8 tién dé (2) (3) (4) (5) (7) (8) (9),
(10), xem céc tién dé (1) va (6) da bao ham trong cdc dinh nghia clia
hai phép tinh cong hai vecto va nhan mot vecto véi mot sé.

"Chu y 5.1.3. Néu thay R bing trudng s& phic C thi ta ¢6 khong
gian vecto trén trudng sé phic. O gido trinh niy ta chi quan tam dén
cdc khong gian vecto trén truang sé thuc. '

5.1.3. Thi du

ThiduS.1.1.

Goi R, (R, chit khong phai R2) 13 14p cic vecto hinh hoc trong mat
phing c6 chung géc hay la tap cic vecto hinh hoc tir do trong mat
phing trong dd ta ddng nhat céc vecto bang nhau (tic 1a cac vecto
cung phuong, cling huéng, cing do dai xem la mé¢t). Trong R, ta xét
phép cong vecto theo quy tic tam gidc va phép nhan vecto voi mot s6
thyc thong thudng.

Ca 10 1:én dé (1) — (10) déu thoa man — phén tir trung hoa la vecto
khéng O, phan tir d6i cia vecto a la —a.

Vay R, 1a mét khéng gian vecto.

Mot cach tuong tr tap Ry cic vecto hinh hoc trong khong gian c6
chung goc hay cdc vecto hinh hoc tu do trong khong gian (trong doé ta
dong nhat cdc vecto bing nhau) vdi phép cOng vecto va phép nhan vecto
vai mot s thue 1a mor khong gian vecto.

Thi du 5.1.2. Xét R™ 12 tap ma méi phdn tir 12 mot bo » s6 thuc c6
thit twr (x;, x5, ..., X,). cOn goi 1a mot vecto n thanh phin. Xét
x= ('xlv x2v L) xn) va y= ()‘1- y2; eney yn)'
Phép cong vecto va phép nhan véi vé huéng dinh nghia nhu sau
X+ Y=(x;+y, X+ Yy .. Xy +Yp) (5.1.1)
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kx = (kxy, kxy, ... kx,), ke R (5.1.2)

Ngoaira x = y khi va chi khix;, =y, , Vi
Ta kiém tra lai cdc tién dé.
Cong thic (5.1.1) chimg to x + y € R", d6 12 tien dé (1).
Tir (5.1.1) ta suy ra

Y+ X =(y) +Xx,y5 + X3, -2 ¥n +x,)
Vayy + x = x + y, d6 la tién dé (2).
Mot cach tuong w, ta suy ra tién dé (3) thoa man.
Tién dé (4) thoa man v@i phan tir trung hoa la

6=(0,0,..,0)
Tien dé (5) thoi man véi phdn tir d6i cha x € R" 1a
X = (_Xl. XDy -y —Xﬂ)
Cong thitc (5.1.2) ching té kx € V, d6 14 tién dé (6).
Pé kiém tra tien dé (7) ta sirdung (5.1.1) va (5.1.2)
k(x +y) = (k(xg + y}), k(xy + y3), s k(x, + y,)) =

= (kx| + kyy, kxy + ky,, ..., kx, + ky,)

= (kxy, kxy, ..., kxy) + (kyy, ky,, - kyy)

=kx + ky

Mot céch tuong ti ta suy ra cic tién dé (8), (9) thod man. D&i vai
tién dé (10) ta viét theo (5.1.2)

Lx = (1xy, Lrg, oo Lxg) = (x, x5, -, X)) = x.

Tém lai, ca 10 tien dé (1) — (10) déu thoi man. Vay R" 1a mot
khong gian vecto.

Chiiy5.14.

1) M&i cap s (a,, a) € R% ¢6 hai ¥ nghia hinh hoc : C6 thé biéu
dién nd bing mot diém M trong mit phing toa d6 ma a, 1a hoanh 4o
VA a, 12 tung d6 (hinh 40).
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Hinh 40 Hinh 41

Ciing c6 thé bifu dién né nhu la mot vectd ma a; 12 thanh phin
thy nh4t va a, 1a thanh phén thit hai (hinh 41).

Vi cich bidu dién the nhat ta c6 mot tuong tng 1-1 gidta R va
tap cic diém cha mit phéing toa dé.

Vi cdch bi€u dién thd hai ta c6 mot tuong ung 1-1 gida R va R,
(xem thi du 5.1.1).

2) Mbi bo ba s6 (ay, a,, a3) € R> ¢6 hai y nghia hinh hoc. C6 thé
biéu dién né bing moét diém M trong khéng gian toa d6 ma a, Ia hoanh
do. a, 1a tung do va a, 12 cao do (hinh 42). Ciing ¢4 thé biéu dién né nhur
12 mot vecto 4 ma a| la thanh phin thit nhat, a, 12 thanh phén thit hai
va ay la thanh phén thit ba (hinh 43). V6i cich bi€u dién thit nhat ta
c6 mot tuong ing L-1 gita R? va tap céc diém cua khong gian toa
dé. Véi cach biéu dién thit hai ta cling c6 mot tuong ung 1-1 giita R® -
va Ry (xem thidu 5.1.1).

z z
ayt.
M a(a.a,ay)
!
o L 22
S O y
% ..... e Y /
X x
Hinh 42 Hinh 43
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3) Méi phén tir (a;, a,, ..., a,) € R" cing ¢6 thé xem 12 mot diém
toa do hay mot vecto n thanh phin.

Thi du 5.1.3. Goi Cla, b] 1a tap cic ham s6 lién tuc trén a < 1 < b,
a va b cho trudc. Xét

fe Cla, b] va g € Cla, b]

Ta néi f = g néu f(t) = g(t), V1 € [a, b}

Trén Cla, b] ta dinh nghia phép cOng f + g va phép nhan kf, k € R
nhu sau :

(f+ g)(1) =f(1) + g(1), Vte [a,b]

(kf)(1) = kf(1), Vit € |a, b}
Thé thi cé

f+ge Cla,bl, kfe Cla,b]

D6 1a cac tién dé (1) va (6). Cic tien dé con lai ciing thoa man
(ban doc kiém tra). Phin ti¥ trung hoa 12 ham s6 d6ng nhat khong, tirc
1a bing O, V1 € [a, b]. Phén tir d6i xiing cita ham f1a —f :

(=N =-An), Vte [a, b]
Vay C[a, b] 12 moét khong gian vecto.
Chii y 5.1.5. C6 thé xét tap C(—e, +o) gém cdc ham s6 lién wc

trén (—eo, +eo). N6 ciing 12 mét khong gian vecto.

Thi du 5.1.4. Xét W < Cla, b] gbm nhimg ham s6 cé gia tri tai
t =01a 1 vé6i hai phép tinh cong vecta va nhan véi vo hudng da dinh
nghia trong C[a, b]. LAy
fit)y=t+1¢€ W,g(t)=12+le w

thi (f+g)(t)=t+1'+12+1=12+t+2

nén (f+g)0)=2
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Do d6 f + g € W. Tién dé (1) khong thoa man. Vay W khong phai
1a mot khong gian vecto.

Thi du 5.1.5. Goi P, 1a tap cidc da thiac ¢6 bac < n, n 1a mét s6
nguyén duong x4c dinh :

P,={plp:=ay +alt+02t2 +..+ag)

Vi da thite ciing 12 mdt ham s6 lién tuc nén trong £, ta dinh nghia
phép cong da thitc va nhan da thic véi mét 56 thuc nhu phép cong
ham s8 va nhan ham s& v4i mot s6 thuc trong Cla, b] & thi du 5.1.3.

Tirdd tasuyra: Néu ke R va

p=a,+ajt+ay’+..+ay1"eP,
q=by+byt+by’+.  +byt"e P,
thi
p+q=(ag+b)+(a +b)t+ . +(a,+b)" eP,

kp = kay + (ka\)t + ... + (ka)(" € P,
Do d6 céc tién dé (1) va (6) théa mia.

C6 thé chimg minh dugc rang 8 tién dé con lai ciing thod man véi
phin tr trung hoa 1a da thirc khong :

0+Ot+012+...+0t"

va phan tir d6i xtng cla

n

p=agtapt+ .. +ay

la
—p=a,—at— ...~ antn
Vay P, 1a mét khéng gian vecto.
Chi y 5.1.6. Xem thém cidc muc 2.6.5 vi 2.6.6 vé da thic déng
nhat khong va cic da thitc dong nhat.
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Thidu 5.1.6. Theo két qua & thi du 5.1.5 thi tdp P, cdc da thic bac
nho hon hay bang 2 13 mét khéng gian vecta. Bay gis xét P; cac
da thic c6 bac bang 2 Py = {p | p' = ag + a1 + ay’, a5 # 0}. Ta
thu lay

p=l+2+ie P
q* =2-3 -1 ePz*
thi thay .

p+q =3-1¢ P

Nhu vay nién dé (1) khong thoa min, do dd P{ khong phai 1a mot
khong gian vecto. )

Thidu5.1.7.Goi- 4, «, )a1ap cdc ma tran cd m x n véi hai phép

tinh céng ma tran va nhan ma trdn v8i moét s6 thuc da dinh nghia &
3.1.4va3.1.5.

DEé th&y ring ci 10 tién d& (1)~(10) déu thoi min (ban doc kiém
tra lai).

Vay . #,, x , 12 mot khéng gian vecto.

5.1.4. Mot s6 tinh chat dau tién cia khong gian vecto
Bat ki khong gian vectd nao ciing cé tinh chét sau :
Pinh li 5.1.1. (a) Phdn iz trung hoa 6 la duy nhat.
(b) Phan 1w déi xing cua bat ki x nao thuéc 'V ciing la duy nhat.
(c)Vxe ViadéucsOx= 8
(d) Vx € V tadéu cé6 —x = (~1)x.
e)Vke RtadéucékB= 8.

HveireV,vike Rtacé:
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Néu kx = thi hodc k =0 hodc x = 6.

Chimg minh : Hai tinh chat (a) va (b) suy tir khing dinh & chi y
5.1.4 néi ring (V, +) 12 mét nhém.

Dé chimg minh (c) ta viét
6+ 0x = Ox = (0 + O)x
=0x + O0x
réi gidn ude 0 =0x
Pé chimg minh (d) ta viét
x+(-Dx=lx+(-x=[l+(-Dx=0x= 8
va -lx+x =86
Suy ra (—1)x 1a vecta dé6i cua x, tirc 1a —x.
Dé chitng minh (e) ta Vi€t
08 =¢
Suy ra k8=%k(08)
=(k.0)8
=08
= 6.
D€ chimg minh (f) ta gia sirkx = 6.
Néu k = 0 thi Ox = &theo (¢)

Néu k # O thi t6n tai k .. Do dé cé

Fly=k ‘0
*'ox =6
x =86

Vay néu kx = @thi hoac k = 0 hoac x = 6.
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Chi y 5.1.7. Biy gi®s ta c6 thé dinh nghia phép trir :

x=y=x+(-y)
Khi dé 1a cé

X=ysSx-y=6.

Chii y 5.1.8. Céc tinh chdt (a) — (f) 8 dinh 1i 5.1.1 diing trong moi
khong gian vecto cu thé, 1a c6 két luan 4y ma khong can phai kiém
tra lai trén timg khéng gian cu thé vi ta da chiing minh dinh If 5.1.1
v6i gia thiét V 12 mot khong gian vecto bat Ki (thoa man 10 tién dé
cla khong gian vecto). P6 12 1gi ich cia quan diém tién dé.

BAI TAP : 5.1.

5.2. KHONG GIAN CON VA HE SINH

5.2.1. Pinh nghia khong gian con

Dinh nghia 5.2.1. V la mot khéong gian vecto voi hai phép tinh ;
cong vecto va nhan vecto vai mot s6, W la mét tap con cia V. Néu
voi hai phép tinh trén, W ciing la mot khong gian vecto thi W dugpc
goi la mot khéng gian con cuaV. '

Nhur viy muén ching to6 W < V 12 mét khong gian con ciia V ta phai
ching minh ring ban than W véi hai phép tinh : cong vecto va nhéan
vectd vdi mot s¢ da dinh nghia trong V, ciing thod min 10 tién dé cla
khéng gian vecto. Dinh Ii sau gidp cho viéc ching minh W c V 1a moét
khéng gian con cia V don gian hon.

5.2.2. Diéu kién dé W c V 1a khéong gian con

Pinh Ii 5.2.1. V la mét khong gian vecto, W ¢ V, W = O. Muon
cho W la khéng gian con cuaV diéu kién cdn va di la hai tinh chat
sau duoc thod man :
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(a) Néuuvave Wthiu+ve W (uicla Wdéng kin déi vai phép
cong vecto).

(b) Néuke R,ue Withi kue W (tic la W déng kin doi vori phép
nhan vecto véi mot sé thuc).

Chimg minh : 1) Néu W la khong gian con cla V thi ban than né 1a
mot khong gian vectd, nén thoa min ca 10 tién dé trong d6 tién dé (1)
va (6) chinh la (a) va (b).

2) Nguagc lai, gia str (a) va (b) thoa man thi d6 la cdc tién dé (1) va
(6). Trong céc tién dé con lai cac tién dé (2), (3), (7). (8), (9), (10) da
thoa man trong V nén ciing thod man trong W. Do dé dé hoan thanh
ta chi con phai ching minh rang céc tién dé (4) va (5) ciing thoi man
trong W.

Gia stt u € W. Theo gia thiét (b), kue Wvdimois6 ke R.V6ik=0
tacoQu=08¢e€ W. Vi k=—-11tacéd (~1)u=—-ue W (theo dinh li 5.1.1).
Sau dé trong W ta c6

u+ 0=0+u=u
(—)+u=u+(-u)=1+-1)u=0u=46
vi Qu = ftheo dinh 1i 5.1.1.
Vay W 1z mét khdng gian vecto.

5.2.3. Thi du

Thi du 5.2.1. V 1a mét khong gian vectd thi ban than V ¢6 thé xem
12 mot khong gian con cha V.

Tap chi gdbm mot phdn & trung hod 6, { 6} thoa man
8+ 6=06k0=60 ma be {6)
Vay tap {6} ciing ta mot khéng gian con clia V.

Thi du 5.2.2. M&i phin tir ciia R” 12 mét cap s6 u = (x;, y,) biéu dién
bang mot diém trong mit phang toa do Oxy (hinh 44) (Xem chd ¥ 5.1.4).
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Xét W l1a tap diém thuoc duong thang di qua géc toa do, cé
phuong trinh

Axy + By, =0

A va B khong déng thoi = 0.

Gia st u = (x|, y() va v = (x3, y5) déu € W va k € R thi 6
Ax; + By; =0, Axy + By, = 0. Do d6

A(xy + X)) + B(y) + y2) =0, A(kx) + B(ky) =0

Vay u + ve W, ku € W. Theo dinh }i 5.2.1, W 1a khong gian con
ciia R%.

Thi du 5.2.3. Theo thi du

5.1.7, tap /5 x , cic ma tran y,

___________________ f
vuong cdp 2 la mot khong gian vl E
vecta. Bay gio xét W la tap cic R~ Ty |
ma tran cap 2 ¢6 dang ; E
0 a . o) Xy X, X
[b O]»a"abe R Hinh 44

Dé thdy rang W d6ng kin d6i v8i phép cOng ma tran va nhin ma
tran véi mot s6 thuc (ban doc kiém tra lai). Vay W 12 mot khong gian

con clia Ay x 5.

Thi du 5.2.4. Xét hé¢ phuong trinh tuyé&n tinh thudn nhat m phuong
trinh n 4n & dang ma tran Ax = 0. Goi W 12 1ap nghiém ctia hé. Mai
nghiém ta moét bd » s6 thuc

x = (x, oo X) € R". Vay W c R". Gid sir x va y € W thi
Alx +y)=Ax + Ay =0, A(cx) = cAx =0, (c € R).

Vay W déng kin déi v6i phép cOng va nhan véi mot sé thuc.

Do d6 W 1a mot khong gian con ciia R".
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5.2.4. Té hop tuyén tinh ciia mot ho vecto

Dinh nghia 5.2.2. V Ia mét khéng gian vecto, S la mot ho vecta
cuaV :

§={x), 23, ... x5 ).
Biéu thic
clxl + C2X2 + ...+ Cnxn‘
c;=const € R

la mét vecto thusc V va duoc goi la mét 16 hgp tuyén tinh cia cdc
vecta cua ho S, hay ciing c6 thé néi gon la té hop tuyén tinh cia ho S.

Thi du 5.2.5. Vecto (x, y) € R2 1a mot t3 hop tuyén tinh cuia cic
vectoi =(1,0)vaj=(0, 1) vi

xi +yj = x(1,0) + y(0, 1) = (x, y).
Trong R? vecto (7, -1) 12 mét t6 hop tuyén tinh cla cic vecta
n=Q,Dvax,=(l,-H)vi
2x; +3x5 = 2(2, 1) + 3(1, =1) = (4,2) + (3, =3) = (7, -1).

Thi du 5.2.6. Vecta (x, y, z) € R® 12 mot t6 hop tuyén tinh ciia céc
vectoi=(1,0,0),j=(0,1,0), k=(0,0, 1) vi

xi +yj+ 2k =x(1,0,0)+ (0, 1,0) + 2(0,0, 1) = (x, y, 2).

Thi du 5.2.7. Hay biéu dién vecto (7, —3) € R thanh 18 hop tuyén
tinh ctia x; = (1, 1) va x, = (1, -1).

Gidi. Ta di tim c4c hang s6 ¢ va ¢, dé
)X + cxp = (7, -3)
nghia la (7, =3) = c;(1, 1) + c5(1, -1)
=(cy, cy) + (€3, —¢3)
=(cy+cy,01—0Cy)
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Ta thu dugc ¢; =2, ¢ = 5. Vay
(7,=-3)=2(1, 1) + 5(1, -1).

5.2.5. Khong gian con sinh bai mét ho vecto
Dinh nghia 5.2.3.V 1d mét khéng gian vecto,
§ = {x), xp, ..., x5} la mét ho vecto cua V. Ta goi tap 1dt cd nhing

10 hop tuyéh tinh cia cdc vecto ciia S 10 bao tuyén tinh ciia S, ki hiéu
la span(S).

Pinh 1i 5.2.2. W = span(S) la mét khéng gian con chaV.
Chimg minh : Vix; = 1x; nénx; € W,dodé W = @.
Bay gid gia sir
x=cx+ .+ e W, y=dix+..+dx, €W,
keR |
khi dé6 ta co
x+y=(c +dx;+...+(c,+d)x,e W

kx = (ke )xy + ... + (key)x, € W.

Vay W d6ng kin d6i v4i hai phép tinh trong V. Theo dinh 1f 5.2.1,
W la mot khéng gian con caa V.

Trudmg hop W tring v6i V din d€n khdi niém he sinh ciia khong
gian vecto nhu duéi day.
5.2.6. Dinh nghia hé sinh cia khong gian vecto
Dinh nghia 5.2.4.V la mot khong gian vecto, S = (x|, ..., x,} cV.
Néu span(S) =V, tiec 1a néu moi x € V déu cé biéu dién
X=CpX) 4 ¥ CpXp,

thi néi ho S sinh raV hay ho S la mét hé sinh cua V.
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Thi du 5.2.8. Trong R® xét i = (1, 0) va j = (0, 1). Moi x € R? ¢6

dang x = (xy, x5) nén viét dugc nhu sau
X=(x). %) = (1L,0) + x5 (0, 1) =xji + xpj ,

nghia la x 1a mot t6 hgp tuyén tinh cia i va j.

Vay ho {i, j} sinh ra R% hay ho (i, j} 12 mot hé sinh ciia R,

Thi dy 5.2.9. Bay giv xét x = (1. 2) € R%. Moi 6 hop tuyén tinh
clia x c6 dang cx, ¢ € R. Vay néu y = (y(, y,) € span(x) = {cx} thicé
(y1» y2) = (1, 2).

Ta suy ra
y
of----- y2 = 2yl
D6 12 mot dudng thing di qua goc toa
; do (hinh 45),
; Vay span(1, 2) chi 12 mot dudng thang
o % di qua g6c 10a do. Vecto x = (1, 2) chi

sinh ra mot dudng thing di qua géc toa
do ma khong sinh ra ca R,
Thi du 5.2.10. Bay gid xét
x=(1,2)
va y=(1,1)

Hinh 45

caa RZ. ' f

Ta thir xét xem ho {x, y} c6 sinh | SRR ;

ra R® khéng. Mudn thé ta xét

2 = (2}, z) bat ki cita R? va di tim a /..
va b thuoc R dé ¢6 z = ax + by,

nghia la
(z4,2z3) = a(1,2) + b(1, 1) O
=(a+b,2a+b) Hinh 46

~

LU ORI, R —
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Ta suy ra
a+ b = Z,
2a+b=12
Hé nay cé dinh thiic

|
2

1
1~= 11 -12=-1#%0

nén luon cé nghiém. Vay ho {x, y} 12 mét he sinh ctta R’ (hinh 46).

BAI TAP : 5.2 - 5.12.

5.3. HO VECTO POC LAP TUYEN TIiNH
VA PHU THUOC TUYEN TINH
5.3.1. Khai niém doc lap tuyén tinh va phu thndc tuyén tinh

Pinh nghia 5.3.1.V la mét khong gian vecto, S = {x, ..., x,} V.
Xét diéu kién

axy +...+cpx, =6 (5.3.1)

Néu diéu kién (5.3.1) chi xdy rakhi ¢; =0, ..., ¢, = 0 thi ta néi ho
S doc ldp tuyén tinh.

Néu tén tai cac s6 thuc cy, ..., ¢, khéng déng thoi bang 0 dé
(5.3.1) thod man thi ta néi ho S phu thuoc tuyén tinh.

5.3.2. Thi du

Thi du 5.3.1. Xét xem ho (i, j}, i = (1, 0), j = (0, 1), trong R% 1
déc 1ap tuyé&n tinh hay phu thudc tuyén tinh.

Gidi. Diéu kién (5.3.1) viét ¢;(1. 0) + ¢3(0, 1) = (0, 0).
N6 tuong duong véi (c|, c3)= (0, 0).
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Vay di€u kién (5.3.1) chi xay ra kli ¢ =0, ¢; = 0. Do dé ho
{1, j} 1a doc lap tuyén tinh trong R

Thi du 5.3.2. Cho x = (1, 2), y = (1, 1) trong R, Hbi ho {x, y} 6
doc 1ap tuyén tinh khong ?

Gidi : Diéu kién (5.3.1) viét

c1(1,2) 4+ ¢5(1, 1) = (0, 0).
N6 tuong duong vai
(c) +¢3,2¢c) +¢3)=(0,0)
Vay diéu kién (5.3.1) chi xay ra khi
aq+cy =0
{2cl +c, =0

Hé nay c6 dinh thitc bing —1 # O nén chi c¢6 nghiém tim thudng
c; =c3=0. Vay cjx + ¢y = 6 chixdyra khi'cl = ¢y = 0. Do d6 ho
{x, y} doc lap tuyén tinh trong RZ,

Thi du 5.3.3. Cho ho § = {(3, -6), (-2, 4)}. Hoi né cb doc lap
tuyén tinh trong R2 khong ?

Gidi : Diéu kién (5.3.1) viét

c1(3,=6) + c5(-2,4) = (0, 0)
Phuong trinh nay tvong duong vdi
(Be; = 25, —6¢, + 4cy) = (0, 0),
N6 tvong duong vai
3c;—2c5, =0
{—6c1 +4cy, =0

He niy c6 nghiém khong 14m thudng ching han ¢; = 2, ¢, = 3.

Do d6 ho S da cho phu thudc tuyén tinh.

Thi du 5.3.4. Trong khong gian Ry & thi du 5.1.1 thi:

Hai vecto déng phuong 1a phu thuoc tuy€n tinh.
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Hai vectd khong d6ng phuong 1a doc lap tuyén tinh.
Ba vecta déng phang la phu thu6c tuyén tinh.

Ba vecta khong déng phing 1a doc 14p tuyén tinh.
B&n vecto bat ki 14 phu thu6c tuyén tinh.

Chu vy 5.3.1. Moi ho vecto S chita vects khong 12 phu thuéc
tuyén tinh.

Chii y 5.3.2. Gia st ho S phu thudc tuy&n tinh va gia sir diéu Kién
(5.3.1) dugc thoa man v3i ¢, # 0, nghia la
Xy F .+ Xy ot opx, =6,
Ta suy ra
xy = =(C1x] + .+ 1 Xk—1 + Cp41Xk41 + - TCpXp)/Cy.

Vay néu ho S phu thuéc tuyén tinh thi trong ho S c6 it nhit moét
vecto biéu dién dugc thanh mot t6 hop tuyén tinh clia cdc vecto con
lai (gia sur S ¢6 s6 vectd 16n hon hoac bing 2).

BAI TAP: 5.13 - 5.18.

5.4. KHONG GIAN HUU HAN CHIEU
VA CO SG CUA NO

5.4.1. Khai niém vé khong gian n chiéu

Dinh nghia 5.4.1. Khéng gian vecto V duoc goi la khong gian
n chiéu (1 < n nguyén) néu trong V ton tai n vecto déc.lap tuyén tinh
va khong 1on tai qud n vecto déc 1dp tuyén tinh.

Khi d6 ta n6i s6 chiéu ciia khéng gian V 1a n va ki hiéu né 1a dim (V).

Tap { 8) chi gdm mot phén tir 6 cia mét khong gian vecto bét ki theo
thi du 5.2.1 ciing 1a mot khong gian vecto, ta n6i c6 s6 chiéu biang O :
dim ({6}) =0.

Cic khong gian n chiéu, n 2 0, goi 1a khong gian hiu han chiéu.

Néu trong V c6 thé tim dugc mot s bat ki cac vecto doc l1ap tuyén
tinh thi ta n6i V 1a khéng gian vé han chiéu.

Trong tai liéu nay ta chi xét ciac khong gian hitu han chiéu.
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Thi du 5.4.1. Xét khong gian Ry cac vectg hinh hoc goc tai di€m
xdc dinh O néi § thi du 5.1.1.

Qua thi du 5.3.4 (hai di€ém cuéi) ta thy 3 vectd khong déng phang
thi doc 1ap tuyén tinh va 4 vecta bat ki thi phu thugc tuyén tinh.

Vay R4 la khong gian 3 chiéu, dim (Ry)= 3.

5.4.2. Co s6 cua khong gian n chieu

Trong khong gian n chiéu, s6 vecta ddc 1ap tuyén tinh c¢é thé cé
khong vuot qud n. Tu d6 1a di dén dinh nghia sau :

Pinh nghia 5.4.2. Trong khong gian n chiéuV moi ho gém n vecto
doc 1dp tuyén tinh goi la mot co so cua V.

Thi du 5.4.2. Trong khéng gian Ry o thi du 5.4.1 moi ho gém ba
vecto khong déng phang 1a mét co sé clia nd.

5.4.3. Nhirng tinh chat vé co s va so chiéu

1. Trudc hét ta xét mot bé dé.

BG dé 5.4.1. Gid siV la mot khéng gian vecto, T = {yy, ..., y,} la
mdt ho gém n vecto doc ldp tuyén tinh ciaV, S = (x|, ..., xq} 1a mét
ho gém m vecto ciaV va sinh raV.Thé thi n <m.

Ching minh : V1§ sinh ra V nén

Y| = ap Xy + o+ Ay X
Yy = appXy + e+ Aoy
Yo = QipX| + e + Gpp X

Xét he phuong trinh tuyén tinh ma 4n 1a ¢;:

ap€y + ...+ ac, =0
e oo+ ayc, =0

[am,q + ...+t a8naCy = 0
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N&u n > m thi hé thuan nhat ndy c6 sé phuong trinh it hon s6 an,
do dé né c6 nghiem khang tim thuong, nghia 1a tén tai n s6 thuc ¢,
khong dong thdi bang O thoi man m dang thitc trén. Nhan dang thiic
th nhat v4i x,, dang thic thit hai véi x,..., dng thifc thit m vdi x,, réi
cong lai ta dugc

(ayjep + .o t @yem)x + oot (@mcy + o+ agpcp )xg, =0
hay la

aayx) + ...t ag X))t toglagxy .. +tapgxy) =0,
nghia la cé
ay +..tepy, =0,
véi cdc ¢; khong déng thoi bang khong. Diéu nay trdi gia thigt néi
rang ho T doc 14p tuyén tinh. Vay n < m.

2. Bay gid ta phat bi€u va ching minh mot s6 tinh ch&t quan trong
vé co sd va s6 chiéu cia khong gian vecto.

a) Dinh i 5.4.1. Gid suV la mot khéng gian vecto, S = {fy, ..., fi}
la mét ho gom k vecto cua'V.

Néu S sinh raV va doc Idp tuyén tinh thi V la khong gian k chiéu
va S la mot co so cuaV,

Chimg minh : Gia suT = {e,, ..., 5} 1a mot ho gém p vecto doc
1ap tuyén tinh cia V. Theo b6 dé 5.4.1 thi p < k. Do d6 k 12 s6 16i da
céc vecto doc lap tuyén tinh cua V. Vay theo dinh nghia 5.4.1, k 1a s6

chiéu ctia V. Sau d6 thi S ¢6 £ vecto doc 1ap tuyén tinh nén theo dinh
nghia 5.4.2 thi Slamoét casocua V.,

Thi du 5.4.3. Xét céc vecta i = (1, 0) va j = (0, 1) cha R>.

Ho (i, ) sinh ra R? theo thi du 5.2.8. N6 doc 1ap tuyén tinh theo
thi du 5.3.1.

Vay R% c6 56 chidu 12 2 va ho {i, j} 12 mot co s8.
Thi du 5.4.4. Xét cdc vecta x = (1, 2) va y = (1, 1) cta R”.

Ho {x, y} sinhra R theo thi du 5.2.10. N6 doc 1ap tuyén tinh theo
thi du 5.3.2.

Vay R% ¢6 56 chidu 12 2 va {x, y]} 1a mot co sb.
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Thi du 5.4.5. Trong R" xét ho vecta
B= (e, es, .... 04}
e,=(0,..,0,1,0, ...,0)
i
Ho B sinh ra R" vi moi x = (x,. .... x,) € R" ¢6 thé viet
x=xqe + ... +xe,
Ho B d6c 14p tuyén tinh vi diéu kién (5.3.1) viét
crey + ... +cpey =(0,0,...,0)
tic la €1=0,c0=0,..,¢c,=0
Vay dim(R") = n v B 1a mét co sd.
b) Dinh nghia 5.4.3. Co so trong thi du 5.4.5 goi la co s6 chinh
tdc cia R".
Thi du 5.4.6. Trong khong gian P, cac da thitic ¢6 bac nho hon
hay bang », xét ho

B={L1n ..M}

Ho nay sinh ra P, vi moi da thic p c6 bac khong 16n hon n déu
viét & dang

p=a,+ay +ax® +..+ay", a;€ R
Ho B nay doc 14p tuyén tinh vi diéu kién
ot et + .. +cgt" =0,V1

chifng 16 phuong trinh nay c6 vé s6 nghiém, diéu dé chi cé thé xay ra
khi ¢, =0,¢; =0, ..., ¢; = 0 (vi mdt phuong trinh bac nhé hon hay
bing n véi it nhdt mét he s6 khic 0-c6 nhiéu nhét 1a » nghi¢m) (xem
thém 2.6.5 va 2.6.6).

Viy dim(P,) = n + 1 va B1a mot co sd cua P,.
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Co $3 nay 201 13 co 56 chinh tdc cha P,,.
Co s& chia mot khong gian vecto con ¢6 dac diém quan trong sau :
V la mét khéng gian vecto

S={fi. ... fu) Ia mpt ho gom n vecto cua V.

c)Pinh li 5.4.2.

Néu 'V la khéng gian n chiéu va S la mot co s thi moi x € V ¢é
biéu dién duy nhat :

x=cfy + ...+ f, (5.4.1)
d) Dinh li 5.4.3.

Néu moi x € V ¢6 biéu dién duy nhat (5.4.1) thi V la khéng gian
n chiéu va S la mot co sd.

Chimg minh dinh Ii 5.4.2 - Gia sit V 1a khong gian n chiéu va S 1a
mot cd sd cia V. Lic d6 ho S déc 1ap tuyén tinh va moi ho gém n + 1

vecta cia V 1a phu thudce tuyén tinh. Xét x bat ki cua V. Ho {x, f;, ..., f,}

gém n + 1 vecta nén phu thudc tuyén tinh. Do d6 ton tai céc s6 c;
khong ddng thoi bing O dé

cxtafit..tceyfy =0

¢, # 0 Vi néun ¢, = 0, thi ton tai cic s6 c; khong déng thoi bing
khong dé

cfito.tegfn=0
diéu nay trai véi tinh chat S 12 doc 1ap tuyén tinh. Do dé

‘= [_] fibe {_] f
L) Co

Vay moi x € V ¢6 biéu dién (5.4.1). Ta chiing minh biéu dién dé
1a duy nhat. Gia sit c6 hai biéu dién cho x:

x=qfi +..+cpf;
x=cifh+..tecpfn
thi c6 (€1 = )y + ot (g = Ca)fp = 6.
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Vi ho S doc 1ap (uyén tinh nén dang thic nay chi xay ra khi
! ‘ci =0,..,¢ —0;1 =0
tde 1a a = c;, v €y = c',,.
Vay biéu dién (5.4.1) ciia x 1 duy nhat.
Chung minh dinh li 5.4.3.

Bay gid gia sir moi x € V ¢6 biéu dién duy nhat (5.4.1). Do d6 S
sinh ra V. Ta ching minh thém ring S doc lap tuyén tinh. Xét biu
dién (5.4.1) ciia phin ti khong cua V :

0fy +...+0f, =6
Biéu dién nay la duy nhit. Do dé diéu kién (5.3.1) viét

aqfi twtegfy =86

chi xay rakhic; =0, ..., ¢, =0. Vay ho S doc lap tuyén tinh. Tém lai
S sinh ra V va § doc 14p tuyén tinh, nén theo dinh 1i 5.4.1, V 1a khong
gian » chi€u va S 1a mot co sd cua V.

d) V 12 moét khong gian n chiéu
S={u.,uphuy} cV (5.4.2)

Ta hiy tim diéu kién dé S doc 1ap tuyén tinh tic 12 diéu kién dé S
1a mét cosdcha V.

Gia sit B = {vp, vy, .., vy} 12 mot co 53 nao d6 cia V vd uj,
J=1.2, ... ncé phan tich :
llj = uljvl + M2jV2 + ...+ llnjV” (5.4.3)

Diéu kién dé ho S doc 1ap tuyén tinh 1a

Ciy ¥ Cy + ...+ c,u, = 0 (5.4.4)
chi xdy ra khi ¢; = ¢ = .. = ¢, = 0. Vi u; c6 phan tich (5.4.3) nén
diéu kién (5.4.4) c6 nghia la hé

Ac=0
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Uy 4y .- Uy q
_ | M My Mo (€2 (5.4.5)
Uy Yy --- Uy ‘f‘n

chi c6 nghiém tdm thudng. Vay ¢é

Dinh Ii 5.4.4. Diéu kién cdn va di dé S doéc lip tuyén tinh la
det (A) #0.

Ta suy ra hé qua sau :

Pinh li 5.4.5.V la khong gian n chiéu. Muon cho ho S 0 (5.4.2) la
co s cuaV diéu kién cdn va di la det (A) = 0,-A xdc dinh bai (5.4.5).

Thi du 5.4.7. Xét ba vects thuse R

uy=(1,2. 1), us=(2,1,4), u3=(3.2,1).
Ta lap ma tran A :

1
A=|2
1

Ho~ N

3
2
1

Ta c6 de(A) = 14 0. Vay ho {u, up, u3} doc lap tuyén tinh.
Ngoai ra ta xét thém mét tinh chét nita :
Gia sir V 12 mot khong gian # chiédu. Xét
S= {v,, V9, e vr} cV
}a mot ho vecta doc lap tuyén tinh.
N&u r = n thi theo dinh nghia 5.4.2, S1amot cosdcna V.

Néu r < n thi ta cé thé mé rong S thainh mot co s cho V, cu thé 1a
ta c6 dinh li sau :

Pinh li 5.4.6.V la mét khéng gian n chiéu ; néu S = {"l ....,v,} cV

la mét ho déc 1dp tuyén tinh va r < n thi ¢é thé tim dupc n — r vecto

Vrg1seeesVp S0 €ho ho {Vy.cy Vpo Vpyysenvy | 1a mot co s clia V.
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K&t qua nay c6 thé ching minh bing phuong phdp quy nap toin
hoc. Sau day 1a mot thi du minh hoa.
Thi du 5.4.8. Trong khong gian Ry & thi du 5.4.1, 5.4.2, ¢6 s6

chiéu n = 3, hai vecto khéng déng phuong 1a déoc 1ap tuyén tinh. Néu
ta thém vao hai vecto dé vecto thit ba khong déng phing vdi ching
thi dugc mot co s cia Rj.

5.4.4. Lai néi vé hé phuong trinh tuyén tinh téng quat
Xét hé phuong trinh tuyén tinh gdm m phuong trinh » 4n :
ay Xy +appxy + .t ayx, = b
+ Gy Xy F oA Ay X, =
aypxy +aypx; ay, %, = by (5.4.6)

x| +ayrxy + ...t ay,x, = b,

Ma tran heé s6 cua hé 1a

dayy adyp --4qy,

ajyy dyy .. a
e L Y W

Ay G2 -+ Qp

(K hiéu tugng trung A; chi vecto c6t thii j cha ma tran A).
Ma tran b6 sung ciia he Ia

A=A Ay, s Ay B]

vl
alj b]
Dj by
A j =1, , b= E
Ay by

He (5.4.6) c6 thé viét & dang vecto
X]Al + X2A2 +..+t I"An =b
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Viay :
Néu he c6 nghiém thi b € span {4, ..., A, }
Nguoc lai, néu b € span {AI, ... Ay thl hé cd nghiém.

Do 46 ¢6 : :
Pinh li 5.4.7. Diéu kién cdan va di dé hé (5.4.6) c6 nghiém la
b € span {A,. s Ay

BAI TAP : 5.19 ~ 5.23.

5.5.SO CHIEU VA CG SO CUA KHONG GIAN CON
SINH BOI MOT HQ VECTO

5.5.1 Mg dau
Gia stV 1a mét khong gian vecto va

S= {u,. i, ...‘up}c 1%

Theo dinh 1i 5.2.2 thi § sinh ra mot khong gian con W clha V. Bay
£i0 ta tim s6 chiéu va co sd cua W.

5.5.2. Hang cva moét ho vecto
Dinh nghia 5.5.1. Xét ho S = {u] A up} c V. 86 161 da cdc vecta doc

Idp tuyén tinh c6 thé rit ra nr S goi la hang cia ho S va ki hiéu la n(S).

5.5.3. Cich tinh hang ciia mét ho vecto bing bién déi sa cap
Ta trinh bay phuong phap nay thong qua mot thi du.

Thi du 5.5.1. Trong R xét ho
S = {u. 1, m3, 4} R
vai ¥y =(1,3,0), uy =(0,2,4)
uy=(1.5,4), ug=Q,1,-4).
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Ta lap ma tran A ¢6 4 hang 13 4 vecto trén :

1 3 0

- 0 2 4
A=

1 5§ 4

1 1 -4

16i dung cdc bién déi so cdp vé hang d€ dua A vé dang bac thang
(xem 3.5.2) :

1 3 0 1 3 0 1 3 0
0 2 4 0 2 4 01 2
A= - - =y
1 5 4 0 2 4 000
I 1 4 0 2 4 0 00

Nhan xét 1. M8i phép bién d6i so cdp vé hang khong thay déi span
cla cdc vecto hang cia ma tran A.

Chimg minh : Gia sit phép bi&n déi s cap bién ma tran A cé cac
hang 12 4, uy, 43,44 thainh ma tran A’ c¢6 cidc hang la
u'y, u'y, u'y, u'y. NEu phép bién déi so cip la phép nhan mot hang
voi mot s§ khdc khoag hay phép cong mot hang véi boi chia mot hang
khdc thi 'y, u'y, u'3, u'412 cdc 8 hop tuyén tinh cia uy, uy, uz, uy.
Mat khiac mbi phép bién déi so cdp déu cé phép bién dbi nguge ciing
12 bién d8i so cap bién u'y,u's, u'y, u'y tro lai thanh up, uy, 3, uy,
nghia 12 u, uy, u3, u4 ciing 13 cdc té hop tyén tinh cha u'y, u'y,
u'y, u'y. Vay

span{uy, up, uz, ug) = span{u’y, u'y, u'y, u'y)

Nhdn xét 2. Trong dang bac thang U cac vecto hang khdc khong 12
ddc 1ap tuyén tinh.

Ching minh. Xét thi du 5.5.1. Ta thdy trong ma trdn U c6 hai
vecty hang khic khong 1a
uy=(1,3,0)vauy=(0,1,2)
Pé ching minh chiing doc 14p tuyén tinh ta xét diéu kién
auy + iy = 0
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Diéu kién nay tuong duong vdi

ley +0cy =0
3¢ +1cp =0
Oc +205 =0

tic 1a ¢;= 0, ¢y = 0. Vay u; va uy doc 1ap tuyén tinh. Trudng hop
16ng quat, cach chimg minh I3 wong tu.

Vay cé

Chi y 5.5.1. Hang ciia ho vecto S C 'V = R" bdng s6 vecto hang
khdc khéng cia ma tran bdc thang U suy nt ma tran A bang cdc bién
doi so cdp vé hang.

Trong thi du 5.5.1 ho S ¢6 hang bing 2.

Tir cac chii y 3.5.1,3.5.2 va 5.5.1 tasuy ra

Chi y 5.5.2. Hang ciia ho vecto § ¢ V = R™ bdng hang ciia ma

trdn A thanh ldp tw 10a do cua cdc vecto cua ho S xem la cdac hang
ctia A hodc xem la cdc cot cua A.

5.5.4. So chiéu va co sé cua khéng gian con sinh bdi moét ho vecto

1. V1 s6 16i da céc vecto doc 1ap tuyén tinh cta ho S bing hang r
clia n6 nén ta cé thé suy ra

Dinh li 5.5.1. V 1a mét khong gian vecto
S= {Ul, ...,MP} cV

Thé'thi W = span(S) la mét khong gian con cuaV ¢é sé chiéu bing
hang r cua S va moi ho r vecto déc 1dp tuyén tinh rut tir S 1 mot co
socuaW.

Chitng minh : Gia st §' = {u'), u'y,...u';} g6m r vecto doc lap
tuyén tinh rit tir S (vi bao gid ta ciing c6 thé danh s6 lai cic vectd ciia
S @¢ c6 - vecta ddu 1a déc lap tuyén tinh) lic dé

span(S") = span(S) = W.
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Vi S§’ doc lap tuyén tinh va sinh ra W nén theo dinh 1i 5.4.2, W ¢
s chiéu 1a r. Sau dé moi ho gém r vecto doc lap tuy&n tinh rit tr S la
mot co sd cha W theo dinh nghia 5.4.2.

Thidu 5.5.2. Xét ho {uy, uy, u3, us} R? & thi du 5.5.1. Theo két
qua di thu duge & d6 thi ho nay sinh ra mét khéng gian con ciia R’
c6 s chiéu bang 2 va {4, up} 1a mot co sd.

2. Bay gid gia sir V 1a mot khong gian n chidu va S = {vl ,...,vn} cV.
Néu S doc lap tuyén tinh thi S 124 mét co s& cia V theo dinh nghia

5.4.2. clia ca s0. Ta ¢6 thém : N€u S sinh ra V thi S ciing 12 mét co s8
cia V, nghia la ta c6

Pinh li 5.5.2.V la khong gian n chiéu va
S= {vl, vn} c V. Néu SsinhraV thi §la mét co so cuaV.

Chitng minh. Ta c6 span(S) = V. Gia su hang cua S la r. Theo dinh
1i 5.5.1 thi r 13 s6 chiéu cia span (S) tic 1a cua V. Vay r = n. Do dé
he S doc lap tuyén tinh va vi vay né la co sdcua V.

BAI TAP : 5.24 — 5.30.

5.6. TICH VO HUGNG VA KHONG GIAN
CO TICH VO HUONG

5.6.1. Mo dau

Tir trudng phé thong ta d3 hoc khdi niém do dai cha mét vecto
hinh hoc va sy vuéng géc cua hai vecto hinh hoc. D6 1a nhing khai
niém rat quan trong. Nay ta tim cidch suy rong cdc khdi niém d6 cho
nhilng vecto cia moét khong gian vecto.

Ta bat ddu tir khii niém tich vé huéng.
5.6.2. Nhdc lai tich vé6 huéng cua hai vecto hinh hoc (xem 4.6).
Tich v6 hudng ctia hai vecto hinh hoc a va b 1a mot s6 thuc, ki
hieu 1a <a, b>, xic dinh bdi
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<§,B>=[E|,|B| cost

trong dé
|a| 12 d6 dai cia a b
S T -
|b|ladoda1cuab 5 s
ala géc giita a va b (hinh 47) Hinh 47

Dua vao dinh nghia d6 nguoi ta da ching minh duge cic tinh chét
sau cua tich vo huéng

(1) <&, b> 13 mot s8 xdc dinh d6i v6i moi vecto @, b

) <a.b>=<b,a>

(3) <a+ B, >=<a, >+ <B, &>

(4) <kd,b> =k <@, b>

(B5)<a,a>20va<a,a>=0« a=86.

Tir dinh nghia ctia tich vo hudng cta 2 vectd ta ciing suy ra
|a| = J<a.a>

Dua vao cic tinh chét d6 ngudi ta ching minh duge cdc biéu thikc
toa d6 cua tich vo hudng :

Trong Rz. néu a = (a;. ay), b= (b, by) thi
<d,b> = ajb) + azb,
va trong R :
Néu @ = (ay, ay, a3), b = (b,by, b3) thi

<@, b>= ayby + azby + ayby

5.6.3. Tich vaé hudéng trong khéng gian vecto va khang gian c6
tich vé hudng
N6 la suy rong cia khdi niém tich v6 huéng cia hai vecto hinh
hoe, can ¢ vao nhiing tinh chat (1) = (5) & 5.6.2.
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Dinh nghia 5.6.1. V la mét khéng gian vecto, u va v la hai vecto
cua V. Tich vo huong cua u va v la mér sé thuc, ki hiéu la <u, v>,
thod man cdc tinh chdt sau goi la cdc tién dé cua tich vé huang :

TVH!  <u, v> xac dinh d6i vdi moi capu, v e V
TVH2 <u,v>=<v, u>

TVH3 <u+ v, w>=<u, w> + <v, w>

TVH4 <ku,v> =k <u, v>

TVHS <u,u>20va<u,u>=0u=6

Khoéng gian vecto V cé trang bi mot tich vo hudng goi la khong
gian ¢o tich vo huéng. Khéng gian n# chiéu cé tich vo hudng goi 1a
khéong gian Euclid.

Thidu5.6.1. Trong R" v6i u= (u. vy, ..., u,)

V= (vl, Vo, e vn)
thi biéu thitc tuang tu bién thirc toa do cla tich vé huéng trong R% va
3 N
R sau day
U v =+ Uzvy + ...+ u,.v,

thoa man t4t ¢4 cdc tinh chat TVH1 — TVHS3, cho nén né 1a mot tich
v6 hudng clia R" :

<U V> I= uV HUpvy F Uy, (5.6.1)

Dinh nghia 5.6.2. Tich vé huong (5.6.1) goi la tich vé huong
Euclid trong R".

Thi dy 5.6.2. Trong khong gian vecto cic ham s8 lién tuc trén
[a, b], tic l1a C {a, b] (xem thi du 4.1.3), thi tich vé hudng cla hai
ham f va g c6 thé dinh nghia bai

b .
<.8> 1= [ f(0)g(xd

Ciéc tién dé TVHI-TVHS déu tho2 man.
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Chi y5.6.1.

Tir cdc tién dé TVH1 — TVHS ta suy ra thém cdc tinh chat sau :
<0, v>=<v,0>=0
<u,v+w>=<u,v>+<u w>

<u, kv> = k<u, v>

5.6.4. Do dai cua vecto
Ta d3 biét :

Trong R°, @ = (a1, a5. a3) thi do dai ciia a 12

lal = Vat + @3 +a} =<a,a>"?

Suy rong ¥ d6 ta ¢6 khai niem do dai cua vectc trong khong gian
vecto ¢o tich vé huong.

1. Dinh nghia 5.6.3. V 1a m6t khéng gian cé tich vo huéng vau e V
thi s6 (khong am) lull xdc dinh boi

hell = <, u >1/2

goi la d¢ dai cua vecto u.
Chiiy 5.6.2. DO dai cla u ciing goi la chudn cha u.
Thi du 5.6.3. Trong R, u = (uy, uy, ..., u,) tacé

{/2
bl = (u? + w3 + ...+ u2)
goi la dé dai Euclid cia u € R".
2. Bdt ddng thiic Cauchy - Schwarz (C-S)

Néu u va v 1a hai vecto trong mét khong gian ¢é tich vo hudng thi
cé bat ding thiac Cauchy - Schwarz

|<aa, v>| < el v (C.S)
Chitng minh. Truong hop c6 mot vecto = B, gia sit u = 6 thi
<u, v>=0, ful =

nén bat dang thuic trén thoa man.
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Truimg hop « # 8 va v # 8thi theo tién dé TVHS ta cé

<tu+v,tut+tv>20,Vre R.
Do d6

<u, w>t* + 2<u, v>r + <v, v> 20,¥1re R

hay ﬂuﬂ2 1 + 2<u, v>u+ Mz 20,vre R.
V€ trai 13 mot tam thic bac hai ddi vdi ¢ c6 biet s6 1a
<u, v>° ~ Julf WP
Vay phai cé

<u, v>2 —Iluﬂ2 ﬂvh2 <0
Tir d6 svy ra bat ding thic (C-S)
Thi du 5.6.4. Ap dung b4t ding (C-S) vio

u=(u,u,...,u,) vav= (v, vp,..,v,) trong R" véi tich v6 huéng
Euclid ta duoc

(vy + vy + ... + v, < (ul2 +1d v+ uﬁ)(vf +vi 44 vﬁ)
3. Tinh chat cua dé dai. Do dai cha vecto c6 cac tinh chit san :
Ly D 20
L, li=0eu=8e
Ly Ml = li| o
Ly, o+ vl < e + ol

Cic tinh chit L;, L,, L3 d& th&y tir cac tién dé cua tich vo hudng
va dinh nghia cta d9 dai. Ta ching minh tinh chat L.
Theo dinh nghia
"ll+V"2 =<u+v,u+v>
= <u, u> + 2<u, v> + <y, v>

< <u, u> +2|<u, v>| +<v, v>
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Theo b4t dang thitc C - S thi
\< u, v >| < full Ivf
Do d6
e -+ o < bl + 20l Il + P
< (lall + Il

Tir d6 suy ra L.

5.6.5. Khai niém khoang cach

Né&u ta xem méi phén tir clia khéng gian vecto 1a mot diém (xem chii
y 5.1.4) thi ta c¢6 thé dua vao khai niém khoing cich (xem hinh 48) giita
hai diém y, v :

d(u,vy: = fu -l
Khodng cidch d(u, v) c6 céc tinh chat B
D, du,v)20 -
Dy, du,v)=0&su=v V
D3y d(u,v)=d(v, u) 0 T A
Dy  d(u, v) <d(u,w) + d(w, v) Hinh 48

B4t dang thic D, thwong goi 12 bdt ddng thiic tam gidc.
Cic tinh chat Dy, Dy, Dy suy tir Ly, Ly, L3.
Dé cé D, ta viét
u-v=u—-—wtw-v
Nho L4 ta2 suy ra
b~ vl < — vl + T — ol
D6 chinh 12 D,.

227



5.6.6. Su vuong goc cua hai vecto

Trong Ry ta c6 <a, B):]&H[Slcosa.

Do d6 khi <d. b> = 0 ma |d| =0, |b| 0 thi cosa = 0 nghia 1a
avuoéng, a L b. Trong trudng hop téng quét ta cé khii niém vuéng
goc nhu sau :

{. Dinh nghia 5.6.4. Trong mét khéng gian c6 tich vo huong hai
vecto u va v poi la truc giao néu <u, v> = 0.

Hon nira, néu « true giao véi moi vecto clia mot ho W nao d6 thi
néi u tryc giao véi W.

Chi y rdng sy tryc giao cla hai vecto dinh nghia nhu vy sé phu
thuoc dinh nghia cia tich vo6 hudng. Hai vecto cho trudc cé thé
tryc giao theo tich vé hudng nay ma khong truc giao theo tich vo
huéng khac.

2.Thidu5.6.5. Trong Py xét tich vo hudng

1
<p, g> = _[ p(x)g(x)dx.
-1

Xét p=x,q=x2
\ 172
thi cé ||p||=<}),p>l/2= J'x.xdx = -i—
-1
1 1/2
_ 12 _ 2 2 _ {2
Hq"—<q‘q> = Jlx . x“dx =3

<p,q>= j‘xxzd.x = jx3dx=0‘
-1 -1

Vayvectop=xvag= x* cha P 1a hai vecto truc giao theo tich vo
huéng dinh nghia & trén.
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5.6.7. Ho vecto truc giao

1. Dinh nghia 5.6.5. Mot ho vecto trong khong gian cé tich vo
huong goi la mét ho triuc giao néu bat ki hai vecto khdc nhaun nao ciia
ho cing truc giao.

Mot ho vecto trire giao trong d6 moi vectd déu c6 chudn 11 1 goi 1a
mot ho truc chudn.

Thi du 5.6.6. Xét céc vecto trong R’

' 1 1 1 1
v (Oq 1) 0) vV = [_—| Oy _-—]v vy = {_$ 0\ - —-]
' R OV RN R WY 2
Ho S = {v, v, v;} trong R’ véi tich vo6 huéng Euclid Ia mot ho
truc chudn vi

<V, ve> =0, <vp, 13> =0, <v3, vy> =0

Piki= 1 fall = 1 ol =1

2. Chudn hod mét vecto. Néu v 1a mot vecto khiac khong trong
khong gian c6 tich vé hudng thi

1 v ¢6 chuin la 1.
il
That vay

1

=Hv—""v"= 1.

fir
vl
5.6.8. Qua trinh truc giao hoi cha Gram-Smidt

Dinh I 56.1. V Ila moét khéng gian c¢6 tich vo huong,
S = {ul, 8, .., um} la mét ho vecto doc lap tuyén tinh cuaV.Ta cé
thé thay S bdng ho truc chudn

§' = {vl, V34 ors Vi }
sao cho khi ki hiéun Sy = {uy,.., up}, St = {v, ...y} thi

spanS§; =spanS', k=1.2,....m
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Chung minh

Budc 1. Trudc hét ta dat v = uy /[y ﬂ

Nhur vay |v] = 1 va span S, = spanS§",.

Buoc 2. Tim v, sao cho ho {v, v;} trge chuin. Mu6n the ta dat

va chon f sao cho
<vy, > =0, tifc 1a <y + v, v)> =0

<uy, >+t <vy, v1>=0.

Véy t = —<uy, v1>/"v1 "2 = "<112, v >.
Do 46 Vz =u2—<u2,v,> vy.
Sau dé dat

1 _ uy —<ihy , V) >

Vy = == = .
TR e v

Puong nhién uy—<uy, vi> v #0 Vi néU h— <y, > vy =8
thi '
Uy = <us, >y = M )]
A
nghia 13 », va ¥ khong doc lap tuyén tinh, diéu ndy tréi véi gia
thi€t. Vay {v,v,} = §'; truc chudn va span ', = span 5. ’
" Buoc 3. Gia sir da xay dung duge ho tryc chuin
S'k-1 = (v v e vt}
ma span S§; =spanSY 1</<k-1.
Ta x4y dung ti€p v, dé cho ho
8% = v e vie v )
13 ho tryc chudn va span §'; = spanS;. Mu6n th€ ta dit

vk = Uk +f]V1 +I2V2 + ...+fk_] V‘_l
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vachon cic 1, j =1, ..., k — 1, sao cho
<V V> = 0,j=1,2,...k-1
Diéu kién ndy viét

<up,v;>+ <y, vi>= 0

J=1,2, k-1
Ta suy ra

Ij = =<y, Vj>,j= 1,2, ...,k— 1
Do d6 v, duoe x4c dinh
Vk S Uy —<Up N>V — = <UpVp_ 1> V-
Sau d6, ciing nhu & budc 2, v, khong thé bing 6. Dat

v 1 v Uy — <y, Vl> V| = .. =<, V> Vi
k= 3= =

Vk || * ﬂuk — <u, Vl> V= e~ <Ug, Vy_1> Vk,_ln-

Tié€p tuc qua trinh d6 cho t6i khi k = m ta duge ho
S'= {Vl‘ V4 e vm}
gém m vecto truc chudn, span$; =span$'; . k=1,2,...,m
Ta néi S’ ¢6 dugc tir § bing tryc chudn hod Gram-Smidt.
Thi du 5.6.7. Cho trong khong gian Euclid R’
S = {uy, 1wy, w3}
wp = (1,1, 1), uy = (0, 1, 1), 3 = (0, 0, 1.
Hay tryc chudn hoi Gram-Smidt ho vecto {u;, 15, u3}.
Loi gidi -
Buoc 1 : Dat
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Buoc 2
Uy — <y, V{>W

||u2 <u2, V1>V1 !]
Uy — <M2,V]>V1 = (0, 1, l) - E[”\/“g‘, \/_g‘, '\/‘?]
_ (_3 1 l]
33" 3
3 2 1 1 1
Va - = .
MG VG[ 33 3] { o' 6J

Buoc 3
Uy — <Uy, V> vy —<uy, > V)
V3 =

ey — <rs. vy > vy — <uz, vy> v,

= Uy — <y, 1f|>' V) —<U3, V>V =

ooy -L(L L 1) L2 1 1)
b ) J3‘ J3‘!J§1J3‘ 6 Jgt 6’ 6
=[Q_Ll}
22
1 1 1
Vay v3—\[’."[0,—5.5]—[0.— —2]

Tém lai

tao nén ho S truc chudn trong khéng gian R’ véi tich vo huéng
Euclid va span S’y =span §; (k= 1, 2, 3).
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5.6.9. Tinh doc lap tuyén tinh ciia mot ho vecto truc giao

Dinh Ii 5.6.2. Néu S = {v, vy, ..., v,,} la mét ho truc giao c.ic

vecto khac khong trong mét khéng gian co tich vo lutong thi S la doc
lap tuyén rinh.

Chimg minh : Gia s
avy oy ..ty =6

Mué6n ching minh $ 1a doc 14p tuyé&n tinh ta phai chimg minh ring
tir dang thic tréntasuyra ¢; = ¢ = ... = ¢, =0.

Nhan vo huéng hai v€ clia ding thic véi v; ta duoc

¢ <vj,vi>=0

Vi <v,v;>=0khij#i Tasuyra ¢;=0v6imoii=1,2,..,mvi
<v;, vi>=v; ||2 # 0. Vay ho S doc 1ap tuyén tinh.

Ta c6 h¢ qua cia dinh li 5.6.2 va dinh nghia 5.4.2 nhu sau :

Dinh li 5.6.3. Trong mor khéng gian Euclid n chiéu moi ho
S ={v. ..., v, } gom n vecto khdc khong ma truc giao déu la mgt co sé
cua khéong gian dé.

Dinh nghia 5.6.6. Co s& d6 goi 1a co so truc giao ciia khéng gian
Euclid. Néu déng thoi do dai cia mdi vectg v; bing 1 nifa thi né 1a
malt co s truc chudn cia khong gian Euclid.

Thi du 5.6.8. Ho ba vecto & thi du 4.7.6 12 mét co sd tryc chudn
cua khong gian Euclid R’.

5.6.10. Su ton tai co s& true chuan trong kKhéng gian Euclid n chiéu

1. Dinh li 5.6.4. Trong moi khéng gian Euclid n chiéu khac {6}
déu 1on 1ai it nhdt mot co sé truc chuan.

Chimg minh : Gia sit V 12 mét khong gian Euclid » chiéu khac
rébng va § = {u,. uy, ..., u,,} la mot co s& bt Ki ciia V. Ap dung qué

trinh truc giao hod cia Gram-Smidt (xem 5.6.8, dinb 1f 5.6.1) ta sé
duge ho truc chudn gébm »n vecto
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S‘ = {Vl, Lo T Vn}.

Theo dinh I 5.6.3, $* 12 mot co sd caa V. Viy t6n tai modt co sG
truc chudn cia V.

2. Dinh I 5.6.5. Néu S’ = {v;,n, ..., v} la mét co so truc chudn
cua mot khong gian Euclid V n chiéu thi véi moi u € V ta cé
U=<QU V>V +<U V>Vt U VDY,
Chirng minh : V1§ 1amOt cosdcuaV nén u cé dang
u=cpv v . C,y,.
Nhan v6 huéng hai v€ v6i v;, i =1,2, ..., n, ta duoc
U, Vi>=<vy + ...+, vi> =
=0 <YL, V>t .t <V,
Vi § tryc chudn nén
<Y V> = 0, j=i
<vi, v;> =1.
Do d6 phuong trinh tren don gian di con
<y, v;> =¢;.
Vay u c6 dang cin chiing minh.
3.Thidu 5.6.9. Cho
w0105 <(-403) n=(202)
D€ thdy ring S = {v,v;, v3} 12 mot ho tric chudn trong R? véi

tich vo huéng Euclid. Do dé n6 1a mot co s& triuc chudn cia R®. Hay
biéu dién u = (1, 1, 1) thanh mo6t 8 hop tuyén tinh cita cdc vecto clia
ho §. -

Gidi : Tacb: <u, vi> = 1. <y, v2>=—§. <u, v3>=%
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Vay, theo dinh 1i 5.6.5. thi

7 -
u=v —-;—vz +§v3, nghia 1a

1 4 3 713 4
1, l' = 0$ |O = = ——501—' -~ _IOI- .
L 1LD=0610 5[ 5 s]+ [ ]

5.6.11. Hinh chiéu ciia mét vecto 1én mot khong gian con

1. Truéc hét ta chimg minh mot dinh 1i xem nhu mot bé dé.

Dinh li 5.6.6. Gid su'V ld mot khong gian c6 tich vé6 huing,
S = {v], Y, v,,,} la mét ho truc chudn cdc vecto trong V, W la
khong gian con sinh boi S.

Xét u la mét vecto bdt ki cia V.

Ta ddr

’ Wy =<U, >y + <u, V3> vy + ..+ <U, V)y> Vi
Wy =U— W,
Taco
u=wy+wjy,

trong do

(i) wy € W=span {S)

(if) wy truc giao voi W, nghia la truc giao voi moi vecto cia W.

Ching minh (i) hi€n nhién do biéu thic cia w;. Dé chéng minh
(1) ta nhan vo hudng <w,, v;>, i=1, .., m.

Tacét <wy, v;>=<u~w,v>=<uv;>-<w,v;>=

=<y, v;>—-<u, ;> =0,

Nhu vay, wy truc giao vdi moi v;, i = 1, ..., m, nén dé thdy né
tryc giao voi span (S} = W.

2. Dinh nghia hinh chiéu truc giao -

Dinh nghia 5.6.7. Ta goi w| l1a hinh chi€u tnyc giao cia u lén W,
ki hiéu 1a hchy, u :
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wy = hchyu,
cdn wy = u — hchy,u goi la thanh phan clta u truc giao véi W.

Thi du 5.6.10. Xét khoéng gian R3 (vé tich vo hudng Euchid) va W
la khong gian con sinh boi nhitng vecta truc giao

Vl = (0, l, 0), V2 = (‘%, 0, %]

Hinh chié€u truc giaoctau =(1, 1, 1) lén W 1

hchyu = <u, vi> v + <u, vy> vy

= 1(0, 1,0) + —1[—1, 0, 3)
sL s

5
SER-
25 25

u
Thanh phdn cua u truc giao véi W 1a
4 3

u—hch,u=Q1,1,1)-|—,1,-—

wit = ( ) [25 25] :

= ﬂ‘ 0, 2_8] w
25 25

(Xem hinh 49). Hinh 49

BAI TAP 5.31 — 5.50.

5.7. TOA PO TRONG KHONG GIAN n CHIEU

5.7.1. Khai niém toa dé trong khong gian n chiéu
Dinh nghia 5.7.1. Gia stt § = {v,,...v,} 12 mot co s3 cia khong
gian » chiéu V. Liic d6 theo dinh Ii 5.4.3, moi v € V ¢ biéu dién duy nhat

v=cov ¥eavp +.. 4y, ¢ €R
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Cdc 56 ¢},cy, ..., ¢, goil la cdc toa do cua v déi voi co 5o S.
Vecio
s = (¢}, €2, - Cy)

la mot vecto trong R” va duoc goi 1 vecto toa dé clia v d6i vé6i
co 80 S. Vecto (v)g viét d dang cot dan d€n ma tran

C'lT

)
vls = 1.

€n

1a mot ma trn ¢ n x 1 va duge goi 1a ma 1ran toa dg cha v d6i véi
cosaS. '

Thi du 5.7.1. (a) Chiing minh ring ho S = {v|. v, v3} véi
v =(L,2,1), v, =(2,9,0), v =(3,3,4)
tao thanh mot co so trong R>.
(b) Hay tim vecto toa d6 va ma tran toa dé coa v = (5, -1, 9) d61
vai S.
(c) Hay tim vectog w € R} c6 vecto toa do dd6i vét S la
(w)s = (-1, 3,2).
Gidi : (a) D& nghi ban doc tu lam.
(b) Ta phai tim cic 56 ¢, ¢5, c3 sao cho
v=0v) vy ey
tic 12 (5, -1.9) =¢; (1.2, 1) +¢5(2,9.0) + 5 (3, 3, 4).
Can béang cdc thanh phan & hai v€ ta duge
[ o +2c5 +3c3=5
2c; +9c5 +3c3=-1
| +4c3 =9
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Giai hé nay, ta duoc
Cy =l,(_‘2 =—‘,L‘3=2.

Do d6
Ms =@, -12)
i
lv],g =(-1{.
2

(c) Dung dinh nghia cda vecto toa d¢ (w)g ta ¢d
w = (-1)v; +3vy +2v5 =(11,31,7)

Chi y 5.7.1. Céc vecto toa do va ma tran toa d6é phu thudc vao thiy
W cia cic vecto co sd.

Trong m6t khong gian hiru han chiéu, khi co s& d3 4n dinh thi gida
cfc vecto cita khong gian va cdc vecto toa dé (hay ma tran toa d6) c6
tuong 1ing 1-1.

Thi du 5.7.2. Xér co s S = {1 x. x2} ciia P,.

Xét p=a, +tax+ a2x2 E P
thi (P)s =(a,, a. ay)
a4
[pls =|a |
@

Thi du 5.7.3. Xét khong gian véi hé truc vudng géc Oxyz va xét co
s& chinh tac S = {1, j, k) trong d6

i=(01,0,0),j=(0,1,0), k=(0,0,1)
Khi d6 néu v = (a, b, ¢) |2 mot vecto bt ki thuoce R thi
v=(a,b,c)=a(1,0,00+b(0,1,0)+c(0,0,1)
= ai+bj +ck
Diéu dé c6 nghia la
v={(a, b, c) = (v)g
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N6i cach khic, cic thanh phin ciia mot vecto v d6i vé i mdt hé truc
vudng goc Oxyz cing 13 nhilng toa d6 cia v d6i vdi co sd chinh tic
{1, ), k}.

..5.7.2. Toa 46 trong khong gian Euclid (xem dinh nghia 5.7.1)

Néu S = {v,....v,} 12 mot co s& tryc chudn trong khong gian
Euclid » chiéu V, thi theo dinh 1i 5.6.5 biéu thic cia vecto u € V d6i
véi coso S la

U=<u, V>V +<UV>V FL <Y,V

* T n

Vay ()¢ = [<u, W>, <u, vy>, ..., <Y, v, >)
[ <u, > ]
<u, V2>
va [ulg =1.
<u, v,>

Thi du 5.7.4. Néu

3 4
v =(0.1,0), v, = [—%, 0. %} vy = [—-, 0, —)

thi nhu di nhan xét & thi du 5.6.9, S={v, vy, v3} 12 1 co s& truc

chuin cua khéng gian R véi tich vo hudng Euclid.
Voiu=(2,-1,4)taco

4 22
(wv1) =1, (""’2)=§' (w, v3)=_5_‘
4 22
Do dé ={-1,2,%=
° (s [ 5 5]
.-
4
I =| 4
[ulg :
2
|5
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5.7.3. Biéu thic cia tich vo huéng trong co sé truc chuin cua
khong gian Enclid

Cic cd s& truc chuan déi v6i khong gian Euclid rat tién loi nhu sé
thay duci day.

Gia st S = {e}, €3, ....¢,} 12 mOt co s& tryc chuan trong khong
gian Euclid » chiéu E :
1 i=j
<e,', eJ'> = { . '_’
0 i#j
Xét hai vecto x va ythuoc E. Taco:
XxX=xe ..t xe,, y=yet--+ye,,
nghia la (x)g = (X, X9, ... X)), (Mg = (Vs Y25 e Vi) -
Khi dé

<X, y>=(xje; +..+x,e,,y1e1 + ... +y,2,)

<X, y>=xy +...+x,y, =[x]ig [y]s = [y]; ks 57,1

D6 1a biéu thic toa do cilia tich vo6 hudng <x, y> trong co s3 tryc
chudn S cha khong gian Euclid E.

5.7.4. Do dai va khoang cich trong co sé truc chuan cua khong
gian Euclid

Tir két qua (5.7.1) 3 5.7.3 ta suy ra
bl = < o> = a? + 3 4t o2

d(x, )’) = J(xl - )’1)2 +...+ (xn = Ya )2 -

.5.7.5. Pic diém ciia ma tran déi ximg xem 12 mét todn tir tuyén
tinh trong kKhong gian Euclid n chiéu

Biay gid gia sir S 13 mot co 53 truc chudn trong khong gian Euclid
n chiéu va A 1a mot ma tran vuong cdp » déi xing :
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A=(a;) . a=q
va (x)g = (,xl NS ST x,,)
s = (312 Y20 s )
Dé cho gon ta sé viét x : = [xlgva y : = [yl
Pinh Ii 5.7.1.
Al = A & <Ax, y>=<x, Ay>,Vx,y€ E.

Chitng minh.
1. Theo (5.7.1) ta co

<Ax, y> = (Ax)'y = x’A'y
<x, Ay> = x'Ay
Vay néu A" = A thi <Ax, y>=<x, Ay>. Vx,y € E.
2. Bay gio gia st <Ax, y> = <x, Ay>, Vx, y € E. Tacé
<Ae;, e> = <e;, Aej> Vi, j
Nhung

<Aej, e;> = <ej, Ag;> = aj;, <ej, Aep> = ay;

Viya,; = a;;. Dods A' = A.

BAI TAP 5.51 - 5.56.

5.8. BAI TOAN POl CO SO

5.8.1. Dat bai todn
Trong khong gian vecta n chiéu V, gia s c6 hai co s&
B = (e,e3.....e,)) VA B'=(e'|, e'5,....€",)

Ta s& quy udc goi B la co sa cii va B’ 1a co s& méi.
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Xétv e V. D61 véi co sd Btacod
v=ve tvyey +.tve, (5.8.1)

nghia 13 (v)g = (V. vau o V)

¥
V2
[vlg =]|-
| Vn
P61 véi cosa B’ 1a ¢d
v=vie'y +viye'r +...+v' e, (5.8.2)
nghiala (v)g = (v}, v'y, .., v'),)
o
v
Vg =|.
[ Vi ]

Hay tim lién hé gifra (v)g va (v)p, tifc 1a gitta [vlg va [v]p-.

5.8.2. Ma tran chuyén
Dinh nghia 5.8.1. Ma trdn P thod man
[Vlg = Plvlp (5.8.3)
goi la ma trdn chuyén co so tir B sang B’
Dé c6 P, triube hét 1a viét c4c biéu dién cla e’; trong cosd B.
e’y =pne +pyey ...+ pue,
e's = p1aey + ppey + ..+ ppe, (5.8.4)

e'y = prp€l + paney + ..t pyyep

242



O o
e

nghia 1a
_pll- --pl:ZT -Plnj
) P2 P2y
le1p =1 » leslg =] R S I
Lpnl i Lan_ meu

Thay (5.8.4) vao (5.8.2) ta dugc
v=v'1(p1e] ¥ P1€2 ..+ puey)t
+ via(paey + P+ + ppae,) o+
+ V', (P1p€) + Pop€2 Tt Dypey) =
=PVt v+t ppviye +
+ (pyVy ¥ pppviy o d ppyvigdey + .+
TPVt P2 Tt PV nden
Pa6i chiéu vai (5.8.1) ta suy ra
Vi = ppvtprava et vy
vy = povip + paavis et pav, (5.8.5)

Vp = P"]V'l + Pn2vl2 +..+ pnnl’ln
Cong thae (5.8.5) goira y dat
PLi P12 - Pin

p= P21 P22 -+ P2y (5.8.6)

Pnt Pn2 - Pan

= [¢'1gle'2)p -.[2'y 1
Vér ma tran P d6, cong thie (5.8.5) c6 dang (5.8.3).
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Viy P xdc dinh bdi (5.8.6) la ma tran chuvén co so tit B sung B'.

Ma tran chuyén co s& P c6 tinh chat sau :

Dinh li 5.8.1. Néu P la ma trén chuyén co sé tir co so B sang co
$o B’ 1hi

(a) P kha ddo (tic la P khong suy bién, det (P) =0))

(b) P"" 1a ma tran chuyén co so tic B’ sang B :

Mg =P ' [vig (5.8.7)
Chitng minh : (a) Ma tran P khong suy bién theo dinh 1i 5.4.4.
(b) Vi P khong suy bi&n nén tén tai P~'. Do d6 (5.8.3) cho

(5.8.7). Va (5.8.7) ching 6 ring P! 1a ma tran chuyén ca s& tir B
sang B. .

Chi y 5.8.1. Cong thirc (5.8.3) bidu dién toa dé cii cha vecto v
theo toa d6 mdi cha vecta v.

Céng thitc (5.8.7) biéu dién toa dé mdi clia vecta v theo toa do6 cii
cla vecta v.

Khi c6 mét biéu thifc cia toa d6 ci thi céng thirc (5.8.3) cho phép
chuyén biéu thitc d6 thanh biéu thiic theo toa d6 mdi.

Thidu 5.8.1. Cho cac co sé trong R’
B=le). e;} va B' ={e}, e'5).

Cic vecto viét 0 dang cot :

i o i

(2) Tim ma trin chuyén co sd tir B sang B'
7
(b) Tim [v]g néu v= [2]

Giai : (a) Trudce hét ta biéu din  e') = ¢ + &y
e'y =20y + e

1 2
le'y]g = [1:\ [e'2]p = [1]

Do dé6
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Vay ma tran chuyén cG s& tir B sang B' 1a

(]

(b) Do dé ma tran chuyén co sd tir B” sang B |a

o)

Chiu y ring ma tran nay ciing ¢6 thé tim dugc bing cach biéu dién
ey va ey theo e'( va e'y.

Vi ! -71 +2_0 =7 2 é |’
] >17 g k =Te| +2ey nén [v]p = 2|
Do dé

e = Pl -1 2[7]_[-3

PE ST 2] s)

Sau day la mot két qua nira :

5.8.3. Pinh 1i 5.8.2

Néu P la mét mna tran chuyén co so tie mét co sé truc chudn sang
mét co s truc chudn khdc trong mét khéng gian Euclid n chiéu thi P
la ma tran truc giao, truc giao theo nghia :

PP=1
Do dé
pl=p.

Chimg minh. Gia sit tich v6 hudng trong khong gian Euclid ki hiéu
1a <...>. Khi dé

Infui=j} Infui=j

<e,ej>= . _,<e',-,e'j>= ..
Onéui=j Onéui#j
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Theo (5.8.4) ta cé

N n n H
<elj,e;>=< Eﬂhek- zpljel >= ZZPIuPIj <ep.ep >
k=1 = k=ti=1

n
= <éje;>= Zpk,—p/g
k=1

n - .
Inéui=j

Do dé Pri =
Z‘lpk'pkj {0 néu i # j

Diéu d6 chimg o6 P'P=1.

Thi du 5.8.2. Ap dung vao phép quay truc vuong géc trong mat
phiang, ta xét he truc toa dé vuéng géc Oxy. Quay né di mot géc o
(hinh 50). Mot diém Q cha mat phang cé toa do6 (x, y) d6i vdi he ci
Oxy sé& ¢6 toa do mdi la (x’, y') d61 véi he méi Ox’y’.

Hiy tim hién h¢ gita (x, yy va (x', y).

Gidi : Cac vecto viét d dang cot

B ={ey, €7} y
1 0
ey = , 69 =
Yi-iie
B'={e'1, e} X i
y Y
) cos X
e ) = ) 1 X
[sma} . =< ;
. —sina 0 ) ¥
ey = Hinh 50
coscx

Do d6 ma tran chuyén co sd tir B sang B' 1a

| cosax - sina
P —_ )
SIN.~~ cos

X _p x'| |cosa —sina”
y - y' | sina coso |

Vay cé

o
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Ta suty ra
X =x'cosr— y'sinax
y = X'sinx+ y'cosa
Mat khac, ta tinh duoc

-1 cosol sma
P =y
—SIno  cosd

R& rang pl=p
nhtr dinh 1§ 5.8.2 di khang dinh.
Viay thi du 5.8.2 c6 thé xem 13 mét minh hoa cho dinh 15 5.8.2.

BAI TAP : 5.57 - 5.66.

TOM TAT CHUONG V

Khéng gian vecto trén truong s6 thuc R 12 mot tap V (ma mbi
phan tir quy udc goi 1a mot vecto) véi hai phép toin cOng vects va
nhan vects v6t mot s6 thuc R, thoa man 10 tinh chat (goi la 10 tién
dé cua khéng gian vecto) :

(Dx,yeV=a3x+yeV

2Qyx+y=y+x

G)x+(y+2)=(x+y)+z

(4T e Vsaocho B+x=x+6=1x

6 goi 1a phan 1 trung hoa cia phép +

(5) V@i mdi x € V tén tat —x € V sao cho

x+(x)=(-x)+x=6

—x goi 1a phdn tur d6t xdmg cha x

6)xe V., ke Rthikxe V

(Mk(x+y)=kx+ky, keR

B)Yk+Dx=kx+Ix, kleR

(9) k(lx) = (kD)x

(10) Ix=x
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Tir 10 tién dé trén ta suy ra
(a) Phan tir trung hoa & la duy nhat
(b) Phan ur d&i ximg cda bat ki x nao thuoc V 1a duy nhat
(c)Vxe VtadéducoOx =60
(d) Vxe Viadéucd (-1)x =—x
(e) Vke Rtadéucékf=46
(Hxe V,k e R 1hi
kx = 6=>k=0hoac'x= 6.

Khong gian con : W c V goi la khdng gian con cha V néu vai hai
phép toin trong V, W 1a mét khong gian vecto.

Diéu kién cin va di dé W c V 1a khéng gian con ca V' ]a né khac
rdng va déng kin d6i véi hai phép toin cha V. '
V 1a mot khong gian vecto
S = {x. x3,... x,} €V 1amoét ho vectocia V.
Biéu thic
axy +oxy +..+c,x,, ¢j €R
12 mot vecto € V va duoc goi 13 mér t6 hop tuyén tinh cia ho S.

Tap tat ca cac 16 hop tuyén tinh clia ho § goi 12 bao tuyén iinh ctia '
S, ki hiéu la span (S).

Span(S) 1a mot khong gian con cta V.

Néu span(S) = V thi n6i S sinh ra V hay S 1a mot hé sinh caa V.

Ho § goi la doc lap tuyén tinh néu diéu kién

axy teyxy +..+c¢,x, =0

chixayrakhi ¢; =0, ¢, =0, ..., ¢, =0.

N&u trii lai, t6n tai cdc s6 ¢y, c3, ..., ¢, khong ddng thdi bang 0 dé
c6 diéu kien trén thi ho S goi 1a phu thuoc tuyén rinh.
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Khong gian hira han chiéu

Khéng gian vecig V goi la khong gian » chiéu, n 2 1 n&u trong V
16n tai n vectas doc lap tuyén tich va khong thé t6n tai qua n vecto doc
1ap tuyén tinh.

Tap chi gdbm mot phéan tir trung hoa 8 ciia mot khong gian vecto
nao dé cing la mot khéng gian vecto. D6 1a nhiimg khong gian
khong chiéu.

Cic khong gian n chiéu, n 2 0, goi 12 khéng gian hitu han chiéu.
S6 chiéu cia ching ki hiéu 1a dim.

Né&u trong V tén tai mot s8 bat ki cdc vecto doc lap tuyén tinh thi
V goi la khong gian v s6 chiéu.

Trong mot khong gian n chiéu, 7 > 1, mbi ho gém n vectag doc lap
tuyén tinh goi 1a mot co so cra khéng gian.

V 1a mot khéng gian vecto
S={x;, x5, .., x,}cV

Néu S doc 1ap tuyén tinh va sinh ra V thi V 12 khéng gian n chiéu
va S 1a mét co s4.

Néu V' 1a khéng gian » chidu va S 13 mot o sO thi moi x € V ¢6
biéu dién duy nhat

X =X +09x3 ¥ .0+ 0ux, .
va ngugc lai, néu moi x € V ¢6 biéu dién duy nhit nhu trén thi V 13
khong gian n chién va S 12 mot ¢o s6.

Né&u V 1a khong gian n chi€u va S = {x,..,x,}cV la mot ho
vecto doc lap tuyén tinh va néu r < n thi c6 thé bé sung them n — r
VeCtO X, 1, ..., X, Nifa dé ho

{X)y cors Xpo Xpgp oo X}

lamoétcosdctaV.
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S6 chiéu va cu s0 cva khong gian con sinh bdi mat ho vecto
V 1a mét khong gian vecto
S= {X]‘ XDy sy x,,,} cV

Hang cua ho S la s6 vecto doc tap tuyén tinh i da c6 thé rit ra tir
ho S. Ki hiéu hang cha ho S la r(S).

Hang cia ho § c6 thé tinh bang bién ddi so cap.
dim(span(S)) = r(S).
Khi V 12 mé6t khong gian n chiéu cé co sa B thi trong B mdi vectd
cia ho § € V c6 n toa d6. Hang ciia ho S bang hang clia ma (ran c6

cdc hang la toa d6 cua cac vecta cha S viét thanh hang hoac hang clia
ma trin co cdc cot l1a toa do cia cac vecto S viét thanh cot.

V 12 khong gian n chiéu, § = {x, .., x,} € V. Néu S sinhraV thi §
la mot co sGcua V.,
Tich vé hudng
V 1a mét khéng gian vecto
u,vev

Tich vé huomg clia u va v 1a mét s6 thyc ki hiéu 1a <u, v>, phu thudc u
va v, thoa min 5 tinh chat duédi ddy goi 12 5 tién dé cta tich vé hudng

(1) <u, v> xdc dinh véi moi cap u, vcha V
(2) <u, v> =<v, u>

B <u+ v, w>=<u, w>+ (v, w>

(4) <ku, v> = k<u, v>
BSYy<u,v>20va<u,u>=0u=06.

Khong gian vecto V trong dé tén tai mot tich vo hudng goi la
khéng gian 6 tich vo huong.

Khong gian V n chiéu cé tich vo hudng goi 1a khong gian Euclid.
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NéuV= R", x=(x,...,x,)) e V,y=(v,...¥,) € Vihi
() =¥ +...+x,,

|3 mot tich vo hudng. Ta goi né 1A tich vo hwang Euclid cua R”

Pé daj. V 1a khong gian ¢d tich vo hudng, v € V thi

vl = 1/< uv>.

Vecta v cé Il =1 goi la vecto da chudn hoa.
Su truc giao. V 1a khong gian c6 tich vo hudng
u,ve V.
N6i u va v truc giao néu <u, v> = 0.
Ho vectd S = (v,..., v} €V goi 12 ho truc giao néu
<v,v;>=0.1=)
Ho S goi )a truc chudn néu
0 7=
< V,', \r‘j > = i i
1 1=y
Co so truc giao trong khong gian Euclid 12 mot co sG gébm céc
vectyg truc giao.

Co s truc chudn trong khong gian Euclid 13 mot ¢o s& gém cic
vecto trire chun.

Trong khong gian Euclid bao gid ciing t6n tai it nh&t mot co sa
truc chuin.

Bdt ddng thitc Cauchy - Schwarz

l<u, v>I < llull . Wvll.
Toa do trong khéng gian n chiéu
V 1a khéng gian » chiéu.

S= {Vl, \'2, vavy vn‘ CVlille co 56
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Khi dé moi v € V ¢6 biéu dién duy nhat
V=Vt vyt o
Cic s8¢}, ¢, .., ¢, 201 12 cic toa dj cla v doi V6i co 5T S.
(V)5 = (€1, €90 v ) € R” g0i 12 vecto tog d¢ clia v d6i V6i ca 53 5.
G

[v] = .2 € . M 80112 ma trdn toa do cia v d6i voi co sG S

C"

Néu V 12 khong gian Euclid va S 13 co sd truc chuan thi

Y=<y v+ <Y, Dy L+ <Yy, >y,

nén (V) = (v, v >, <V, vy >, < vy, >)
<wvy >
<v,Vv >
vls =
<vy, >

V 1a khong gian Euclid, § 12 co $& tryc chudn
(u)_( = (a] .02‘ CEETY an )1 (\')S = (bls bo anry b")

<u,v>= "lbl + 02b2 + ..+ a"b".
Bai todn ddi co so

thi

V la khong gian » chiéu

B = ey, ..., e,} lamoét cosd
B'={¢’y, ..., 2", ) lamo6t co sd khic
ve Vihi

Mg = (Vo vye e vy Mg =, v, 0, vy
Tén tai ma tran P khong suy bién dé

(W = PMpg. (Mg =P (v
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theo nghta
g = P0vlg.  Dvlg =P vl

Ma tran P goi 1a ma trdn chuyén co sd tis B sang B’, con goi tat la
ma tran chuyén. N4 viét

P=|[e'11gle'y1p - [¢'y]R]
Né&u V 1a khong gian Euclid # chiéu va

B va B'1a cic co sd truc chuan thi

P'P=1InghialaP ' =P

BAI TAP CHUGNG V

5.1. Trong céc bai tip dudi day nguoi ta cho mot tap cic phan r
goi la vecto, hai phép tinh cong vectg va nhan vecto véi mot s6. Hay
xéc dinh tap nao la khéng gian vecto va n€u ¢cé tap nao khong phai 1a
khong gian vecto thi chi ra cdc tién dé ma tap d6 khong thod min.

1) Tap it ca cdc bo ba s6 thuc (x, y, z) véi cdc phép tinh
Ly, 2)+{x" y. z)=(x+x,y+y,z+ 2"
kix, y, 2) :=(kx, y,2)
2) Tap cdc bo ba s6 thuc (x, y, z) vai cdc phép tinh
Ly, 2)+(x,y,z)=(x+x,y+y,z+12)
k(x, y,2):=(0,0,0)
3) Tap cac cap s6 thyc (x, y) véi cdc phép tinh
(o) +(x,y)=(x+x",y+y)
k(x, y) := (2kx, 2ky)
4) Tap cic s6 thuc x v8i cic phép tinh cOng va nhan théng thudng.
5) Tap céc cép s6 thue ¢6 dang (x, y) trong d6 x 2 O v cic phép
tinh thong thudng trong RZ
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6) Tap cac cap s6 thuc (x, y) voi cac phép tinh
M+, yYy=(x+x'+1L,y+y +1)
k(x, y) = (kx, ky)

5.2. Hoi mdi tap dudi day 13 khong gian con ciia R® hay khéng :

(a) Cic vecto ¢6 dang («, 0, 0) ?

(b) Cac vecto c6 dang (a. 1, 1) ?

(c) Cac vectocé dang (a, b, c) véib=a + ¢ ?

(d) Cac vectocé dang (a, b, c)véib=a+c+1?

5.3. Goi . #5 1a tap cdc ma tran vuong cap hai véi phép cong ma
trin va nhan ma tran v4i mot 6 thuc thong thudng. Ching minh ring
.4l 12 mot khéng gian vectd. Hoi mdi tap dudi day c6 la khong gian
con cla -5 khong :

(a) Cic ma tran cé6 dang

trong d6 a, b, c la nguyén ?

(b) Cac ma tran co6 dang
ab
cd

{(c) Cdc ma tran cdp hai sao cho A = A7

trongdéa+d=0?

(d) Cdc ma tran cap hai sao cho det (A) =0 ?
5.4. Hoi moi tap dudi day ¢ la khong gian con cba C[0, 1] khong :
(a)Ciacfe C[0,1]1sa0chof{x)<0, VYxe [0,1]?
(b) Cic fe C [0, 1] saocho f(0)=07?
(¢)lacfe C{0,1]saocho f{l0)=27
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(d) Cdc f1a hang ?
(e) Cac fe C 0, 1] c6 dang ky + k, sinx, lrong dé k| va k, la cac $& thuc.
5.5. Hoi mai tap dudi day c6 phai la khong gian con clia P5 khong :
(a) Cac da thiic ag + ayx +a2x2 +a3x3 trong d6 ap=07?
(b) Cic da thitc ap + gjx + azx2 + a3x3 trong d6

ag +ay+ay +ay3 =07?

(c) Cic da thitc ag + ayx + a>x2 + a1x> trong d6 ap, a,, a 12 cac
0 1 2 3 g 0 4. a3

s6 nguyén.

Py

5.6. Hiy biéu dién vecto x thanh t6 hop tuyén tinh cba u, v, w :

ayx=(7,-2.15);u=(2,3,5,v=3.7,8,w=(1,-6,1)

b) x = (0, 0, 0) : u, v, w nhu & a).

Ax=(1,4,-7,D:u=(4,1,3,-2),v=(1,2,-3,2),
w=(16,9,1, -3)

) x=(0,0,0.0): u, v, wnhu&c).

§.7. Hay x4c dinh A sao cho x 1a t6 hop tuyén tinh ctia u, v, w :

Au=(2.3,5v=03,7,8).w=0U.-6,1);: x=(7,-2, M)

byu=(4,4,3),v=(2,2,D.w=(4,1.6); x=(5,9,A)

Au=03.4,2),v=(6,8N:x=(9, 12, )

dyu=(3,2,9.v=2.4,ND.w=(561:x=(13,5)

5.8. Hay biéu dién cic da thifc sau thanh t3 hop tuyén tinh cda

=2+x+4x2,p2= 1 ~x—312,p3=3+2x+5x2

(a) S + 9x + 517

(b) 2 + 6x°

()0

(d)2+2x+ '
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5.9. Ma tran nao dudi day 1a té hop tuyén tinh cua

BRI
-1 3 2 4 0 -2
()630 ) -1 7],
Dlosl 51]°
(c)007 @ 6 -1],
00| -8 -8

5.10. Mai ho vecto dugi day cé sinh ra R’ khong

(a) vy = (1. 1, 1), vy = (2,2, 0), v3 = (3, 0, 0) ?
Md)yv;=(2,-1,3),v5=(4,1,2),vy=(8,-1,8) ?

©) vy =3, 1,4), vy = (2, =3, 5), vy = (5, =2, 9), vg = (1, 4, =1) ?

(d) vy = (19 3! 3)! \)2 = (1! 3» 4)‘ V3 = (]s 4» 3)! Vg = (6‘ 2' 1) ?
S.11. Hoi ham nao dudi day thuéc khong gian sinh bai

f= cosx va g= sin’x

(2) cos2x?  (b)3+x°?
©1? (d) sinx ?
5.12. Héi cdc da thirc dudi day c6 sinh ra P; khong

pr=1 +2x—x2, p2=3+12,

p3=5+4x—12, p4=—2+21—2x2?
5.13. Cic 14p sau day la doc lap tuyén tinh hay phu thudc tuyén tinh :
(a) uy = (1, 2) va uy = (-3, — 6) trong R2?
(b) 4y = (2, 3). uy = (=5, 8), u3 = (6, 1) trong R? ?
(©)py=2+3x~22vipy=6+9x -3 trong P, ?

@a=|'lus=|" 3w M ?
= a = rong . K
2 0 2 0 g
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5.14. Cic tap dudi day 1a doc 1ap tuyén tinh hay phu thudc tuyén tinh :
a) (1, 2, 3), (3. 6, 7) trong R> 2

b) (4, =2, 6), (6, ~3, 9) trong R> 2

¢) (2, -3, 1), (3, 1. 5). (1, =4, 3) trong R’ ?

d) (5, 4,3), (3,3.2), (8, 1, 3) trong R* ?

5.15. Céc tap dutn ddy la doc 1ap tuyén tinh hay phu thuoc tuyén tinh :
a) (4, =5, 2, 6), (2. =2, 1, 3), (6, -3, 3. 9), (4, ~1, 5, 6) trong R* ?

b) (1.0,0,2,5),(0,1,0,3,4),(0,0, 1,4, 7), 2, -3, 4, 11, 12)
trong R5 ?

5.16. Tap nao wrong P, dudi day la phu thudc tuyén tinh :
(a) 2 - x + 4x7, 3+ 6x 4 2%, 1 + 10x - 4x° 2
(D)3 +x+x".2—x+50% 4-3222
(€)6~x*. | +x+4x>?
2 2 2 2
(@1T+3A+3x" , x+4 . S5+6x+3x", 7T+2c—x"?
5.17. Tap nao trong C (—e, +e0) dudi day la phu thude tuyén tinh :

(&) 2, 4sin2x. coszx (b) x, cosx ?
(c) 1, sinx, sin2x (d) cos2x, sinzx, cosz_r
() (1 +x)°, x> +2x.3 (f) 0, x, x°

5.18. Tim A thuc lam cho cdc vecto sau diy phu thudc tuyén tinh
trong R :

(.1 1 1 1 11
\’1 = LA,—E‘—EJ, V2 = [—5,/‘\.,~—2-}, \'3 = [—E,—E,A]

5.19. Hay giai thich tai sao cdc tap sau khong phai 1a co s& cilia
khong gian tuong dng :

(@) uy = (1, 2), up = (0, 3), u3 = (2, 7) d6i voi R
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(b) uy = (=1, 3,2), uy= (6. 1, 1) d6i véi R’.

(c)p1=1+x+x2,p2=x—ld6iV6iP2. :

lil 1:‘ [6 0} [3 O]
dA= , B= , C = ,
2 3 -1 4 17

51 7 1
D=  E= d6i v6i .
4 2 29

5.20. Ho nao dudi day la co sd trong R

() (2.1),(3.0) (b) (4, 1), (-7, -8)
(¢) (0,0), (1, 3) (d)(3,9). (4,-12)
5.21. Ho nao dudi day la co so trong R3

(2) (1,0,0),(2,2,0),(3,3,3)

(b) (3,1,-4),(2,5.6),(1,4,8)

(€)(2,-3,. 1), (4,1, 1),(0,-7,1)
(d)(1.6,4),(2,4,-1),(-1.2,5)

5.22. Ho nao dudi day 1a co sa trong P,

(@) L =3x+ 203 1 +x+42%1 - 7x
(B)4+6x+x°, —1 +4x+ 22,5+ 2x — x°
(c)1+)c+)(2,,vr+x2,)r2

(d)—4 + x+3x%, 6+ 5x+ 20, 8 + dx + x°

5.23. Chiing minh rang ho sau day la co s& trong ./,
3 6 0 -1 0 -8 1 O
(a) ) s |- ’
3 =6]'|-1 of|-12 —4]|-1 2
1 ¢1]0 1]|(0 OO0 O
(b) , , .
0 0/ [0 O]|1 Of]|O0 1
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5.24. Xéc dinh s6 chiéu vh mot co s& cua khong gian nghiém clia
cac hé sau

2X|+ X2+3X3:O
1) x|+212 =0
x3+ x3=0
2 3 +x+x3+x4 =0
5X|—12+13—X4:0
30 + xp +2x3 =0
3)‘4Xl+ 5X3=O
L X]'—3X2+4X3=0
‘X]"3I2+ X3 =0
4)724\.’1“'612 +ZX3=0
31] —912 +31’3 =0

.

(20 —4x, + x3+x4=0

x]~—5x2+2X3 =O
5)< -'2.X2—2X3—X4 =0
11+3X2 +.X4=O

[ X =2xy — x3+x4=0

[ x4+ y+2=0
3x+2y-z=0
6)ﬁ2x—4y+ z=0
4x +8y—-32=0
[2x+ y—-2z=0

5.25. Xdc dinh co sd clia cdc khong gian con cla R
(a) Mat phiang 3x ~ 2y + 52=0
(b) Mat phdng x -y =0
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x =2t
(c) Dudng thang ¢{y =1, —oo < < oo
z2 =4

(d) Céc vecto co dang (a, b, ¢), trong dd b=a + c.

5.26. Xic dinh s6 chiéu cia cdc khong gian con cia rR*

(a). Cdc vecto ¢6 dang (a, b, ¢, 0).

(b) Cic vecto c6 dang (a, b, c,d) trongdéd =a+ bvac=a -b.

(c) Cic vectoco dang (a, b, ¢, d) rongdba=b=c=d.

5.27. Xac dinh s6 chiéu clia khong gian con cta Py gém céc da thic

a, +ax+ ayx? + ayx® véia, =0

5.28. Tim mot co sd va 6 chiéu cliia khong gian con cla R’ sinh

bdi cic vecto sau

a)(1,-1,2),(2,1,3), (-1, 5,0)

b) (2,4, 1), (3,6.-2), (1,2, —%)

5.29. Tim mot co s3 va s8 chiéu clia khéng gian con cla R? sinh bai
cac vecto sau

a)(1,1,-4,-3),(2,0,2,-2),(2,-1,3.2)
b)(-1,1,-2,0),(3,3,6,0),(9.0,0, 3)
¢)(1,1,0,0),(0,0.1,1),(-2,0,2,2),(0,-3,0,3)
d)(1,0,1,-2),(1,1,3,-2),(2,1,5,-1),(1,-1, 1, 4)
5.30. a) Chimg minh rang tap cdc ham kha vi trén [a, b] va thoi man
J +4f=0
tao thanh mét khong gian con cba C [a, b].

b) Tim s6 chiéu va mot co s3 cha no.
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5.31. 1) Tinh tich v6 huéng Euclid trong R? ciia
aAu=(2,-1),v=(-13)

b)u=(0,0),v=(7,2)

2) Tinh d6 dai Euclid cia u va v va kiém tra lai bit dang thic C - S.
5.32. 1) Véi hai ma tran trong ../

Uy Vi "
= N V=
uy Uy Vi V4
Hay chimg minh rang biéu thifc
<u, v> 1= U vy + Byvy UV F UV

12 mét tich vo hudng.

. 2) Ap dung dé tinh tich v6 huéng cha

PR

3) Kiém tra lai bat ding thitc C - S.
5.33.Véipvage Py:
P = 4, +a,x+a2x2, g =bh, +b]x+b2x2

1) Chitng minh ring

<p, g>:=ay,b, + a\b, + ayb,

12 mot tich vo hudng trong P,.

2) Ap dung dé tinh tich vé hudng cia

p=-1 +2x+x2.q=2—4x2.
3) Kiém tra lai bat dang thitc C - S.
4) Chimg minh rang

1 1
<p, 4> := p(0)q(0) + p(;)q(gj + p(Hg(l)
cing la mét tich v6 hudng trong P,.
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5) Lam lai phén 2) véi tich v6 hudng mdi.
6) Lam lai phan 3) véi tich v6 huéng méi.

5.34. Xét u = (uy, wp, u3), v =(v,v.v3) € R’

Hai biéu thic nao dudi day ¢ thé Ia mét tich vé huéng trong R°,
néu khong dugc thi néu lido :

a) <u, v>:i=upv + uyvsy
b) <u, v>: = u12v12 + u%v% +u§v§ i

c) <u, v>:

2u|v1 + Uy vy + 4“3\)3 .
d) <u, v>:= wyvy — upvy +uzvy.

5.3S. Trong R? ta xét tich vo huéng Euclid. Hay d4p dung bat ding
thic C - S dé chimg minh

L acosH + bsin0|] < Va? + b?

5.36. V4if = f(x), g = g(x) € P,. Chilg minh ring

i
<f, g>:= If(x)g(x)dx

-1
la mot tich vo huéng.

Hay tinh tich v6 hudng cua

a)f=1 —x+x2+513,g=x—3x2;

b)f=x—5x3,g=2+8x2.

5.37. Véi tich v6 hudng Euclid trong R>, hay xdc dinh k dé u va v
truc giao

Au=(2,1,3),v=(1,7,K);

by u=(k k 1), v=(%4, 5, 6).

262



5.38. Vi tich v6 hudng trong P, & bai tap 5.33.1 chimg minh rang

p=1 —Jr+2J|r2vEu;=2x+x2

trye giao.

2 1
5.39. Cho ma trin A = [ 3] € -4 . V@i tich vo huéng & bai tap

5.32, hoi trong cac ma trin dudi day ma tran nao truce giao voi A :

[~3 0] [1 1}
a) ? b) ?
0 2 0 -1
C)[o 0]? -d)[z 1]?
0 0 , 52

5.40. Vai tich vé hudng Euclid trong R4, hay tim hai vecto cé
chudn bang 1 va truc giao véi cac vectd sau

u=(2,1,-4,0),v=(-1,-1,2,2),w=(3,2,5,4)
S.41.V l1a khong gian cé tich vé hudng. Chamg minh

D o+ o = = 2 + 20
1 2 | 2
<u, v> = Znu + V" - Z”u - V"
doi véi moiu, ve V.
5.42. Xét khéng gian C [0, 1] vt tich vé hudng

n
<f, £ = [ Foglod
0

va xét cac ham 86 fy(x) = cosnx,n=0.1, 2, ...

Chiing minh rang f va f tryc giao néu k # 1.
1 1 2 3

543.Chox= | —=~—=|viy= [— #]
[\/5 J5 ] J30" V30
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Chimg minh ring x va y truc chuin trong R theo tich vo hudng

<u, v> 1= 3upvy . 2uyv, nhung khéng truc chudn theo tich vo
huéng Euchd

<u, v> = vy + Upvy

5.44. Chirng minh ring

u =(1,0,0, 1), uy = (-1,0,2, 1),

uy=(2,3,2.-2), ug=(-1,2.-1,1).
12 mot ho truc giao trong R* d6i véi tich vo hudng Euclid.

5.45. Trong R? ¢6 tich vo hudng Euclid. Hay 4p dung qué trinh
Gram — Smidt dé bién co s& {u,, u,} dudi day thanh co s& tryc chuin

(@) uy = (1, =3), uy =(2,2),

(b) u; = (1, 0), 1y = (3, =5).

5.46. Trong R® xét tich vo huéng Euclid. Hay dp dung quéd uinh
Gram — Smidt dé bién co s& {uy, uy, u3) dudi day thanh co sd truc chudn

@um=0, L1, w=(-1,10,  w=(.21);

(bYuy=(1,0,0), up=(3.7,-2), u3=(0,4,1).

5.47. Trong R’ xét tich vo huéng Euclid. Hay tim mot co s& tyc
chuan trong khéng gian con sinh bdi cic vecto (0, 1,2) va (-1, 0, 1).

5.48. Trong R’ xét tich vo huéng <u, v> := uyvy + 2uavy + 3uyvs.
Hay 4p dung qua trinh Gram — Smidt dé bién

uy = (1, 1, Duy =(1,1,0), 13 = (1,0, 0)

thanh mot co sd truc chudn.

5.49. Khong gian con cha R> sinh bdi uy = {% 0, - %] va
uy = (0, 1, 0) 12 mdt m3t phing di qua goc. Hay biéu dién w=(1, 2, 3)
thanh w = w| + w, trong d6 w| nam trong mat phang cdn w, tryc giao

v6i mat phang.
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3.50. Trong P, xét tich vo hudng

1
<p, ¢> = _[ p(x)q(x)dx
-1

Hay 4ap dung quéd trinh Gram — Smidt dé bién co s& chuan tac
{1, 0, x 2} thinh mot co sd truc chudn.

S.51. Hay tim ma tran toa dé va vectd toa do clia w déi vdi co sd
S={u, uy} trong d6

(@) u =(1.0), wuy=(0,1), w=(3,-7):

(b)ulz(z)—4)) u2=(398)9 w=(1v1);

(©)uy=(1,1), uy =(0,2), w=(a,b).

5.52. Hay tim ma tran toa do va vectd toa do clua w d&i véi co s&
S = {uy, uy, u3) trong do

@w=(2,-1,3), uy;=(1,0,0),u,=(2,2,0). 43=(3.3.3);

(byw=(5,-12,3), uy=(1,2,3), uy=(-4,5,6), u3 =(7,-8,9) ;

5.53. Hay tim vecto toa d6 va ma tran toa do ciia A déi vdi co sa

B {A|, Ay, Ay, Ay} trong d6
A 1 1
>7lo of

2 0 -1 1
A: y AI = R
-1 3 0 0

A = 00 A - 00

P of 47 lo

5.54. Hay tim vecto toa d6 va ma tran toa do cua da thic p doi véi
cosd B = (p,, py. p3} trong do

p=4—3x+x2, Pi1=1 py=x p3=x2.

5.55. Trong R va R? xé& tich vo huéng Euclid va mét co sd truc
chuan. Hiy tim vecta toa do va ma tran toa d6 coa w
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(b) w = (1,0, 2), 4y = (3 -§,

,,_[31_2 ,,_[133]
2 3\35 3 » 3= 35313-

5.56. Trong R” xét tich vo huéng Euclid. Xét § = {w;, wy} véi

w_[g_i [43
=15 75 2755

(a) Ching minh S }a mot co sd tryc chudn cia R,

(b) Cho u va v e R? véi (u), = (1. 1), (v), = (-1, 4).

Hay tinh [lull , d(u, v) va <u, v>.

(c) Tsm u va v r6i tinh |jul| , d(u, v) va <u, v> mot cich truc tiép.

5.57. Xét cic co s3 B = {uy, us) va B' = v}, v,) clia R? trong dé

sl [ fi o[

(a) Hay tim ma tran chuyén cd s& tr B sang B’.
(b) Hay tinh ma tran toa dd [w]g trong d6 w = (3, =5) va tinh [w]g-.

(¢) Tinh [w]g- tryc ti€p va ki€m tra lai két qua trén
(d) Tim ma tran chuyén co s& tt B’ sang B. -
5.58. Lam lai bai tap 5.57 véi

uy=(2,2), upy=(4,-1), vy =(1,3), v = (-1, -1).

5.59. Xét trong R? hai co s B = {uy, uy, ug}, B’ = {vy, vy, vs}
trong dé

uy =(-3,0,-3),u3 =(-3,2,1),u3=(1,6, -1)
V) = (—6, —6, 0), vy = (—2‘ -6, 4). vy = (-2, -3, 7)
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(a) Hiy tim ma tran chuyén co sd tir B” sang B.
(b) Tinh ma tran toa d6 [w]gcia w = (=5, 8, ~5) va tinh [w]g- .
(¢) Tinh truc tiép [wlg. va kiém tra lai két qua tren.
5.60. Lam lai bai tap 5.59 véi
uy =2 1 D =2, -1, Doug = (1,2, 1)
vi=(3,1,-5),vy=(1,1,-3),v3 = (-1, 0, 2).
5.61. Trong P, xét cic co s B={py, py). B'= {4y, gy} Vi p| =6 + 3,
py =10+ 2x
q=2.9y=3+2x
(a) Tim ma tran chuyén co sd tir B’ sang B.
(b) Tinh ma tran toa do [plg v4i p = -4 + x 1di suy ra [plg-.
(¢) Tinh tryc ti€p [plg' va kiém tra lai két qua trén.
(d) Tim ma tran chuyén co s& tir B sang B
5.62. Goi V la khéng gian sinh bai f; = sinx va f, = cosx,

(a) Ching minh ring g, = 2sinx + cosx VA g, = 3cosx tao thanh
motcosdclaV,

(b) Tim ma tran chuyén co sa tir B = { gy, ;) sang B = {f}, f2}-

(c) Tinh ma tran toa do [h]g Va1 h = 2sinx — Scosx va suy ra [A]p.

(d) Tinh tryc ti€p [k]p va kiém tra lai két qua wen.

(e) Tim ma tran chuyén co s& tr B sang B

5.63. Trong mat phang xét hé truc vudng géc Oxy, va quay né di
mot géc 6= 37/4 quanh goc ta duge hé truc vudng géc Ox’y’.

(a) Tim toa do trong hé mdi ciia diém (=2, 6) trong hé cu.

(b) Tim toa d6 trong hé cii ciia diém (35, 2) trong hé m&i.

5.64. Hoi trong cdc ma tran dudi day ma tran nao la truc giao ?

1 |
1o N
(2) [O 1]. . O RN

V2 2
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A (L1 L]
= e

1

(c)lO(I), (d)O—ﬁ—ﬁ
0 0 — 1 1 1
B F %G

Tinh ma tran nghich dao cua ciac ma tran truc giao do.
5.65. Chitng minh rang hai ma tran dudi day 1a truc giao véi moi
gid tricua 0 :
_ cos@ -smb 0
cos® —sinb ,
a , b) {sin@ <cosO O
0 0 1

sinf@ cosf

Tinh nghich dao cua chiing.
5.66. Xét bién déi toa do trong mit phang
34
x| | 5 51| x
[y} 143 [y]
5 s
1) Ching minh rang né la truc giao.
2) Tim (x ', y’) clia nhimg diém ma (x, y) 12
a)(2,-1); b) (4,2); c) (=7,-8); d) (0, 0)
5.67. Giai he
Sxp +7xy +2x3 —3x4 =1

2x; +3xy +4x3 —6x4 =2
_ 1—11X| - 15x) +2x3 —3x4 =1
5.68. Giai he
3x; = Sxy +2x3 + 40y =2
Tx) —4xy) +x3 +3x4 =5
Sxy+7xy —4x3 —6x4 =3

268



5.69. Giat he
2x +5x) —8x3 =8
4x) +3xy —9x3 =9
2xp +3x5 =543 =7
x| +8xy —Tx3 =12

PAP SO

5.1. 1) Khong — Tién dé 8 khong thoa min
‘2) Khéng — Tién dé 10 khéng thoa min
‘3) Khong — Tién dé 9 va 10 khong thoa man
4) C6
5) Khoéng. Tién dé S va 6 khong thoa min
6) Khong. Tién dé 7 va 8 khong thoa min
5.2.a) c6; b) khong ; ¢) ¢é ; d) khéng
5.3.a) khong ;: b) c6; c) c6 ; d) khong
5.4. a) khong ; b) c6 ; c) khong . d) ¢6 ; €) cb
5.5.a) c6; b) c6 ; khong
5.6.2) (7, =2, 15) = (11 = S0)u - (5 — 3O)v + tw, 1 bat ki
b) (0, 0, 0) = ({—5u + 3v + w),  bat ki
A4, -7 =3u+5v-w
\d) (0,0, 0, 0) = Ou + Ov + Ow (duy nhat)
‘5.7.a))\= I5;b)Abatki;c)Abatki;d)A#12
$8.a)5+9x+ 5x° = -12py — p3 + 10p,
\b) 2+ 62° =4p, —2p3
c)0=0p; +0p, +Op;,
11 { 13

2
A2+ 2x+3x" = —-—p~—pr+—
) Sp' g2t g M
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5.9.2)cd; b) khong : c) c6; d) cd
5.10. 2) ¢6 ; b) khong ; ¢) khong ; d) co
5.11.a)vac)

5.12. khong
5.13. a) uy = 3u, ; b) phu thudc tuyén tinh
cypy=3py; d)yB=-A

5.14. a) doc lap ; b) phu thudc ; ¢) doc 1ap ; d) phu thude.
5.15. a) phu thudc ; b) doc lap.

5.16. a) doc lap ; b) doc 14p : c) doc lap ; d) phu thudc
5.17. a) phu thudc ; b) doc lap ; c) doc lap ; d) phu thude
¢) phu thudc ; ) phu thudc )

5.18. A= —l,}\=1
2

5.19. a) Mot co so trong R ¢6 hai vecto
b) Mot co s6 trong R? ¢6 ba vecto

c) Mét ca sa trong P, c6 ba vecta

d) Mot co sé trong .. c6 bén vecto
5.20.a) va b)

5.21. a) va b)

5.22.c)vad)

5.24. 1) Khéng cd co sd, dim = 0.

2)Cosala [—% % 1, 0], (0,-1,0, 1) ; dim =2

3) Khoéng ¢6 co 53, dim = 0.
4)Cosd1a(3,1,0),(-1,0,1); dim=2
3) Khong cé co sd, dim =0
6) Khong c6 co s, dim =0
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2 5 -
. 5' TR T AJ — T sl < 1\ 1 ’ 01 Il
5.2 a)[310][30) b) (1, 1,0), (0,0, 1)

¢)(2,+1,4);d)(1,1,0),(0, 1, 1)

§.26.2)3;b).2;¢0) 1

5.27.3

5.28. a) va b) S6 chiéu bing 3 v mot co sd 1a ba vects di cho.

5.29. a) S8 chiéu bang 3 va (1, 1, -4, -3), (0, 1, -5, -2), (0, 0, 1, —%)

la mét co sd.

NN 1
b) S6 chiéu bang 3va (1, -1, 2, 0), (0, 1,0, 0), (0, 0, 1, —g) la mét
CO $O.

¢) S6 chiéu bing 4 va (1, 1,0,0), (0, 1,1, 1), (0,0, 1, 1), (0, 0,0, 1)
1a mot ca sd.

d) S6 chiéu bing 3va (1,0, 1,-2),(0, 1,2,0), (0,0, 1, 3) 1a mét ca sb.
531.1)a)-5:b)0
5.32. 20

533.-6; ——

5.34. a) Khong, tién dé 5 khong thoa man.
b) Khéng, tién dé 3 khong thoa man.
c) C6.
d) Khong, tién dé 5 khong thoa min.
5.36. a) —28/15; b) —%
537.a)k=-3:bYk=-2,k=-3.
5.39.a) b)

1

V3249

5.40. £

(-34, 44, -6, 11)

271



oV’
Heo

5.51.a) (W), =3, -7); [w], = [37]

b) (w), = (5/28. 3/14) ; [w], = [5/28
: 3/14]
b ? -

c) (w), = [a, ;a] ; wlg = [b— a
2 ]

3

5.52.2) (W), =(3,-2,1): [w]; =| -2
' 1
-2
b) (W), =(-2,0,1); [w], =|0
1
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5.53.(A)p=(-1,1,-1,3); [A)p = _;
3

4
5.54. (pyp=(4.-3, 1) [plg = | -3 .
1

V2
2

5.55.a) (w); =(-22, 5\2); wl = [—;/‘J

_ 0
b) (W), = (0, -2, 1),-[w], = [—2}
1

5.56. ) lull = V2, d(u,v) = VI3, <u, v> = 3

2 -3 3 -3/11
5.57. a) [1 4J, b) [w]w[_s} [wla'=[ }

~13/11
1[4 3
d) —
11[—1 2}

13/10 -1/2 -17/5 4
358, a)[—2/5 0 } b) MB_[B/S }‘IW}B"[J}

d [ 0 +5/2:|
-2 -=13)2

2
3/ = 1/12
/ 3 /

5.59.a) | -3/4 —:23~ -17/12

L0 1 273 |
31/21 19/12
b) [wig =[4/7 |, [wlg =|—43/12
8/7 4/3

18-TOAN HOC CAD CAP T 273
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(3 2 5/2 9 —7/2]
5.60.2) | -2 -3 -1/2 b) [wlg = |-9|. [wlg = 23/2J.

EER 6 -5 | 6
[3/4 7/2 1] -11/4
5.61. a) 321 ] b) [plg = [—1_’ {plg —[ 1/2}
" {—2/9 7/9]
1/3 ~-1/6

5.62. b)

2o YUs =| | =)
|-1/6 1/3 I ] U
0

i

5.63. a) [4\/5‘ —25]. b) (=352, 1,5v2)

1 o] X 1/V2 1/«/5]
0 1] a2 2]

-1N2 0 a2
d) Truc giao va Al =4 = 1/\/3 -2/\/3 llx/g
N3 3 13
5.66. a) (-2, -1), b) (—4/5, -22/5) ;
c) (-11/5,52/5): d) (0, 0)
5.67. x| =22x3 - 33x4~ 11

5.64. a) Truc giaova A~ = A = [

Xy = “]6X3 + 24X4 + 8
5.68. Hé khong tuong thich (vo nghiém).
5.69. Hé c6 nghiém duy nhat
xl =3,X2:2,X3= 1.
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Chuong VI
ANH XA TUYEN TiNH

6.1. KHAI NIEM ANH XA TUYEN TiNH

6.1.1. Mg dau

V va W 1a hai khéng gian vecto.

Trong s6 cdc 4nh xa tir V t6i W ¢4 mot 16p rit quan trong 1a 18p
cadc dnh xa tuyén tinh mai ta s€ trinh bay dudi day.
6.1.2. Binh nghia anh xa tuyén tinh

Dinh nghia 6.1.1. Anh xaT : V — W tir khong gian vecto V 15i khong
gian vecto W goi la dnh xa tuyén tinh néu né ¢6 hai tinh chdt sau

(i))T(u+v)=T(u)+T(v),Vu,veV
(it) T(ku) = kT(u) VYke R, VueV.

Trong truong hgp W tring v3i V thi 4nh xa tuyén tinh 7:V - V
goi la rodn tir tuyén tinh (trén V).

6.1.3. Thi du

Thi du 6.1.1. Xét anh xa T : R® - R x4c dinh boi
Tx,y)=(x,x+y, x—y)

Néu u={(x,y)v=_(x2.y) th

u+v=_(x + x5,y +y4)
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nén

Tu+v)=((x; + X)) (x) +x2) +(yp +¥2), (x1 +x2) = () +¥y2))
= (X, X+ Yy, X = Y+ (X0 X0 + Y2, X7 —¥))
= T(w) + T(v).
Néu k € R thi ku = (kx;, ky|) nén
T(ku) = (kxy, kx| + ky| e —kyp)
= k(. xy +y1, X, —y1) = kT(u).
Vay dnh xa T da cho 1a tuyén tinh.
Chiiy6.1.1. NuT :V > Wlamot dnh xa tuyén tinh thi
T(kyv + kovy) = T(kv)) + T(kypvy) = kT (v)) + kT (v3)
Vvi,vy € V.V k,k € R.
Mat cich tvong tu
T(hvy +kyvy + ..+ kv, =T () + ..+ k,T(v))
Vv, v vy, € V.V ki ks, .. k), € R,
Chii y 6.1.2. V& cach nhan ma tran vdi vecto (# chiéu)
Xétmatrin A € My, -

ayy a2 . Ay

a a . a
A= 21 22 2n

Aul Gm2 - Bpp

Vi vecta x = (xy, X3, ... X,) € R". Ta mudn tim mét cich nhan A véi
x. Mu6n thé ta vi€t x & dang vectd cot

X
X2

[x]=

x"

Nhu vay [x] la mét ma tran cd n x 1, [x]} € 4y -
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RO rang c6 lién hé qua lai

xe R" & 1]l e . 4y, (6.1.1)
Tacd: [x+y]=[x]+ [yl
[kx] = k[x]
Dé&i véi [x] € . #,, tacé thé nhan
ay  ap - ay | |X ayxy + appxy o+ a,x,
A[x] _ ary ayy ... Qz, A _ any x| +a22x2 +..+ta,x,
yy Gp2 - G| | Xy apxy + a),0%) +...+ AyinXp

vaco Alxl e .7

x| -

Do d6 ta c6 chi y sau

Khi A € . #,, vax € R" ta hiéu ngdm x := {x] va Ax 1a A nhan

Va1 x & dang cOt tic la

Ax = Alx]
n

urc 1a (Av); =Y ayx;
J=1 :

Chang han véi

A 12 € .M (1.2 e R2
= . Ly X = N
3 4 2x2

thi

[1 2'\{1] {1.1+2.2} [5}
Ax = Alx) = = - _
3 4|2 3.1+42 11

Bay gid ta xét ti€p mot s6 thi du vé dnh xa tuy€n tinh.
Thidu6.1.2. GiasU A € Ay, - Taxét quy luat T

x e R" & T(x) sao cho [T(x)] = A[x].

(6.1.2)

(6.1.3)
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Trudc hét, theo (6.1.1)
xe R" = [(x)e .4y, = Alxl€ .#,, . Do détheo (6.1.3)
[T € . /s -

Vay theo (6.1.1), T(x) € R™.

Vay (6.1.3) ching t5 T 1a mot anh xa tir R” 161 R™.

Bay gid ta chitng minh dnh xa 7 la tuyén tinh.

Giasirxvaye R tac6x+ye R" kxe R". Do dé

[Tex + p)] = Alx + y] = A([x] + [y]) = A[x] + Aly] = [T(x0)] + [T(y)]

(T(ke)] = Alkx] = A(k[x]) = kA[x] = k[T (x)].

Vay T la dnh xa tuyén tinh tir R” t6i R™. N6 thuc hién theo (6.1.3)
nhu sau :

x = (x, X3, ..., X,) € R' - T =(¥1» Y25 - Ym) € R" thong qua

X a Xy +appxy tet+ o oapx, N

X Uy X| + Ay X .+ a)x y
[x] = 2 - Alx] = 2141 2242 2n'n - 2

Xn Ay Xy Y aypXy +.o+ 4y, Ym

Anh xa tuyén tinh & thi du nay goi la dnh xa nhdan voi ma tran hay
danh xa ma trdn.

Theo (6.1.2) 4nh xa 4y ciing c6 thé viét 1a Ax.

Thi du 6.1.3. Xét mot trudng hop riéng cua thi du trén. Goi o 1a
moét géc xac dinh va T : rR2 R2 la anh xa nhéin véi ma tran

cos@ ~sing
A=| .
sSIN@ ~ coso

N&u v = (x, y) € R titc 12
y
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thi phép nhan v4i ma trin A tao ra dnh xa tuyé&n tinh xdc dinh boi

cosx —sina| | x XCOoSQX —ysind
N et | K et

sin¢  cosd y xsina@ +ycosi

Vé mat hinh hoc (hinh 51) ta sé
chiing minh rang vecto v’ 12 két qua
cla phép quay v mdt goc o quanh goc
toa do, sé tring vdéi T(v). That vay,
gid s ¢ la gdéc gilra v va truc x

duong va gia s v’ =(x',y’) tirc la v
’ 'r. LV
[v]1= } b v
y
@)
Goi r 1a do dai cua v vacha v’ Hinh 51
Ta cé

x =rcosd, y = rsind
x'=rcos(o + ), y = rsin(a + ¢).
Do dé

[v] [x] [)'cos(a+¢)i| [rcosacos¢~rsinasin¢]
vi|= = =

y rsin(a + @) rsinQcos¢ + rcoscsing

XCoSQ — ysinQ
=] . = [T(W].
xsina + ycoso
Vay v’ =T(v).
Anh xa tuyén tinh & thi du nay 12 phép quay trong R’ mat géc a.

Thi dy 6.1.4. Gia st V va W 1a hai khong gian vectd. Anh xa
T :V = W xic dinh bdi

T(v)=6, VveV
1a mo6t 4nh xa tuyén tinh.
That viy, Vu,ve V, Yk e R,1a ¢é
T(u)=0,T(v)=0,T(u+v)=06,T(ku) =0,
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Do dé Tw+v) =T +T)
T(ku) = kT (u).
Ta goi anh xa & thi du nay la dnh xa khéng.
Thi du 6.1.5. V 1a mét khong gian vecto. Anh xa T : V — V xac dinh boi
T(vy=v, VveV
la mot 4nh xa tuyén tinh (ban doc kiém tra).
Ta goi anh xa nay 1a dnh xa dong nhat.
Thi du 6.1.6.V 1a mot khong gian vecto va k€ R. AnhxaT:V =V
xac dinh bai.
T(vi=kv, k>0, Vve V
1a mot todn Y tuyén tinh trén V (ban doc kiém tra).
Néu k> 1, T 1a mot phép dan ; n€u 0 <k < 1, T la mét phép co.

Thi du 6.1.7. Gia stV la mét khong gian cé tich vo huéng, W la
mot khong gian con hitu han chiéu

N v cha V, W ¢o co sé& truc chuin 1a
: B = (wy, wy, ., W)
T(v) Giasu7T:V — W la anh xa chiéu

mbi vectd v € V thanh hinh chiéu
truc giao cuva no 1én W, nghia 1a

Hinh 52
T(M =<v,w >uw+<v,wy >wy +ot<vw, >w,

Anh xa T goi 12 phép chiéu truc giao ciiaV lén W (hinh 52). N6 1a mot
anh xa tuyén tinh vi

Tu+v)y=<u+viwpdwy + ...+ <u+v,w,>w,
= <U, wi>wy + ...+ <u, w,>w, +
+ <y, wi>wy + ..+ <y, w S,

=T(u) + T(v).
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T(ku) = <ku, w>w| + ... + <ku, w>w,

= k<u,wiSw| + .+ k<u w,>w,

k(<u, wiswy + ..+ <u, w,>w,)
= kT (u)

Thi du 6.1.8. Mot truong hop rigng cia thi du trén 12 truong hop
sau : V = R® v6i tich vo huéng Buclid. Nhimg vecta w, = (1, 0, 0) va
ws = (0, 1, 0) tao thanh mét co sd z
trire giao cua mat phang Oxy
(ban doc kiém tra lai). Vay néu _ (x.y,2)
v = (x, y, 2) € R thi hinh chiéu

. e
tryc giao cia v lén miat phang Oxy ) :
cho bai o) i3
! Y
Ty =<vow >wi+ < v,y > wy Tv) i
=x(1,0,0)+ ¥y (0, 1,0) (x.y.0}
=(x,y,0) .
{xem hinh 53). Hinh 33

Thi du 6.19. Gia sit V 1a khong gian vectd n chiéu, va
S = [wy, wy, ... w,} 1a mot ca s& cia V. The thi mdi v € V cé biéu
dién duy nhat

V=OWy T eywy + ot opw,,
nghia la co
(s = (0. 9, - ¢y) € R™.
Xétdnh xaT:V — R" xdc dinh bai
T(v) = (v);
Ta s& chitng minh T 1a 4nh xa tuyén tinh.
That vay, véi u € V nita ta cé

u=bw +bwy, +..+bw

n»

281



nghia la co
(uyg = (by. by, ..., b)) € R" .
Do dé
(u+vig=h +c1,by +cr3,...b, +c))
= (b, by, .. b))+ (cpucp, -0 cy,)
= (u)g + (Vg &
(ku)g = (kby, kb, ..., kb))
= k(b by, ..., b))
= k(u)s.
Mot cach tuong tu, danh xa T : V — ./, xdc dinh boi
[T()] = (vl
cling 1a mot dnh xa tuyén tinh.
Thidu 6.1.10.V 1a mét khong gian ¢ tich vo hudng va v, 1a mot
vécto c6 dinh cua V. Gia sit T : V — R 12 mo6t anh xa xdc dinh béi
T(v)y=<u,v, >.
Theo tinh chat cua tich vo hudng ta cd
Tw+vy=<u+vyv,>=<uv,>+<vv, >
=T+ T);
T(k) =<ku,v, >=k <u,v, >
= kT (u).
Vay T 12 mét dnh xa tuyén tinh.

Thidu6.].11. GiasitV = C[0, 1] va W 1a khong gian con cia C{0, 1]
g0m tat ca nhimg ham s6 ¢6 dao ham lién tyc trén 0 < r < 1.

Giasu D : W — V la dnh xa xéc dinh béi
D(fy=r
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Theo tinh ch4t cva dao ham ta cé
Dif+p)=(f+0'=f+¢

= D(f)+ D(g)
D) = (k)" = kf"
= kD(f).

Vay D ia mot danh xa tuyén tinh.

Thidy 6.1.12. GiasitV = C[0. 1] vaJ : V — R 12 dnh xa xdc dinh
1
b3i J(f) = [ f)dr.
0

Dé thay, theo tinh chat ca tich phan :
1 ] 1
J(f +g) = J[ F(0) + g(O)dr = J f(tydr + j g(n)dr
0 0 4]
=J(f)+J(g) :

1 1
jkfy = [kf (e = k] ey .
0 1]

Vay J la mét anh xa toyén tinh.

6.1.4. Cac phép toan vé anh xa tuyén tinh
1) Gia sirV va W la hai khong gian vecto va
fVoW va g: VoW
13 hai anh xa tuyén tinh tr V (81 W.

Ta dinh nghia tdng f + g clia hat 4nh xa tuy&n tinh va tich kf cia
mot dnh xa tuyé&n tinh vai mét s6 thuc k nhar sau ¢

VueV, (f+g)w) = f(uy+ glu) € W
VueV, (Rf)u) = kf(uye W.
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Dé& thay riang f + g va Af cling 12 nhiing 4nh xa tuyén tinh wr V 161
W (ban doc kiém tra lai). '

Bay gio, goi /(V, W) la tap tat ca nhimg anh xa wuyén tinh
GV (Gi We 7V, Wy = f1f: V = W, ftuyén tinh}.

Va1 hai phép todn cong anh xa tuyén tinh va nhan anh xa tuyé&n
tinh vdi mot 6 thuc vita dinh nghia, c6 thé chimg minh duge rang
9(V, W) la moét khong gian vecto trén trudng sé thuc.

2) Bay gid gia st V', W, U la ba khéng gian vecto va
VoW g WU
la hai anh xa tuyén tinh.
Khi d6 anh xa hgp g-f (xem [.5.8) xdc dinh boi Vv € V
(g )v) =g(f(») € Ula motinh xa tuyén tinh tr V t8i U.

6.1.5. Sur ding cdu cua khong gian n chiéu vai R"

Pinh nghia 6.1.2. Hai khéng gian vecto V va\™" goi la ddang cdu
néu giita cdc vecta x € V' va cdac vecto x” € V' ¢6 mét ruong teng -1

xe X
_saocho, néux & x'vay ey thi

YFVYO X +y’

kx o kx', ke R.
Hai khéng gian dang cdu c6 nhiing tinh chat giéng nhau.
Dua vao cac két qua & thi du 6.1.9 ta say ra dinh i sau :
Pinh li 6.1.1. Moi khéng gian n chiéu\’ déu déng cdu voi R".
Ching minh : Xét anh xa T : V — R" xdc dinh boi

ve Ve T(v) = (v)s € R",

trong d6 S 1a mot cosdcua V.,
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Theo thi du 6.1.9 thi 4nh xa T la tuyén tinh va tao ra mot tuong
img 1-1 gita V va R" nghia 1a
xe Ve (x)g € R
Péng thai vai
xeV e (g e R"

ye Vo (y)s € R”
ta co .
x+ye Vo (x+y)g = (x) + (»)s € R"
kx e V & (kx)g = k(x)s € R".
Vay V ding cau véi R".
Chi y 6.1.3. Khdi niém dang cdu cba hai khong gian hivu han
chiéu nét trén cé thé suy cho ca cic khong gian vecto bat ki. Cu thé

hon, ta xét hai khéng gian vecto V va W va gia sir tdn tai mot 4nh xa
tuyén tinh T tir V sang W

T:V oW

Khi d6 ta néi T 12 mét phép dong cdu ciia V trén W. Néu ngoai ra
W lai triing véi V thi ta n6i T 12 mot phép 1w dong cdu cba V.

Né&u T 1a mot song dnh tir V 1én W thi ta n6i 7 1a mot phép dang
cdu cia V trén W. Néu ngoat ra W lai tring vai V thi ta néi T 1a mot
phép tu ddng cdu cia V.

Khi t6n tai mot phép ding cau cha V 1én W ta néi V dang cdu voi
W, W déing ciu véi V, V va W ddng cdu véi nhau.

Ngudi ta thudng déng nhit hai khong gian ding cfu véi nhau, tirc
12 xem hai khéng gian d6 nhu }a mét.

BAITAP: 6.1 - 6.9.
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6.2. CAC TINH CHAT CUA ANH XA TUYEN TINH -
HAT NHAN VA ANH

6.2.1. Tinh chat dau tién

Pinh i 6.2.1.V va W la hai khéng gian vecto.

NéuT :V — W lad mét anh xa tuyén tinh thi

(a)T(6) =86

MYT(—~)=-T(v), YveV

)Ty ~w)=Tlv)—-T(w), Vv,we V

Chitng minh : (a) Gia sitv € V. Vi0Ov = 6 (xem dinh I 5.1.1 phan
(c)), nén T(0) = T(Ov) =0T(v) = 0.

(b) Bay gid, vi —v = (—1)v (xem dinh 1i 5.1.1 phan (d)), nén

T(-v) =T((-1w) = (-DT(v) = -T ().

AViv—w=v+(-w)(xemchiy51.8)nénv-w=v+(-1)w,
do dé

Two-wy=THr+(-Iw)=TW)+T{-1}w) =T(v) - T(w).

6.2.2. Khai niém hat nhan va anh ciia anh xa tuyén tinh

Dinh nghia 6.2.1, Gid su 'V va W la hai khong gian vecto va
T :V > W la mot anh xa tuyén tinh.

Khi dé tdp tdt ca cdc phdn tir cha 'V c6 dnh la 6 € W goi la hat
nhan cua T, ki hiéu la Ker(T) :

Ker(T) := {xlx e V,T(x) = 6}

Tap tat ca cdc phan tir cia W 1a anh ciia it nhat mot phan tif clia V

goi la anh cia T, ki hiéu la Im(T) :
Im(T):=ly|lye W,3xe V,T(x) =yl
Nhu vy
Im(T) = T(V).
Ban doc c6 thé tham khao dinh nghia 1.5.2.
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Thidy6.2.] GiasuT:V — Wlaidnh xa khong.
Khi d6 (xem thi du 6.1.4) ta cé
Yve V, T(v)=0e W, Vay
Ker(T)=V.
V1 8 la anh duy nhit ciia moi v € V nén
Im(T) = {8}.

Thi dy 6.2.2. Gia suT: R" > R™ 1a 4nh xa nhin vdt ma tran
thC}C : //mxn :

(I“ (112 agy
A=l M2 o Dn |
Ay Ay2 o Gy

Nhan ctia T gdm tat ci cdc vecto x = (x], X3, ..., X,,) € R" sao cho ma
X|
X2

tran [x] = 1a nghiém cla hé thuan nhat Alx] = 6.

X
Anh clia T gém nhiing vecto y = (1> Y21 s Ym) € R™ sao cho hé

N

Al =Dk Iyl = |2

Ym
tuong thich (nghia la ¢6 nghiém).

6.2.3. Tinh chit cha nhan va anh
Dinh i66.2.2. NéuT :V =W la mét dnh xu tuyén tinh thi
(a) Ker(T) la mor khong gian con cua V.

(b) In(T) la mot khong gian con cia W.
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Chitng minh : (a) Dé chimg minh Ker(T) 12 mot khong gian con
cua V ta phai chiimg minh nd dong kin doi véi phép cong vecto va
phép nhin vecto véi radt s6 trong V (dinh 11 5.2.1).

Gia sir v, v, € Ker(T)vake R.Tacé
Tvp +v3) =T +T(vy) =6+ 6=0
Vay 1 + vy € Ker(T).
Bay gio
T(v) = kT(v)) = k@ = 0.
Vay kv| € Ker(T). Xong phén (a).

(b) Gia sit w, va w, € Im(T) ta phd ching minh w; + wy € Im(T)

va kw, € Im(T) véi moi k € R. Muén thé ta phai tim duogcavabe V
sao cho

T(a) = wy + wy va T(b) = kwy.
Vi wy va wy € Im(T) nén tn tai nhing vectd a, v ay € V sao0 cho
T(a)) = wy vaT(ay) = wy. Dita=a; +a,vab=ka, thi
T(a) =T(a) + ay) = T(a)) + T(ap) = w) +wy
T(b) = T(kay) = kT (ay) = kwy.
Vay xong phan (b).
Thidu6.23. GiasaT:R" ->R™ 12 énh Xa nhan véi ma tran o

m x n. Vi Ker(T) gébm nhilng nghiém cua phuong trinh Ax = 6 nén
Ker(T) 1a khong gian nghiém cua h¢ dé.

Mait khdc Im(T) gém nhitng vects b sao cho t6n tai x dé Ax = b
thoda man. Vay Im(T) la khéng gian c6t cua ma trdgn A (tiic 1a khong
gian sinh bdi cdc vecty cot cla A).

6.2.4. Hang cia énh xa tuyén tinh — Dinh li vé so chiéu

1. Dinh nghia 6.2.2. NéuT : V — W la mét anh xa tuyén tinh thi
56 chiéu ciia Im(T) goi 1a hang ciia T, ki hiéu 13 rank(T) :

rank(T) := dim{In(T))
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Thi du 6.2.4. GiasuT : RS R%1a phép quay cua R’ mot géc
7/4. V& mat hinh hoc ta thiy ngay ring
Im (T) = R? va Ker () = { ).
Vay dim(Ker(T)) = 0 va
rank(T) = (dim(Im(T)) = 2
Thi duy 6.2.5. Gia st T : R” — R™ 1a 4nh xa nhan v&i ma tran
cd m x n. G thi du 6.2.3 ta da thiy ring Im(T) bing khong gian cot

cla A, vay hang ciia T bing s6 chiéu ciia khong gian cot cha A, tic
chinh 12 hang cia A (chi y 5.5.2).

Tém lai
rank(T) = (A)
O thi du 6.2.3 ta ciing thdy ring Ker(T) 12 khong gian nghiém ciia
phuong trinh Ax = 8 Vay
dim(Ker(T)) = dim (khong gian nghiém cua Ax = 6).

2. Dinh 1i sau day cho biét lién hé giita rank(7) tic 1a dim(Im(7))
voi dim(Ker(T)) :

Pinh li 6.2.3. (dinh 1i vé 8 chiéu). NéuT : V — W la mét dnh xa
tuyén tinh tir khéng gian vecto n chiéu'V t6i khong gian vecto W thi co
dim(Im(T)) + dim(Ker(T)) = n

nie la
rank(T) + dim(Ker(T)) = n.
Chimmg minh : Xét trudng hop
1 < dim(Ker(T)) < n,
con céac trudong hop Ker(T) c6 s6 chiéu 1a 0 hay » xem 12 bai tap.
Gia st dim(Ker(T)) =r,0<r<nva

Si={v, v L, T(v) =0,i=1, ..., r.
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12 mot co s ctia Ker(T). Vi Sy doc lap tuyén tinh nén theo dinh 1i 5.4.5

cé thé thém vao d6 i —r vecto vy, ..., v, nia dé

S2 = {vl' eres Vs Vs woe Vn}
tao thanh mot co sé trong V.
Pé tinh dim(Im(7)) ta xét ho

S3= T (e p)s s TR}

gbém n —r vecto € Im(7T).
Ta s& chiing minh S5 sinh ra Im(T') va déc 1ap tuyén tinh.

Dé ching minh S5 sinh ra Im(T), ta xét v bat ki thuéc V va tinh
T(v). V15, )a cosdrong V nén

V:ClVl + ... +Crv,+(‘r+lvr+l +..+c,Vv

n"n

Do d6
Tov)=cT(v)) + ...+, T(v )+ ¢, .  T(v, )+ .o + ¢, T(v,)
Twv)=c, o T(vpyy) + ... +¢,T(v,)
vivy, ..., v, € Ker(T). Vay S, sinh ra Im(T).
Dé ching minh Sy doc 1ap tuyén tinh ta xét diéu kién (5.3.1)
IV, )+ ..+, T(v,)= 8 (6.2.1)
N6 tuong duong véi
T, Vs + -ty =80
nghia 1a
CrptVygg t ..o + v, € Ker(T).
Do dé6, vi S 1a co lsc's cua Ker(T)
CrofVpa] T Cpuy=cpvp+ ..+ Cv,.

290

LY
2



Tasuyra
CIVI ¥ o C V) = Cpy Vygp) = — vy, = 8
Nhung §, iai la co s& clia V nén diéu kién nay cho
c;=0,Vi
Vay diéu kién (6.2.1) suy ra
0 1=0,....¢,=0,
nghia la S3 doc lap tuyén tinh.
Tir hai k&t qua trén, dp dung dinh 1f 5.4.2 ta suy ra Im(7T’) 12 khéng
gian n —r chiéu.
Vay c6
dim(Im(T)) + dim(Ker(TH=(n —r)+r=n
Xong chiing minh dinh li.
3. Truong hop dac bietkhi V=R" , W=R™ vaT:R" - R™ I
dnh xa nhan v4i ma tran A ¢c@ m x n thi dinh 1{ 6.2.3 vé s& chiéu cho
dim(Ker(T)) = n — rank(T)
= s3 cOt cia A — hang cua A.
Vay cé
Pinh li 6.2.4. Néu A la mot ma trgn cd m x n thi sé chiéu cua
khéong gian nghiém cia phuong trinh A(x] = 8bdng n trit hang cia A.
Thi du 6.2.6. Ban doc ¢6 thé chimg minh ring hé thudn nhit
2x) Y20 — x3 +x5=0
X} — Xp+2x3—-3x4+x5 =0
X+ xp-2x -x5=0
x3t+ x4+tx5=0

c6 khong gian nghiém 1a khong gian mot chiéu.
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Vi ma tran hé s¢

¢ 5 cot, nén theo dinh li 6.2.4 hang cila ma tran A, (A) thoa min
=5 p§A)
Do d6 p(A) = 4.

BAI TAP : 6.10 - 6.21.

6.3. MA TRAN CUA ANH XA TUYEN TINH

6.3.1. Mg dau
O thi du 6.1.2 ta da thiy ring m&i ma tran ¢ m X n tao ra mot

anh xa tuyén tinh tir R" t6i R™. Nay ta s& chitng minh ring moi 4nh
xa tuyén tinh trén ciac khong gian hiu han chiéu c6 thé thic hién
bing mot phép nhin ma tran.

6.3.2. Khai niém ma tran cioa anh xa tuyén tinh

Xét hai khong gian hiru han chiéu : V ¢6 n chiéu va W ¢6 m chiéu.
Gia sir B 1a mot co sd trong V, B' Ja mot co so trong W :

B={ujuy .., u,l,B ={vy vy, ...,v,}
Cho &nh xa tuyén tinh T : V — W. Khi dé
xeEVB T(x)ew

x=xjup+ . X0, T(xX) =yv; + ... + Y,V
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Chuyén qua toa do ta c6

(g = (X7, X2, ., X,) € R™ (TX)g = (¥, Y20 - Ip) E€RT

nghia la

—X] ] ] N 1
Xy N)

XIg=| . | € Myy > TWg=| . | € M
LX”_ \_ym_

Ta mudn tim ma tran A € .4, lien hé [x]g véi [T(x)]p- sao cho
Alxlp=T(x)]g> VxeV (6.3.1)
d€ cho T(x) ¢6 thé thuc hién duoc bang mot phép nhan ma tran.
Dinh nghia 6.3.1. Ma trdn A c& m X n thoa man (6.3.1) néu cé,

sé duoc goi la ma tran cua dnh xa tuyén tinh T : V — W d5i véi co sd
BtrongV va B’ trong W.

Pé chiing td ma tran A t6n tai, by gid ta tim cich x4y dung né.
Trucc hét ta c6 mot nhan xét.

Chu y 6.3.1. Moi 4nh xa tuyé&n tinh f - V — W duge xic dinh hoan
toan béif(uj)‘j= 1, ..., n (d6 1a gi4 tri cha fat uj).
That vay, voi x = xyuy + ... + x,u, € V thi
Sy =Roaquy + o+ xu,) = Ru)) + .+ x,f(u,).

Bay gig, vi phép nhan v4i ma tran 12 mot dnh xa tuyén tinh nén dya
vao chi y 6.3.1, ta xay dung ma tran A bing cich xdc dinh Alu;lp bdi

Alulg=[T(u)lg j=1,...n (6.3.2)

ViT(u;) € W nén n6 c6 phén tich trong co s B’

T(up) =ty + 1355 + oo + 11V, (6.3.3)
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nghia la [T(uplg =

tmj i

Mat khic, vi u; 1a vecto thif j clia co sd B trong V nén A[uj]B bang cét
tha j chia A. (Ban doc ¢4 thé kiém tra lai bing cach thuc hién phép nhan).
Vay diéu kién (6.3.2) c¢6 nghia la

l1j
12_’-
cot thirjcua A la [T(uj)]B» = (6.3.4)
_’ij
DO dé A = [[T(u])]B" [T(u2)]B'\ vary [T(un)]B']v
f1 h2 - hy
=|f1 2 - fy (6.3.5)
hpy 1y byn

Véi ma tran A dé ta kiém tra lai diéu kién (6.3.1). Ta c6 :
X=Xjup+ ..o+ XU,
T(x)=T(xuy + ... + xu,) =, T(up) + ...+ x,T(u,)

Do dé [T(X\]B = .X}{T(U/)]B' + ...+ X"[T(ll")]B'

T rrlnw
H 12
= x| - +..+ X,
_"ml | ,’an

294



o vag
s
%8,y

V& phii ding bing A[x)p. Vay ma tran A xay dung bai (6.3.5) Ja
ma tran thoa main (6.3.1).

Tom lai, ta cé

Dinh Ii 6.3.1. Cho dnh xa tuyén tinh T : V — W 1 khong gian n

chiéu V to1 khéng gian m chiéu W thi ma tran cua né déi véi co s B
trong V va co so B trong W la ma trdn (6.3.5).

Chu y 6.3.2. V& cach tinh anh T(x) cha goc x.

Ta c6 so d6
x tinh tryc ti€p T(x)
(1) ‘ 3)
Tinh gidn tiép
Xp nhan Alx]g [T(x)]p

(2)
Theo so d6 nay, khi d3 ¢é x € V mudn tinh 7(x) ¢é hai céch : cach
thir nhat 12 tinh truc ti€p, cach thi hai 1a tinh gidn ti€p qua ba budc :

(1) Tinh ma tran toa d6 [x]g cva x
(2) Nhan A{x]g dé duge [T(x)]p-

(3) T4i tao T(x) tir ma tran toa do [T(x)]g-

C6 hai li do cho thay tdim quan trong clla cdch tinh gidn ti€p. Thi
nhat, né cung cip mét phuong tién cé hiéu qua dé ti€n hanh nhing
4dnh xa tuyé&n tinh trén mdy tinh dién tor. Li do thi hai c6 tinh 1{
thuyét, nhung c6 nhitg hé qua quan trong trong thuc tién.

Ma tran A phu thusc nhing co sd B va B’. Thong thudng ta chon B
va B’ sao cho viéc tinh cdc ma tran toa d6 cang don gian cang té6t. Ta
ciing ¢6 thé chon B va B’ lam cho ma tran A don gian, ching han sao
cho ma tr4n A 1a ma tran thua. N&u c6 thé lam dugc diéu d6 thi A ¢6
thé cung cap nhitng thong tin quan trong v€ tinh tuyén tinh caa 7.
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6.3.3. Truong hagp riéng
HV=R" W=R" Xét

T:R" > R"
Gia sir B va B’ 1a cdc co s& chinh tac trong V va W :
{81" " n {fl' fm
trong do cic vecto e; va f; viét & dang cot :
— " - - 0 —
0
e; =1 hang i fi=|1 hang j
0
-0-n><l LO-mxl
Khi dé néu ta viét x va T(x) & dang coOt thi c6
x| (T(x))
x=] . | =[xl , T(x) = . =[{T(x)]p:
Xy | T (XY,

Ma tran A tuong iing ¢6 dang
=[T(ey) ... T(ep)]
trong d6 T(e;) vi€t & dang cot.
Pinh nghia 6.3.2. Ma trdn A nay goi la ma tran chinh tdc ciaT.
Vi c0 s& chinh téc 13 duy nh4t nén ma trén chinh tic cia T 12 duy nhat.

2) V =W. Ta thuomg chon B’ = B. Ma trin A tuong ttng goi 1a ma
tran cba T d6i véi B. Lic dé6 (6.3.1) viét

Alxlg = [T(0)]g
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6.3.4. Thi du

Thi du 6.3.1. Tim ma tran chinh tic cba 4nh xa T : R> - R? xac
dinh bdi (cic vectd viét & dang cot)

T[|:Xl ]]:l:xl +2X2]
X2 £~ X
Giar : Tacé
1 1] .
T(Bl) = T[l:o:l]:':l] va T(L’z) = T(

\
\'Z] A= P2
dy 1 4

T 1
T(e)) T(ey)

HisN

C6 thé kifm 1ra lai :

LR M i

Thi du 6.3.2. Tim ma tran chinh tic cia dnh xa T : R LR Xac
dinh bdi (cdc vecto viét & dang cot)

X|+X2
X1
n —x
| || =] ™"
X3
X3
Xy
Giai : Tacé
1 1
1 i 0 )
Tep=T||lo||l=] |. TeE)y=T||1||=] |,
(e)) 0 (e3) o
0 0
1 0
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=
N
W
N
I
=
l
o —- o o
I — |

1
\
1 1 0
1 -1 0
Vay A=
0 0 1
1 0 0

Thi du 6.3.3. Gia sit T : R* — R 13 4nh xa tuyén tinh bién mai

vecto (x, y) € R? thanh anh dsi xing cta nd d6i vdi truc tung (hinh
54). Hay tim ma tran chinh tac cta T (cic vectd viét & dang cot).

Loi gidi :Tacs  Tie) = T[LI)D{_OK]
—

(-xy)

Hinh 54
-1 0
Va A=
)y o
s . X -1 0][x -
Kiém tra lai : Al = =
y] LO Yyl Ly

Thidu 6.3.4.GiasuT: P; — P, ladnh xa tuyén tinh xdc dinh boi
T(p(x)) = xp(x).
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Hay tim ma tran cta T déi vdi cic co sd
B={uj uyvaB' ={u’), u’» u’s}
trongdéuy =1, uy=x,;u’y=1Lu'y=xu’ =’
Gidi : Tir cong thic vé T ta co
T(up=T(1) =(x)(1)=x
T(uy) = T(x) = (H)(x) = 1°.

Bang cich kiém tra lai ta c6

0 0
[T(uplg- =] 1| [T(ux)lg=10].
0 ' 1

Vay ma tran cta 7 d6i vdi Bva B’ la

- O O

0
A=[[TunlgTuplgl=I
0

Thidu6.3.5.GiasitT: P; — Py, Bva B’ nhudthi du trén, va gia su

T(x) =1 -2x.

Hay ding ma tran A thu dugce & thi du trén dé tinh T(x) mot c4ch
g14n ti€p va so sanh vdi cach tinh truc tiép.
Gidi : Bang céch tinh gidn tiép ta c6
1
xlg = :
[xlg [_Zil
0 0
Do dé [T())g = Alxlg= |1 0 1
1

)

Vay T =0u') + lu'y —2u'y = 0(1) + 1(x) - 2(x%)

o = Q

-2

=x--2x2
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Tinh tryc ti€p ta cé
T(x) =T(1 — 2x) = x(1 - 2x) = x - 2x°.
Thidu6.3.6. Gia st B= {uy, u,, ..., u,} 1a mot co s3 trong khong
gian vecto hitu han chiéu V va ] : V — V 12 ton tir d8ng nhat trén V.
Khi dé

1(”1) = u., 1(112) = u2, ey [(ll") = H”

o]
|
| 0
o 0
Vay [I(up)lg= 0 Juplg= | . |s - Hu)lg =
0 .
) 1
-0_ B B
1 0 ... O]
o1 .. O
DOdé [’]B= .
0 0 ... 1]

Vay ma tran clia todn tir dong nhat d6i véi bat Ki co s6 nao cing 1a
ma tran don vi cap n.

Thidué6.3.7. GiasuT: R2 — R21a4nh xa tuyén tinh xdc dinh bai
(cdc vecto viét & dang cot)

R

Hay tim ma trdn cla T d6i v6i co s& B = {u;, uy} véi

oe[]ef]
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Giai : Tir dinh nghiacha T ta cé

2 3
T(u]) = ':2] = 2"1 Vh T(uz) = [6] = 3u2_
2 0
Vay [T(up)lg = [0]’ [T(u,)]g = [3]

20
Do d6 ma tran ctia 7 d6i véiBlaA=|:O 3:|,

Chii y 6.3.2. Cé thé chimg minh duoc diéu ngude lai cia dinh 1i
6.3.1,cuthé 1a:

Cho ma tran
a1 22 . @y
a a e @
A= ?l 2_2 2.n ’
4y 9y - Oy

bao gi® cling tén tai 4nh xa tuyén tinh T - V — W xdc dinh boi

[T(u)lp: bing cot thit jcia A = Alujlg
nhan A 1am ma tran d6i v&i co sd Bva B
Truong hop riéng :
v=R", W=R"
B va B’ 1a cdc co so chinh tic.
D6 1a thi du 6.1.2.

6.3.5. Ma tran cua toan tur tuyén tinh trong khong gian Enclid

Gia sit V 1a khong gian Euclid n chiéu véi tich vo huéng <...>,
B={e;. ey, ..., e,) 12 mOt co sd truc chuan cba V va T 13 mot todn ur
tuyén tinh trong V. Khi d6 cong thiic (6.3.3) cho

T(ej) = f“'BI + fzjez + ...+ f”}e”.
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Do dé

<T(e)ie;>=<dpe)+tyer+ ... +1,e,6>=1;

Vay theo (6.3.4), (6.3.5) todn tit tuyén tinh T ¢6 ma trdan trong co
so B la

A= [1,-}] VvGi 1y =< T(ej), e, >=<e, T(ej) >, (6.3.6)

BAI TAP : 6.22 - 6.33.

6.4. SUDONG DANG

6.4.1. Ma tran dong dang

Dinh nghia 6.4.1. Gid sit A va B la hai ma trdn vuéng cing cdp n.
Ta néi B déng dang vdi A, ki hiéu B A, néu ton tai mot ma trdn
khong suy bién (nic la khd ddo) P cdp n sao cho

B=P'AP.
Chii y 6.4.1. Ding thicc B = P AP c6 thé vi&
A=pPBP =P "y 'BP.
bat P = Qtacé
A =0 'BQ, O khéng suy bién.
Vay néu B déng dang véi A thi A déng dang vdi B.
6.4.2. Ma tran cta dnh xa tuyén tinh thong qua phép déi co s&

Pinh li 6.4.1. Gid suT :V — Vo mét todn i tuyén tinh rrong
khong gian n chiéu'V. Néu A la ma trén cia T doi véi co so Bva A’
1a ma trdn cua T doi véi co so B, thi

A'=P AP,
trong dé P la ma trdn chuyén co so tie B sang B'.
Vay A’ dong dang véi A.
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Cluimg minh : Theo gia thi€t clia dinh lita c6,Vx € V :

Alxlg=[T(N)]g , A’lxlg: = [T(D)]p

. N . 3 [N y o -1,
Vi P la ma tran chuyén co sd tir B sang B’ nén P la ma tran
chuyén ca sd tr B’ sang B va cé

Pl = [x)g. P [T(0)]g = (T(W)]g:
Dods A'lxlg = [Ty = P [T(0)]g
=P Ay = P AP
titc 1a A'llxlg =P 'APlx]g Vx €V,
Vaycs A’ =P AP
Thi du 6.4.1. Gia sir T : R — R” xéc dinh boi
T X) _ X +x
Xy —2x; + 4x4

Hay tim ma trén chinh tac cia 7, tic la ma tran cla T d6i véi co
s chinh tc B = (e, €,} :

o[l

réi dung dinh Ii 6.4.1 d€ bién ma tran d6 thanh ma tran ciia T d6i véi

cosd B’ = {u;, uy):
1 1
u, = L, Uy =
Tl 2

Gidi : Tir cong thire vé T 1a cé

o)
w1 [oH)

—
| S
I
|
i)v—-
| IS |

é03
N | BN



Do d6 ma tran chinh tic coa T la
1 1
A=
Bay gid ta 1ap ma tran chuyén co s P tir B sang B'. Ta thdy

u]=€1+€2,u2=81+2€2.

Do d6 [u))g = H [“215-[ }
wref ]

._1'|
Ta suy ra P .
d [‘1 1

Do d6 theo dinh 1i 6.4.1, ma tran ctia T dG6i vdi cosd B' 1a
2 -1f[1 1ffr 1] [2 o
=2 41 2 [0 3]

-1 1
Chii y 6.4.2. Ma tran A’ c6 dang chéo, nd don gian hon A, va ¢6
nhiéu tinh chat dang chd y nhu

a2 [2 01[2 o] 22 0
(AY =AA = = .
0 3]0 3. 0 32

Chiiy 6.4.3. Tir chi y 6.4.2 ta c6 thé dit van dé sau : Cho ma tran
A vuoéng bat ki. Hoi ¢4 thé tim duge ma tran P vuéng ciing cdp dé ma

A’=P_IAP=[

trdn A’ = P lapPcs dang don gian hon A, chiang han nhu ma tran A’
c6 dang chéo, dugc khéng ? D6 12 van dé riit gon ma trdn ma ta sé
gidi quyé&t mot phdn & chuong sau thong qua céc tri riéng va vectg
riéng cua ma tran.

BAI TAP : 6.34, 6.35
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TOM TAT CHUGNG VI

Anh xa tuyén tinh
V' va W la hat khéng gian vecto (trén truong R)
T7:V =W
Néi T li dnh xa tuyén tinh néu
T(u+v) = T(zl) +T(v) Yu, vev

Thkuy=kT(u) VueV, vk e R.
Tir dinh nghia dé suy ra

(a)T(H =8

(b) T(—) = -T(v)

@ T —-v)=Tw) —T)
Hat nhan va anh

Ker(T) := {v e VIT(v) = 8}

Im(TN={weWlav eV, Tk =w)
=T(V).
Ker(T) 12 mét khong gian con ciia V.,
Im(7) 1a mo6t khong gian con cia W.
. Hang cda dnh xa tuyén tinh
rank(T) : = dim(7(V)) = dim(Im(T))
Néu V la khéng gian n chiéu thi
rank(T) + dim(Ker(T)) = n
Anh xa tuyén tinh va ma tran
V 1a khong gian n chiéu ¢6 cosd 12 B
W 1a khong gian m chiéu cé cosola B
Cho ma tran A ¢d m x n thi phép nhan A v6i vecto x € V 120 ra
mot dnh Xa tuyén tinh tk V té1 W,
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Nguoc lai, cho mot dnh xa tuyén tinh 7 : V" — W thi tén tai ma
tran A ¢ m x n d& dnh xa T c6 thé thuc hién thong qua phép nhan véi
ma tran A :

Alxlg=[T(x)]lg xe V

Ma tran A poi 12 ma trgn cua anh xa T 361 v3i cac ca s& B trong ¥
va B’ trong W.

Ma tran A xdc dinh bai :
cOt thitjcoa A la [T(uJ-)]Bu J=12, .50
u; 1a vecto thy j c11a co S3 B.
Su déng dang cia 2 ma tran vudng thudc . 7.
No6i A déng dang véi B, ki hiéu A > B, né&u t6n tai ma tran khong
suy bién P& . #, dé c6 A= P 'BP.
Néu A B thi By A.
Ma tran cua anh xa tuyén tinh qua bién déi co so
V la khong gian vecto n chiéu
T :V =V la mot todan tir tuyén tinh trén V
P61 vdi cosd Bena V, T ¢6 ma tran A,
D81 véicosad B coaV, T c6 matran A°,
P 12 ma tran chuyén co s& (i B sang B’,
Khidécé  A'=P AP,
nghia la A'W» A

BAI TAP CHUONG VI

6.1. Anh xa f = R> — R? du6i day c6 phai 12 tuyén tinh khong :

1) Aix. y) = (2x, ¥) 2) flx, y) = (5% y)
3) Ax, y) = (3, %) 4) f(x, y) = (0, y)
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5) fx, ) = (x, ¥y +1) 6) v, 3= Qv +y, 0 -¥)

7 e ¥y = (v 9 8) flx, v = (Vx, 3fy).

6.2. Anhxaf: R’ - R dusi day ¢4 phai la tuy€n tinh khong :

Dftv.y.o)y=(x, x+y+2) 2) fly, v, 2)=(0,0

Ny =D 4) flx, y, ) =2x + y, 3y — 4z)
6.3. Anh xaf: ./, — R dudi day cé phai la tuyén tinh khéng :

ol e oLl
c d cd ¢ d
3) f”f SD =2u+3b+c—d 4)fﬂ:j j]] =a”+ b

6.4. Anh xa f - P, - P, dudi day c6 phai la tuyén tinh khong :
D) fla, +ayx + a2x2) =ay, +(a) +az)x + (2a, - 3a1)x2

2)flay +a;x+ u2x2) sag+ayx+ 1)+ ay(x+ 1)2 ‘

3) flay + ayx + a2x2) =0

Y fla, + ayx + azxz) =(ag+ 1)y +ax+ azxz.

6.5. Cho f : R? - R?1a 4nh xa bi€n médi diém clia mat phang
thanh diém déi xung clia né d6i vdi truc y. Hay tim cong thirc cho f
va chimg t6 rang nd 1a mot toan tir tuyén tinh trong R

6.6. Goi -#/,, x , la tap cac ma tran cd@ m X n. Cho B 1a mot
ma tran ¢d 2 x 3 hoin toan xdc dinh. Ching minh ring 4nh xa

T :. /5 x5 = +#y x 3 dinh nghia boi T(A) = AB la 4nh xa tuyén tinh.

67.ChoT: R S5 R? 12 mot 4nh Xa ma tran va gia s
1 0 0]
1 3 4
TI1O|| = , TI1 = , T|I{01] =
0 1o ]
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(a) Tim ma tran ctia T.

1

(b)TimT ||3
_8_
x]

(c)TimT ||y

6.8. Cho 4nh xa T : R® = W 12 mot phép chiéu truc giao céc diém
cia R® len mat phang xO:.

(a) Tim cong thitc cua T.

(b) Tim T(2, 7, —1).

6.9. 5 1a mot co sa trong khong gian n chiéu V.

a) Ching minh rang néu v, v5,..., v, 12 mot ho doc lap tuyén tinh
trong V" thi cdc vecta toa do (v(),, (), -.-, (V) ciing tao thanh mot
ho doc Jap tvyén tinh t‘rong R" va ngugc 1ai.

b) Néu {v, ..., v) sinhraV thy {(v}),. ..., (v,);} ciing sinh ra R" va

ngugc lai.

6.10. Cho T : R2 — R% 12 4nh xa nhin vai ma tran

4]

1) Hoi vecto nao dudi day thuoe Im(T) ?

(a) (1, —4), (b) (5,0), | (c) (-3. 12).
2) Vecto nao dudi day thube Ker(T) ?
(a) (5, 10), (b) (3, 2), (c) (1. 1).

6.11. 1) Cho 4nh xa tuyén tinh T = P, — P; xdc dinh bdi
T(p(x)) = xp(x). Hoi phan tir nao dudi day thuoce Ker(7) :

(a) x* 2 (b) 0 ? ()1 +x?
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2) Haoi phan tlr nao duéi day thude Im(7) :
(a)x + x°? (Y1 +x? ()3 — 27

6.12. V 1a mot khong gian vecto, cho T - V — V xidc dinh boi
T(v) = 3v

(a) Tim Ker(7).

(b) Tim Im(T).

6.13. Tvm 6 chiéu cta Ker(T) va Im(T') vai

(a) T cho & bai tap 6.10.

(b)T cho d bai tap 6.41.

6.14.V 1a khong gian n chiéu. Tim hang cba anh xa tuyén tinh T :
V' - ¥V xdc dinh boi

(a) T(x) = x; b)Y T()=0; (c) T(x) = 3x.
6.15. Xét cosa $ = (v, vy, v3} trong R3 trong do
vy =(1.2,3),v5=(2,5,3). vy =(1,0,10).

Tim bicu dién dnh xa tuyén tinh : 7 : R® — R> xdc dinh bdi
I'(vy)=(1.0), T(v5) =(1,0),T(v3) = (0, 1). Tinh T(1, 1, 1), trong cic
c0 sO chinh tac cla R3, R,

6.16. Tim 4nh xa tuyén tinh T : P, — P, xdc dinh bdi T(1) = 1 +x,
Tr) = 3 — X3, T(x") = 4 + 2x — 3¢ Tinh T(2 = 2x + 3x°).

6.17. Tinh dim(Ker(T)) trong dé

(a)T:R> = R” ¢6 hang 3

(b)T:Py— Pycohang 1

(@ ImciaT:RE SR IR’

(YT :. 7y — . #/,5 cé hang 3.

6.18. A1a ma tran ¢d 5 x 7 c6 hang bang 4.

(a) Hay tim s6 chiéu ctia khong gian nghiém clia Ax = 6.

(b) Hoi Ax = b ¢6 tuong thich véi moi b € R khéng ? Li do.
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6.19. T 1a m6t 4nh xa ma tran xac dinh nhir dudi day.
Hay tim : (a) mot co s6 cho Im(T) ;

(b) mét co s6 cho Ker(T) ;

(c) 56 chiéu cta Im(T) va Xer(T ).

1 -1 3 2 0 -1
Hl|5 6 14 0 2
7 4 2 10 0 ©
1 4 50 9
4152 3-2 10 -1
3) 4)
1230 -1 0-10 -1

2 3 51 8

6.20. Goi D : Py — P, la 4nh xa dao ham D(p) = p’. Hay m6 ta
Ker(D).

6.21. Goi J : Py — R 1a dnh xa tich phan

1
P = | ptorax.
-l
Hay mo ta Ker(J).

6.22. Hay tim ma tran chinh tidc (xem dinh nghia 6.3.2) clla mdi
todn tlr tuyén tinh sau :

() T(xy, xp) = Qxy —xp, X3 + x3)

(b) T(Xp Xz) = (Xl» Xz)

() T(xy, x9, X3) = (X} + 2x5 + X3, 0} + 5xy, Xx3)

(3) T(xy, xp, x3) = (dx(, Tx5. —8x3)

6.23. Tim ma tran chinh tac cba méi anh xa tuyén iinh sau
(a) T(x, x3) = (x5, = xy, x| + 3x9, X — X3)

(b)Y T(xy, xp, X3, x4) = (Txy — 225 = X3 + X4, Xp + X3, = X])
(c) T{xy, x5, x3) = (0,0, 0,0, 0)

(d) (x1. X9, X3, Xg) = (X4, X, X3, X3, Xp — X3)
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6.24. Tim ma tran chinh (ac cha todn tif tuyén tinh T : R” — R’
bi¢n v = (x. y) thanh d6i xing cda né dé1 véi

(a) Truc x.

(b) Dudng phan gidc vy = x.

(c) Goc toa do.

Hay tinh T(2. 1) trong mdi truong hgp

6.25. Tim ma tran cda dnh xa tuyén tinh 7 : P, = P| xac dinh bai
T(ay +apx+ uzxz) = (g, + ay) — (2a) + 3ay)x
d6i vai cdc cd sa chinh tac trong P, va Py,
6.26. Cho T - R® = R xdc dinh boi
T(x), x9) = (x) + 2x5, —x, 0)
(a) Tim ma tran cua T déi vdi cac co s0 B = {u|, u,} trong R2 va
B' = {v, v, v3) trong R3 :
uy =(1,3), 1, =(-2,4)
v = (1L 1, 1), vy =(2,2,0), v3=(3,0,0)
(b) Diing ma tran thu dugce & (a) dé tinh T(8, 3).
6.27. Cho T : R? — R> x4c dinh bai
T(x), x5, x3) = (X — X9, Xy — Xy, X| — X3)
(a) Tim ma tran cva 7 déi véi co 56 B = {v|, vy, v}
vy = (1,0, 1), vy = (0.1, 1), v3= (1. 1,0)
(b) Dung ma tran thu dugc & (a) dé tinh T(2, 0, 0).
6.28. Cho T : P, — P, la dnh xa tuyén tinh xdc dinh boi
Ttpix)) = X plx).
(a) Tim ma tran cua T d6i véi cdc co sd B = (p,, p,. p3} trong P,
va co sd chinh tac B trong Py :
pr=1 +x2.p2= 1 +2x+3x2,p3=4+5x+x2
(b) Diing ma tran thu duoc & (a) hay tinh T(=3 + 5x — 2x%).
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1
6.29. Cho \‘] = (l, 3)‘ Vg = (_1, 4) vi A = [

_ 2i| la ma trdn cua
inh xa T : RZ = R” d6i vdi co s3 B = {vy. v5).

{a) Tim [T(v))]g va [T(r1)]g.

(b) Tim T(vy) va T(v,).

¢y Thim T(1,1).

3-210
630.ChoA=| 1 621
-3 071

2 ma tran clia anh xa 7 : R* = R” d6i véi cic co sa B = (vy, Vo V3.
v} trong R*va B = {w(, wy, wy) trong R:
vy =00, 1.1, 1) =2, L=1, —1), vy =(1, 4, -1,2), v, = (6, 9. 4, 2)
wy = (0, 8, 8). wy = (=7, 8. 1), wy = (~6,9.1).
(@) Tim [T(v]g. [T(v))Ip [T(v3)]p (T(v4)lp-

(b) Tim Tfl"] )\ T(\’z)‘ T(\’3)‘ T(\’4).
(c) Tim 7(2, 2,0, 0).

1 3-1
631.ChoA=]2 O 5] lamatrancta dnh xa
6 -2 4

T: Py — Py d6i véi co s& B = [v), vy, vy} Vi v, = 3x + 327,
va==1+3c+ 212. va=3+Tx+ 252

(a) Tim [T(v)]g. [T(vy)Ig. (T(v3)]g

(b) Tim T(vy), T(vy), T(v3).

(©) Tim T(1 + ).

6.32. Cho D : P, — P, la todn tir dao ham D(p) = p’.

Tim ma tran cia D d6i véi médi cao s B = {py, p,. p3} dudi day :
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2
@py=l.py=x,p3=x".
by p;=2.py=2~13x, p3=2—3_r+8x2.

(c) Ding ma tran thu dugce & (a) dé tinh D(6 — 6x + 24,(2).

(d) L.am lai phan (¢) doi vi ma tran & (b).

6.33. Trong cdc bai tap dudi day hay tim ma tran ctia T doi véi co
s& B roi suy ra ma tran cta 7 dSi v3i co sd B

)T : R? 5 R xic dinh boi

T(x), x3) = (x; —2x5, =X3)

B = {uy, u3}, B"= (v, vy}

)y =(1,0). 15 =00, 1), vy =(2, 1), v, =(-3.4)
2) T : R? = R? xdc dinh bi

T(x,.x) = (x; + 7xp, 3x| —4x,)

B={u, us}, B"={v), vy}

Uy =(2,3) =4, -1, vy =(1,3). vy = (-1, -1)
3T : R* - R? xéc dinh bdi

T(ay, x5, 03) = (4 + 235 = x5, =45, 0 + 7x3)
B 13 co s& chuin tic trong R°, B’ = {viovaavs).

v =(1.0,0),va=(1,1,0), vy =(1. 1. 1)

HT= RS R phép chi€u truc giao 1én mat phing xOy, B va
B’ cho & bai tap 3).

§) T : R? — R? xdc dinh bdi T(x) = 5x, B va B’ cho & bai tap 2).
6) T : Py — P, xdc dinh boi

Tlag+ayx)y=ay,+ay(x+1)

B={pi.p}. B'={q,. ¢}

P =6+3x,py= 10+ 2x

q,=2.9,=3+2x
6.34. Chiing minh rang néu A va B dong dang thi A*wva B dong dang.
6.3S. Chung minh rang hai ma tran dong dang c6 cung hang.
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PAP SO
6.1. 1) co; 2) khong ; 3yco; 1) ¢o
5)khong ;.  6)cd; 7)co; 8) khong.
6.2. 1)co: PARL 3) khong : 4) cé.
6.3.1)co; 2) khong ; 3)co; 4) khong.
6.4.1)co; 2)ch; 3)¢o; 4) khéng.
6.5. flx. y) = (—x, ¥).
6. 2) [1 3 4} : b){ 42} : o [.\'+3}'+ 4:].
10-7 =55 x=7z
68.2)T(x,y.2) =(x,y,0) b) (2, 7. 0).
6.10. 1) a)c)
2) a).
6.11. 1) b);
2) a).

6.12. 2) Ker(T)= {6} : b) Im(T) = V.
6.13. a) dim(Ker(T)) = 1 ; dim(Im(T)) =1 ;
b) dim(Ker(1)) =0 ; dim(Im(7T)) = 3.
6.14. 1) dim(Ker(T)) = 0 ; dim(Im(T)) = n ;
b) dim(Ker(T)) = n ; dim(Im(T)) =0 ;
¢) dim(Ker{(T)) = 0 ; dim(Im(T)) = n.
6.15.T(x,y, z) = (30x = 10y — 3z, 9x + 3y + 2),
T, 1, 1) =(17,-5).
616. T2 -2x + 312) =8 + 8x— 7x2.
6.17. a) dim(Ker(T)) = 2 ; b) dim(Ker(T)) =4 ;
¢) dim(Ker(T)) = 3 ; d) dim(Ker(T)_) =1.
6.18. a) s6 chicu = dim(Ker(7)) =3 ;
b) Khong. Muon cho Ax = b twong thich Vb € R®, phii ¢ Im(T) = R°,
nhung vi rank(7) = 4 nén dim(Im(7)) =4 # 5 nén Im(T) # RS.
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6.19.

6.20.
6.21.

6.22,

6.23.

i
1)a)|5S
7

]_

i

-14/11
by| 19/11
\

|

c) rank(7T) = 2, dim(Ker(T)) = ]

[1 /2| [0
2)a) |2 b) 0l 11
0 1] |o
¢) rank(7T) = 1, dim(Ker(T)) = 2
) 1] [-4/7
1111 =11\ 2/7
3) : . b ,
' L1/4] M ST
O
¢) rank(7) = 2, dim(Kcr(_?')) =2
SRR
Fa 0 0 W
-1 -2
4yay | ! 0 by| 1], ©
-1 |-2771 |0 '
2| |snal 1] ore
o) [ 1]
¢) rank(7) = 3, dim(Ker(T)) = 2
Ker(D) gém céc da thirc hang.
Ker(J) gom cic da thice ¢é dang kx.
) (2 -1 b) 1 0],
a
11 01
121 40 0
c)lt50 di{07 O
001 00 -8
[0 1 _
72-11
-1 0
a) - by 01 10
) -10 00
[ 1 -1 -
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6.24.

6.25.

6.26.

6.27.

6.28.

6.29.

316

c)|0 00

a)

c)

1 1
0 -2

o
N

0 0
ay|-=1/2 1
| 8/3 4/3
1 =372 127
a) | =1 1/2 1/2
L0 1/2 -1/2
0 0 0
00 0
a1l 1 4
02 5
11 3 1

d)

b)

d)

b)

b) 32 4 5_\'3 2y

00 01
10 00
00 10
01 00

[1 0 -1 0

[0 1
o

T(2.1) = (2,-1y
T((2,h) = (1,2

T(2.1)) = (-2.-1),

1 3
a) (TR = [_2]. (Tl = [5]

3
b) T(vy) = [_J, T(vy) =':

[ 19/
¢)
—83/

]

)

ot
N @ »



1

6-30A a) {7‘(\])'3' = [T(\2)]B —[
0

[TODMg =12 ITe)lg = |1

|

-
11 —42
h) T(\'[) = 5 ‘T(“E) = 32
22 -10
-56 -13
T(vy)=| 87|.T(vy) = 17
17 2
=31
c) 371
12
| 3
6.31. a) [T(v)Ig =| 2|, [T(vplg =| O
6 -2
-1
[TOvlg =| 3
4

b) T(v) = 16 + Skx + 19.x°
T(vy) = =6 — 5x + 5¢°
T(v3) = 7 + 40x + 152

¢) T + x2) = 22 + 56 + 14x2
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0 1

0

6.32. ) |0 O 2

318

tos
:JJ

000
c) -6 + 48x
I -2
1) [Tl =
) [T {0 _1}.
1[-1 sl
DTy = —
» o 14{81 41
12 -1
3) [Tlg =|0 -1
10 7
(1 0 0
4 [Tlg =0 1 0],
00 0
5) [T] |50
B7 o 5]
[2/3 =2/9
6) [Tlg =
) Tl 1/2 4/3

|

0
b) |0
0

-3/2
O.
0

23/6
-16/3
0

d) —6 + 48x«.

-3/11
=2/11

1[-31 9
Tiy = =
Ty 2[—75 25}

=56/11
(Tl =[ ! }

3/11

1 4 3
Ty =|-1 -2 -9
|1 1 8
1 0 0
[Ty =|0 1 1|
10 0 0
- _'50
B0 s
() _'11
B0 1
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Chuong VII

TRI RIENG VA VECTO RIENG
CUA TOAN TU TUYEN TiNH

7.1. TRI RIENG VA VECTO RIENG CUA MA TRAN

7.1.1. M@ dau

Trong nhiéu bai todn, khi cho todn ta tuyén tinh T : V — V thicé
mot van dé quan trong 1a xdc dinh duge nhimg s6 A sao cho T(x) = Ax,
tic 12 T(x) ti 1é v8i x, x # 0. Ta <& nghién ciru vin dé nay va néu lén
mot vai img dung.
7.1.2. Khai niém tri riéng va vecto riéng ciia ma tran

Dinh nghia 7.1.1. Gid sw A la ma trdn vuéng cdp n. $6 A goi la tri
riéng cua A néu phuong nrinh

Ax=Ar,xe R"
co nghiém x = (x;, x5, ..., x) # (0,0, ..., 0).
Vecto x # O nay goi la vecto riéng img tri riéng A.

. 30
Thidy7.1.1.Cho A = 8 |

o AL S

Viy véix = (1, 2) taco
Ax = 3x

nghia 12 3 1 tri riéng cia A véi vecto rieng & (1. 2) € R>.
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Chit y 7.1.1. Néu x la vecto riéng cta A ang tri riéng A thi cy,
trong dé ¢ 1a mot hiang s6 khac khong tuy y, ciing 1a vectd riéng cia
A ung tririéng A.

That vay, ta co

A(cx) = cAx = cAx = A(cx).

Vi viy sau khi c6 x ta c6 thé chon ¢ dé duoc vecta riéng cé do dai

bang 1. nghia la
Hexll =1 = ¢ = 1/ llxdl.
Vecto rieng c6 do dai bang 1 goi 1a vecto rieng da chudn hod.

7.1.3. Phuong trinh dac trung

Dé tim c4c tri riéng cha ma tran vudng A cip n, ta viél Av = Ax

thanh Ax = Alx, x € R", trong d6 7 12 ma wran don vi cdp n. Do d6 ¢6
(A-—ADx = 0.

Day 1a mot hé tuyén tinh thuan nhat. Mudn cho A 1a tri riéng cua
A, diéu kién la hé trén cé nghiém x # 0 va mudn th€ di¢u kién can va
du la

det(A - Al) = 0. (7.1.1)

D6 1a phuong trinh dé xac dinh céc tri riéng cia A, ta di dén dinh
nghia sau '

Dinh nghia 7.1.2. Phuong trinh (7.1.1) got la phuwong trinh ddc
trung cua ma trdn vuong A, con da thitc det(A — Al) goi la da thirc
ddc trung cua A.

Thi du 7.1.2. Hiay 1im cdc tri riéng cla ma tran

3 2]
A=
-1 0]
Gidi : Tacé

A Al < 32_110:3-/1 2}
-1 0 0 1] -1 -A

Vay phuong trinh dac trung cla A la
3-4 2

dev(A - Al) = =12-31+2=0.

TasuyraA=1vaA=2Ilacéc tri riéng cua A.
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Thi du 7.1.3. Tim c4c tri riéng clla ma trn

-2 -1
A=
S 2
Gidi : Phuong trinh dac trung clia A viét
-2-1 -1

5 2-4

Phuong trinh nay khong c¢é nghiém thuc, chi ¢ hai nghiém phiic
la i va —i. Vay ma tran A khbng c6 tri riéng thuc, nhung cé hai tri
riéng phic 1a 1 va —i.

Chu y 7.1.2. Phuong trinh dac trung (7.1.1) cia ma tran A cap »n la
phuong trinh bac » déi véi A. Theo dai s6 hoc (dinh 1i 2.6.3) né ¢6 n
nghiém thuc hoac phitc, don hoac boi. Vay mét ma tran cip n cé n tri
riéng, thuc hoac phitc, don hoac boi.

Chu y 7.1.3. S8 boi ctia nghiém A cha phuong trinh dic trung
(7.1.1) goi 1a s6 boi dai s cha A.

det(A—/ll)=' =241=0

7.1.4. Tri riéng ctia ma tran dong dang
DPinh li 7.1.1. Hai ma tréan dong dang cé cung médt da thicc ddc
trung, nghia la c¢é cdc tri riéng nhu nhau.
Chung minh : Gia sit A va B 1a hai ma trin dong dang, nghia la 16n
tai ma tran P khong suy bién : det(P) 20, dé c6 B = P 'AP.
Xét phuong trinh dac trung clia B :
det(B — M) = det(P_'AP — AP"'1P)
=det(P"' (A - AI)P)
= det(P ') det(A — AI) dex(P)
= det(A - Al) det(P ') de(P)
= det(A ~ AI) dey(P_' P)
= det(A — AI) det(])
=det(A - A
vi theo dinh 1f 3.3.5 det(P) det(P_l) = det(PP_l) =det(l) = 1.
Do d6 tri ridng ciia B tring vdi tri riéng cua A.
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7.1.5. Tim vecto riéng cta ma tran
Vecto riéng ciia ma tran A vmg tri riéng A 1a nghiém khac khéng
cia phuong trinh Ax = Ax. :

b6 1a nhimg vecto khic khong trong khéng gian nghiém cla
phuong trinh

(A-ADx=0 (7.1.2)
Dinh nghia 7.1.3. Ta goi khéng gian nghiém cua (7.1.2) la khéng
gian riéng cua A vng tri riéng A.
Chiu y 7.1.4. S8 chiéu cla khéng gian riéng clia A dng tri riéng A
£0i 12 s6 boi hinh hoc cia A.
Thi du 7.1.4. Hay tim céc co sd cua khong gian riéng cla

3 20
A=|-2 3 0
0 05
Giai : Phuong trinh dic trung clia A 12
3-4 -2 0
2 3-4 0 |=-(A-1)(A-57=0
0 0 5-14

nén cic tririéngcliaAla A=1va A =15 (boi 2).
Theo dinh nghia, vecto
X
x=|xy
X3

12 vecto riéng cta A ting tri riéng A khi va chi khi x Ia nghiém khong
tim thuang cua

(A-ADx=0
3-A 2 0 || x 0
nghia 1a 2 3-i 0 |x|=|0}|
0 0 5-i]xy] |0
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Véi A=5tacéd

-2 =20 Xq 0
-2 -2 0fx |=|0}
0 O 0 X3 0
Giai he nay ra dugc xy = -5, xp =8, X3 = L.

Vay nhitng vecto riéng cia A dng tri riéng A = 5 13 nhing vecto
khic khong c6 dang :

~8 - 0 -1 0
x=| s|=| s{+l0|=s] T1[+¢]OL
t 0 |1 0 1
-1 0
Vi hai vecto | 1| va |0 la doc lap tuyé&n tinh, ching tao thanh
0 1
mot co sO cho khong gian riéng ing tri rieng A = 5.

VéiA=1:
2 =2 0f[x | [0
2 2 0)x|=|0
0 0 4 x| |0
Giaih¢ naytaduge x; =1, x5 =14, x3=0.
Viy cdc vecto riéng img tri rieng A = 1 Ia céc vecta khac khong ¢6 dang
r] |1
x=[t |=H1
0 0]
1
chonén |1
0
1a co s& cua kKhong gian riéng Gng tri riéng A = 1.
BAITAP:7.1-13.
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7.1.6. Tri riéng cia ma tran dé6i ximg
DPinh li 7.1.2. Ma trdn déi xung A chi ¢é tri riéng thuc.
Chitng minh.
Cho A= [aij ]nxn ’ x= [Ii]nxl
— Nhd ring néu @ € C thi a ki hiéu s6 phic lién hep cha o. Bay
gio ta dinh nghia
A=l X=X -
Khi dé 1o rang
Ax= AT = AX.
Gia sir A 12 tri riéng cla A va x # 012 vecto riéng tuong dng. Khi
détacéd X'x>0 va
A x=x'"(Ax)=X'(Ax)=(Ax) T =x'A"x =
= x'AY = x' (Ax) = x' Ax = Ax'% = A¥'x
= (A-)xx=0=A-1=0=>A=1=1e R
Do d6 vecto rieng tuong tng la v = (v, v5, ..., v,) € R".

Pinh I{ 7.1.3. Néu ma trdn A cdp n déi xiing thi né cé n tri riéng
thuc va n vecta riéng truc chudn tuong img.

Xem chiing minh trong phin phu luc cudi chuong, muc 7.5.1.

7.2. TRI RIENG VA VECTO RIENG CUA TOAN TU
TUYEN TINH TRONG KHONG GIAN HUU HAN CHIEU

7.2.1. Dat bai toan

O trén ta di dinh nghia tri riéng va vecto riéng cho mot ma wran. Ta
ciing c6 thé dinh nghia tri riéng va vecto riéng cho todn t tuyén tinh.

Pinh nghia 7.2.1. Gid suV la mét khong gian vecta. S6° A goi la
tri riéng cua todn tr tuyén tinh T : V >V néu ton tai vecto x #0 sao
choT(x) = Ax.
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Vecto x dugc goi 1a vecto riéng ung tri riéng A.

Nhu vy nhitng vecto riéng cua T vng tri riéng A 13 nhimg vecto
khdc khéong cta Ker(T — Al). Hat nhan nay dugc goi la khéng gian
riéng cua T img tri riéng A.

7.2.2. Cach giai trong khong gian hitu han chiéu

Dinh Ui 7.2.1. Gid su'T la mot todn tu tuyén tinh trong khong gian
vecto hitu han chiéu'V va A la ma tran cia T doi voi mét co sé nao
dé B cuaV.Thé thi

1) Nhitng tri riéng cua T la nhiing tri riéng cua A.
2) Vecto x la vecto riéng cua T vmg tri riéng A khi va chi khi ma
trdn toa d¢ [x]p tic la vecto cét [x)g 1 vecto riéng cia A ung tri
riéng A. '
Chimg minh : Phuong trinh T(x) = Ax tuong duong vdi
[T(X)]B = A[X]B

Nhung theo dinh nghia 6.3.1 va cng thic (6.3.1) thi
[T(x)]g = Alxlp

Vay phuong trinh 7T(x) = Ax twong duong véi
A[.X]B = /l[X]B

Chiy 7.2.1. N&u d6i co sd thi theo dinh 1i 6.4.1, ma tran A’ cta T
d6i véi co sé méi déng dang v6i ma trin A va do d6 theo dinh i
7.1.1, A’ ¢c6 ching tri riéng nhu A.

Thi du7.2.1. Hay tim céc tri riéng v co s& trong khong gian riéng
clia todn tir tuyén tinh T : P, = P, xac dinh bdi
T(a + bx + cxz) =(3a—-2b) + (-2a+3b)x + (5c)x2‘
Giai : Ma tran cua T d6i véi co s8

B={1,xx%]
3 2 0
la A=|-2 3 0
0 05
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Cic tririeng cda T 1a cdc tri riéngcla A : d6 'a A= 1 va A =5 (Thi
du 7.1.4). Cung & thidu 7.1.4 ta d3 tim ra khéng gian riéng cla A ung

v6i A =5c6 cosd {u, uy}, con khong gian rieng iing A = 1 ¢6 co s6
{uz}], trong dé

-1 0 1
= 1], U = 0 y Uy = 1
0 1 0

D6 1a nhitng ma tran toa 46 d6i vdi B cua
b =-1 +x,p2=x2,p3= 1 +x

Vay {-1 +x, xz} 1a mot co 58 trong khong gian riéng cliia T ung
A=5,va [l +x}12métcosdcho khong gian riéng img A = 1.

7.3. VAN BE CHEO HOA MA TRAN

7.3.1. Dat bai toan

Bai toan la. Cho V la mét khéng gian vecto hiru han chiéu,
T : V - V la mot todn tr tuyén tinh trong V. Ta da bi€t (xem dinh
nghia 6.3.1) rdng ma tran cda T phu thudc co s& chon trong V. Ta
mong muén c¢é mot co s sao cho ma tran clia T ¢4 dang don gian
nhu dang chéo chang han. Hoi ¢6 hay khong mét co sé trong V sao
cho ma tran ciia T d8i v3i cao s& d6 1a ma tran chéo ?

Bai todn 2a. Cho V 1a mot khéng gian vecto hitu han chiéu c¢6 tich
vo hudng, T : V —> V 1a mot todn tir tuyén tinh trong V. Hoi cé hay
khong mét co sa truc giao trong V sao cho ma tran cia T déi vdi co
s d6 12 ma tran chéo ?

7.3.2. Céch giai

Gia sir A 1a ma tran clia T d6i v6i mot co s& xdc dinh nao d6 trong
V. Ta xét mot phép dbi co sd. Theo dinh Ii 6.4.1 thi ma tran méi cua

T sé1a P AP trong d6 P 12 ma tran d8i co sd.
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Vay bai todn la tuong duong vdi bai todn : Hoi ¢6 ton tai moét phép
d6i co s& dé cho ma tran mdi cua T d6i v6i co 50 méi 1a ma tran chéo ?

Néu V l1a mot khéng gian ¢é tich vo hudng va nhifng co sé la truc
chudn thi theo dinh 1i 5.8.2, P sé 12 tryc giao.

Vay ta da dua hai bai todn 1a va 2a vé nhimg bai toin dang ma trén :

Bai todn 1b (dang ma tran). Cho mét ma tran vuobng A. Héi c6 ton tai
hay khéng mot ma tran P kha dao sao cho P AP 12 ma tran chéo ?

Bai todn 2b (dang ma tran). Cho ma tran vudng A. Hoi cé tén tai

hay khong ma tran truc giao P sao cho P'AP 1a ma tran chéo ? (ma
trin vuong A goi 1a ma tran truc giao néu A'A = ).

7.3.3. Ma tran chéo hoa dugc

Pinh nghia 7.3.1. Cho ma trdn vuéng A. Néu tén tai mét ma trdn
khd ddo P sao cho P~ AP 1a ma tran chéo thi noi ma trdn A chéo hod
duoc va néi ma tran P lam chéo hod ma trdn A,

Nhu vay A chéo hod duge néu né déng dang vSi mot ma tran chéo.

Ta phai tra 15 hat c4u héi : 1) ma tran ¢6 diéu kién gi thi chéo hoa
duge va 2) ma tran P lam chéo hoda ma tran 4y xac dinh nhu thé nao ?

7.3.4. Giai bii toan chéo hoda ma trin
Dinh li 7.3.1. Gid sit A 1a ma trdn vuéng cdp n. Diéu kién cdn va
dii dé A chéo hod diwoc 1a né c6 n vecto riéng déc lap tuyén tinh.
Chitng minh : a) Gia st A chéo hod dugc, nghia 14 tén tai mét ma
tran kha dao P :

P11 P12 - P
P=Ipy Py - P
Pm Pm2 - Pun
sao cho P—]AP = D, trong dé
A
D= /12
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Ta suy ra AP =PD

Goi py. py, - Py |2 cdc vecto cOt cha P, ta thay cdc cot lién ti€p
coa AP 1a Ap|, Ap,. ..., Ap,. Déng thai
Pt P12 - Pin |[ M

Moy MP e Appyy
PD = Pxn b2 - Py A’?

- llp21 )"ZP'ZZ A-;;P),,

Put Pn2 - Pun A'n Alpnl AQPnZ A

1 Pnm
Vay phuong trinh AP = PD & trén cho

Apy = APy, APy = Agpo. - APy = Ay
Vi P kha dao nén nhiing vecta cot p; # 6, do d6 A, A,...., A, 1a cic
tri riéng clia A va py, p5, -.., p, 1a cac vecto riéng tuong ing.

Vi P kha dao nén det(P) # O va cic vects py, p,, ..., p, la doc lap
tuyén tinh.

Vay khi A chéo hod duoc thi né c6 n vecta riéng doc 14p tuyén tinh.

Chimg minh (b). Gia s\t A c6 n vecto riéng doc Iap tuyén tinh p,,
P2, - Py VOI cAc tri Tiéng tuong Ung A, A,, ..., A, Va gia sir

Pi1 P12 - Pin
pP= P21 P22 - P2g

Pul Pn2 - Pun

1a ma tran ma cic cot 1a py, ps, ..., pp-

Cic cot cha tich AP 1a Apy, Apa, ..., Ap,

Nhung Apy = Aypy, Ap = A9P2,-s APy = Aypy,

(A4pi APz - b | [Pt P2 - P [
nén AP = )'IPZI }Qp22 ’lvnPZIl = Py Pn - P )‘2 = PD,

[Aplll '1217»2 A-,,PM Pl Pn2 -~ Pmn An
328



(,*,.
DALR
‘09,

trong 46 D la ma tran chéo ¢6 nhimng tri rieng trén dudng chéo chinh.
Vi nhilng vecto cot cia P la doc 1ap tuyén tinh, nén P kha dao. Vay
phuong trinh AP = PD & trén viét thanh

P 'AP=D.
Vay khi A ¢6 n vecto rieng doc 14p tuyén tinh tht A chéo hoa duoc.
Tir chimg minh cta dinh li trén ta di dén :

7.3.5. Quy trinh chéo hoi mét ma tran
Bugc 1. Tim n vecto rigng doc 1ap tuyén tinh clia A :
pl’ P2, N [)n.
Buoc 2. Lap ma tran P c6 py, p3, ..., p, 12 cdc cot.
Budc 3. Ma tran P_lAP s€ la ma tran chéo véi A, Ay, ..., 4, 12 cdc

phén tir chéo lién ti€p, trong d6 A, 1a tri rieng ing p;, i = 1,2, .., n.
Thi du 7.3.1. Tim ma tran P 1am chéo hod ma tran

3 20
A=(-2 3 0
0 0 5

Giai : Tuthi du 7.1.4 c4c tririéng cla A 1a A= 5va A =1 déng
thot cdc vecto riéng

-1 0
p1=| 1| vap,=|0]taonén co sd cho khong gian riéng ung tri
0 1

rieng A =5, con
1
ry=|1
0

1a co s& cho khoéng gian riéng ving tri rieng A = 1. D& kiém tra dé thiy
{p1, P2, P3} d0c 12p tuyén tinh, do d6

-1 0 1
P=1 0 1
010

329



lam chéo hod A :
-1/2 1/2 o] 3 =2 of[-1 0 1
Plap=| 0o 0 1|2 30 101=l5 .
1/2 1/2 o 0 o0 S|l o 1 0 1
Thi du 7.3.2. Xét ma tran

-3 2]
A=
[_2 l-
Phuong trinh dac trung cia A la
-3-4 2 2
det(A — Al) = =(A+ 1) =0.
( ) 9 1-a ( )

Viay A = -1 1a tri riéng duy nhat cua A. Vecto riéng ng tri riéng
A=-11a nghiém clla (A + I)x =0 nghia la
2x1 —2x, =0
{le -2xy =0

Nhitng nghiém ctia hé nay 1a x; =1, x5 = ¢. Do d6 khong gian riéng

gbm cic vecto
! |
=t .

Vi khong gian nay 12 m6t chiéu, nén A khéng ¢6 hai vecto riéng
ddc lap tuyén tinh, do d6 khdng chéo hoa duge.

Thidu733 ChoT : R SR I mot todn I tuyén tinh x4c di_nﬁ

X| 3.(1 —212
boi T||xp | |=| -2x +3x)
X3 5.X3

Hay tim mot co sd trong R3 trong d6 ma trdn cua T 1a ma tran chéo.
Giai : Néu B = {e|, e,, €4} 12 co s& chinh tic trong R3 thi

/7 -

1 3 0 -2 0 0
T(e)=T||O||=| 2| T(e)=T||t ||=| 3|, T(e3)=T||0O]|=|0
0 0 0 0 1 5
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nén ma tran chinh tac cha T 1a

3 20
A=|-2 3 0
0 0 5

Bay gid ta muén thay ddi co s tir co s& chinh tic B sang co s&
méi B’ = {4y, us, u3) dé dugc mot ma tran chéo A’ cho T.
Né&u goi P 12 ma tran chuyén co sé tit cd sd B sang co s& chua biét
B’ thi theo dinh 1i 6.4.1, A va A’ c6 lién hé
A'=P AP,
N6i cich khédc : Ma tran chuyén co s& P lam chéo hod A. Ta di
timra Pothidu?73.1.:

-1 0 1 500
P=| 1 0 l|vaA’=|0 570
010 0 01

Vi P 12 ma tran chuyén co sd tit B = {e,, e,, e3} sang B’ = {uy, uy, u3}
nén cic cot ca P la [u 5. {u;]lg, [u3lg . cho nén

-1] 0 B
liylg=| 1| (mlpg=|0]| [ylp=|1|
0 1 0
-1
Vay up=(-Dey+ ey + (0)e;=| 1
0_
-(ﬂ
uy =(0)ey + (0)ey + (1)e3 = |0
_1_
o
uy=(De; + (1)ey + (0)ez = |1
0]

la nhitng vecto co s3 tao nén ma tran chéo A’ cua 7.
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7.3.6. Chéo hoi ma tran cé n tri riéng khac nhau

Pinh li 7.3.2. Néu ma trdan A cdp n cé n tri riéng khdc nhau thi A
chéo hod duoc.

Chimg minh : Dua vao dinh If 7.3.1, ta chi cdn ching minh rang ma
tran A c6 n vecto riéng doc 1ap tuyén tinh. Gia s cdc tri riéng va vectd
riéng twong img cia A 1A A vau;, i=1,2, .., n. Dat S = (uy, uy, ..., u,}
va goi r 12 hang clia S. Ta d4nh s6 lai c4c vecto riéng va tri riéng néu c4n dé
c6 r vecto riéng ddu 1a doc 1ap tuyén tinh. Néu r < nthi {u, ..., us ) 2
. phu thuéc tuyén tinh :

qu = Clul + C2u2 + ...+ Crur
Nhan hai v€ v6i A va chii ¥ ring Ay, = Ajy; ta ¢é
Aritlps) = cl’llul + 62)’2"2 Yoo f Crir"r
Ta suy ra
Cl(}"l"fl - A’)ul + ("2(lr+l - AQ)"Z + ...+ Cl‘(ll"l'l - ﬂ.r)ur =0.
Vi uy, uy, ..., u, doc lap tuyén tinh va vi
A=A 20, A~ A #0, . A —A 20

néncy =0,c,=0, .., ¢, =0Vay u, ., = 8, diéu d6 trdi gia thi€t u
12 vectao rieng. Do d6 r khong thé nhd hon n, nghia la ¢6 r = n. N6i

cich khic ma tran A cé n vecto riéng doc 1ap tuyén tinh.
Thi du7.3.4. Ma tran

210
A=|320
004
c6 ba tri riéng khic nhau
M=4 =2+, 1=2-3
(ban doc c6 thé kiém tra lai).
Do dé tén tai ma tran kha dao P dé

4 0 0
PlAP=[0 2443 0O
0 0 2-V3

BAI TAP 7.4 - 7.10.

332



® v,

7.4. VAN PE CHEO HOA TRUC GIAO

7.4.1. M& diu

Trong phin nay ta s& (im 15i giai ddp cho bai toin 2b dé ra § 7.3.1
va 7.3.2. Cau tra 15i lien quan dé€n mot 1dp ma tran rét quan trong la
ma tran doi xiing.

Trudc hét ta nhic lai khii niém ma trén truc giao. Ma tran vuong

A goi 12 ma tran trirc giao néu 4'A = /.

7.4.2. Khai niém chéo hoa truc giao
Pinh nghia 7.4.1. Cho ma trdn vuéng A. Néu tén tai ma tran truc
. -1 N . , N N ) . .
giao P sao cho P “AP la ma trdan chéo thi néi A la chéo hod truc giao
dugc va P la ma tran lam chéo hod truc giao ma trén A.

Ta phai tra 10i hai cau hoi : 1) Nhitlng ma tran th€ nao thi chéo
hod truc giao duge ? 2) Ma tran P thuc hién qud trinh chéo hod truc
giao d4 ]1a ma tran nao ?

7.4.3. Giai bai toan chéo hoa truc giao
Pinh li 7.4.1. Gid sit A la ma trdn vuéng cdp n. Diéu kién can va
di dé A chéo hoa truc giao duoc 1a A cé n vecto riéng truc chudn.
Ching minh : a) Gia sir A chéo hoa tryc giao duge. Khi d6 ¢6 mot
ma tran .ln,rc giao P sao cho P lAP1ama tran chéo. Nhar trong chiing
minh dinh i 7.3.1 d3 chi 15, n vecto cot cia P 12 cdc vecto riéng clia

A. Vi P truc giao, nén cé thé xem cic vects d6 1a truc chudn, do dé A
¢é n vectd riéng truc chudn.

b) Gié sir A ¢d n vecto riéng truc chudn

{P1s P2s-esPp -

Nhu trong chitng minh dinh 1i 7.3.1 da chi 3, ma trin P nhan cic
vectd rieng d6 1am cic cot s€ chéo hod ma tran A. Vi nhiing vecto riéng
nay 12 truc chudn nén P 13 truc giao. Vay P chéo hod truc giao A.
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7.4.4. Chéo hod truc giao cac ma tran déi ximg

Pinh Ii 7.4.2. Xét ma trdn vuong A cdp n. Diéu kién cdn va di dé
ma trén A chéo hod truc giao duoc 1a A doi ximg.

Chimg minh : Ching minh dinh li 7.4.1 ching 16 rang mot ma trin
cap n chéo hoa trirc giao dugce sé chéo hod truc giao dugc boi mét ma
tran P cip n ma céc cot duoc tao nén bdi ho tryc chuidn cic vecto
riéng cva A. Gor D 1a ma tran

D=p'aP
thi A=PDP
Nhumg vi P 1a tryc giao nén
A =PDP'.

Do dé

A' = (PDP) = (P')D'P = PD'P'= PDP' = A
Vay A=A, nghia 12 A 12 ma tran d6i ximng.
Phin ngugc lai suy tir dinh 1i 7.1.3 va 7.3.1.

7.4.5. Thém mét s6 tinh chat caa tri riéng ciia ma tran déi xidng

Vi ma tran d6i xing A chéo hod truc giao dugc nén ton tai ma trin
trire giao P dé

P AP =D
trong dé D 1a ma tran chéo céc tri riéng cua A. Vay A va D cé cdctri
riéng tring nhau vgi cing mot s vecto riéng doc lap tuyén tinh ung
mdi tri riéng. Do dé cé két qua :

Pinh li 7.4.3. Néu ma trdn vuéng A dor xing thi cdc vecto riéng
thuoc nhiing khong gian riéng khdc nhau sé truc giao theo tich vé
huéng Euclid trong R".

Ching minh : Gia sir A va g 11 hai tri riéng khdc nhau cia A, déng
thai v thudc khong gian riéng ing A va w thudc khong gian riéng iing
u. Ta co

Av=Av, Aw=puw A # U
v=(Vy, V3, .., V) € Rn, w = (wy, Wy,..., W) € R".
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Theo dinh nghia 5.7.2 v tich vé6 huéng Euclid trong R"
<V, W> 1= viwy + Vawy + L v wy = [v]l[w].
Ta phai chimg minh <v, w>=0. Ta ¢c6

A<y, w> = <Av, w> = <Av, w> = [Av]' [w]

= (ADV])'[w] = YA Tw] = [v]'Alw]
= <V, Aw> = <y, Hw> = U<D, W>.
Do dé :
(A—-u)<v,w> =0

Nhung theo gia thiét A # & nén dang thic nay budc <w, v> = 0,
nghia 12 v va w triuc giao theo tich vo hudng Euclid.

Ngoai ra ta con cé

Dinh Ii 7.4.4. Néu ma tragn A doi xitng thi sé6 boi hinh hoc ciia méi
tri riéng bang s6 bsi dai s6 cua né,

nghia 1a : néu tri riéng A la nghiém béi m cua phuong trinh dac
trung cua A thi ing véi A cé dim vecto riéng doc I1dp ruyén tinh,

néi céch khic : khéng gian riéng img A c6 s6 chiéu ding bang m.

Ta suy ra

7.4.6. Quy trinh chéo hoa truc giao cic ma tran déi xing

Budc 1. Tim mét cd s& cho méi khong gian riéng ciia ma tran d6i
xing A.

Buéc 2. Ap dung qué trinh truc giao hod cia Gram — Smidt vao
mbi co s6 dé dé duge moét co s& trirc chudn cho méi khéng gian riéng.

Bugc 3. Lap ma tran P ma cic cot la cac vecto co s& xay dung &
budc. 2. Ma tran P nay sé lam chéo hoa truc giao ma tran A.

Thi du 7.4.]. Hay tim ma tran truc giao P lam chéo hod ma tran

4 2 2
A=|2 4 2
2 2 4
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Gidi : Trudc hét ta nhan xét ngay ring ma tran A ndy déi ximg.
Phuong trinh dac trung cla A 1a
4-A 2 2
det (A=A =| 2 4-1 2 |=@A-2%*8=-A)=0.
2 2 4-A
Dung phuong phap & thi du 7.1.4 ta tim duge co s cua khong gian
riénging A=21a
-1 -1
up=|(1|vauy=1|0
0 1
Ap dung qué trinh truc giac hoi Gram — Smidt vao {u, 15} ta
dugc nhitng vectd riéng truc chuan tng A =2

_ 1 1]
2 Je
vy = L vay, = L
2 J6
0 2
J6
Khong gian riéng iing A =8 la
1
uy = |1
1
Chuan hod né ta dugc
1
NE)
e |l
3
1
NG
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Cu6i cung ta 14y v, v, v3 1am cdc cot cho P ta duoc
|

1
N3
RS
2
0

- &
ol = -

&S~ g

1
6 3
Ma tran P nay sé lam chéo hod ma tran A.

BAITAP: 7.11, 7.12.

7.5. PHU LUC

7.5.1. Chimg minh dinh 1i 7.1.3
Todn ti tu lién hop
Sau day khi 7 12 mot todn tir tuy&n tinh thi viét T(x) hay Tx ta hiéu
12 ciing mét nghia.
Dinh nghia 7.5.1. Todn i tuyén tinh T trong khéng gian Euclid
thuc n chiéu 'V, goi la tu lién hop néu
<Tx,y>=<x,Ty> Vx,yeV,
Giast B = ley, e),.... ;) 12 mot ca s& truc chuin cda V,_ va
X =X€ + X9€7y +...+ X, €hs yY=Yyie1 + Yo2€2 +...+ Ynén:
Goi A = [aij] la ma tran cia T trong co sO B.
Pinh 1{7.5.1.
<Ix,y>=<x,Ty> A=A
Chitng minh.
Néu T tr lien hop thi
<Te;, ej > = <¢;, Tej > Vi, j.
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Nhimng theo cong thitc (6.3.6) thi

<Te;, e;> = <ej, Te;>= ay, <, Tep> = g
Vay A’ = A.

Nguoc lai gid s A=A nghia la g;; = a; Vi, j. Tacé

»Z)’, ej >= Zx,yjﬁe e;> =

<ITx,y>=<T Zx,e,
Lj=1
n
= Zx,yj<e Te;> = Zx,—yjaj,v
ij=1 i.j=1

<x,Ty> =< Ex e, T

Z}’, €j

>= Zx,y_,q’ Tej>=
1,j=1

n
= 2 vja

'1j=l
Vay <Tx,y> = <x,Ty> Vx,ye V=T tulién hop.
Pinh 1i 7.5.2. Néu T la todn tir tu lién hop trén khong gian Euclid
mchiéu Vo (m21)thi T c6 it nhdt mét tri riéng thuc, nghia la tén

taidle RvaweV, ,.w# 68 déTw = Aw.

m:*
Chimng minh.
Gid st B = [y,. Y3, ¥} 12 MmOt cO s& truc chudn cha V,,
C = [cy] = [<y; Ty;>} lamatran ciaT trong co'sd B.

Theo dinh 1{ 2.6.2 C c6 it nhat mot tri rigng. Vi T ty lién hop
nén theo dinh li 7.5.1 ma tran C d6i xuing. Do 46, két hop véi
dinh 1 7.1.2 ta suy ra C c0 tri riéng thyc 4 € R va vecto riéng thuc

v=(V), Vo, V) € RrR"
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Khi d6
Tw=Aw, véiw=vy; +voy5 +... + vy, EV,.
Dinh li 7.5.3. Néu T la todn tir tu lién hop trén khéong gian Euclid n
chiéuV, (n2 1) thi T c6 n tri riéng thuc va n vecto riéng truc chudn.

Ching minh.

Vi T tr lién hop uén V,, nén theo dinh 1i 7.5.2 t6n tai 4, € R va
Vi € V" dé

TVI = /11\)), "\)1" =1.
Dat
M =Span{v |, Ny ={v|ve V,  <v,v>=0}

thi N, 1a phén b tryc giao cta M. N6 1a mét khdng gian concia V,,.
Ta ¢6 dim(M,) = 1, dim(N}) = n - 1.

Néu n= 1 thidm(N) =0V, =V, {v{} lamétcosdciaM, =V,
va do d¢ dinh I dugc chitng minh.

Xét truong hop n > 1. Khi d6 dim(N,) = 0. Néu y € N, thi
<vy,y > = 0vatheodinhI{ 7.5.1 tacé

<Ty,v)> =<y, Tv|> =<y, v|> =4, <y, v>=0 =2Tye N|.

Vay N, la khéng gian con cla V va T la todn tir ty lién hop trén
N,-Dodéwntai l, e Rva vy € Ny CV, dé

Tvy = Apvy, ||v2|| =1, <v,vy>=0.

Toan bo lap luan trén ¢6 thé Jam lai cho M, =Span{v;,v,} thay

cho M| vd N, = |v|<v;,v> = 0, <v;,v> = 0} thay cho Ny, v.v. Vi

dim(N,) =dim(N|) -1 =(n~-1)~1=n-2,v.v, nén dén lan thi n

thi dim(N,) =n —»n =0 1a dimg lai va dugc n vectd riéng tryc chudn
cuaT.
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Binh lf 7.1.3. Mbi ma trén A dét xing cdp n cé n tri riéng thuc va
n vecto riéng truc chudn trong R".

Churng minh. Goi T 1a todn tir tuyé&n tinh trén khong gian Euclid
V,, = R" xéc dinh bai ma tran A. Vi A d6i ximg nén theo dinh ii 7.5.1
T tu lién hop. Do d6 theo dinh 1i 7.5.3 T ¢6 n tri riéng thuc A, va n

vecta riéng v; true chuan trong V, = R":
TV" = }» Vi

Ta suy ra : A c6 n tri riéng thuc va n vecto riéng truc chuén trong R".

TOM TAT CHUONG VII

Tri riéng va vecto riéng cia ma tran

Cho ma tran vuéng A cip n

S6 A goi la tri riéng cua A n&u phuong trinh

\ Ax=Ax, xe R"

c6 nghiem khéng tidm thudng ; vecto nghiém khic § nay goi la
vecto riéng ung tri riéng A.

Dé tim céc tri riéng clia A ta c6 phuong trinh

det(A—-AD=0

goi la phuong trinh ddc trung cia A.

Khi di tim ra tri riéng A thi vecto riéng twong iing 1a nghiém
khong tim thudng cila hé thudu nhat

(A- ADx=0.
Tri riéng va vecto riéng ciia todn tir tuyén tinh
V 1a mot khéng gian vects
T :V —V la mot todn tir tuyén tinh trén V

340

o0



ey aé-..

S8 A goi la tri riéng cia T néu phuong trinh
Tv=Av,veV
c6 nghiém v 0 ; nghiém v # 0 goi 14 vecto riéng ing tri riéng 4.
Muén tim trj riéng va vecto riéng clia 7, ta chon trong V mét co sd
xdc dinh B, xay dung ma tran A ctia T d6i véi co so B d6, tim tri riéng

cia ma tran A, dé chinh 1a tri riéng ctia 7. Con biéu thifc clia vecto
riéng thi phu thuoc co'sd B da chon.

Chi y ring khi d8i co s& tif B thanh B’ thi ma tran cla 4nh xa T
d6i v6i co s mGi B’ s& thanh A’ va A”# A, nhung vi A’ ddng dang vdi
A nén tri riéng khong thay déi.

Chéo hoa ma tran

Cho ma tran vuong A cAp n. Néu tén tai ma tran P kha dao cdp n
saocho P_' AP = D 1A ma tran chéo thi néi ma tran A chéo hod duoc
va P lam chéo hoid A.

Diéu kién cin va di dé A chéo hoi duoc la A ¢6 n vecto rieng
doc 1ap tuyén tinh.

Diéu kién di d€ A chéo hod dugce 12 A ¢6 n trj riéng khac nhau.

Cho ma tran vuong A cip n. NEu 6n tai ma tran truc giao P(PtP =1

sao cho P"1AP = D 1a ma trin chéo thi nd1 A chéo hod truc giao
dugc va P 1am chéo hoi tryc giao A.

Piéu kién cin va di d€ A chéo hod truc giao dugc 1a A ¢6 n vecta
riéng tric chuén.

Diéu kién cin va di d€ A chéo hod trire giao dugc 1a A 1a ma tran
d6i xiing.

BAI TAP CHUONG VII

7.1. Tim cdc tri riéng va co sd cua khong gian rieng cia cdc ma

tran sau :
3 0 10 -9 0 3
2
b 8 —Il )|4 -2’ ?) l4 Ol
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4)

7

10)

13)

16)

7.2.ChoT: P, — P, xdc dinh bdi

-2 -7
1 2
2 -1
5 -3

-1 0
1 -3
-2 -6
~1 -4
4 -5
1 -4
-4 0
3~
1 1
3 0
4 -1

3 -1

5)

8)

1)

14)

_— 0 O =

- O O O

T(ao + ayx + 02.!2) =

'8
bV

o |

0 1
4 -5 2

»ls -7 3
6 -9 4

7 =12 6
10 -19
12 -24

12)

15)

o~ O -
cooco
co oo
-0 0 o

(Sa, + 6a; + 2ay) — (@) +8ap)x + (a, — 2a) )x?

(a) Tim cic tri riéeng caa 7.

(b) Tim co s& cila khéng gian riéng cia 7.

7.3. Ching minh ring A = 0 la tri riéng cia ma trin A khi va chi
khi A suy bién.

7.4. Chimg minh ring c4c ma tran sau khéng chéo hoi duge.

)

)

2)

1 -1

30
3)|10 2
01

-1 0 1
4)|1-1 3 O
-4 13 -1



n TN,
“og,

& -

7.5. Tim ma tran P 1am chéo hoa A va xdc dinh P~1AP

1)A:—14 12 2)A=1 0
-20 17 6 -1
1 00 2 0 -2

HA=0 1 1 4HA=0 3 0
01 1 00 3

7.6. Hoi ma tran A dué day cé chéo hod duge khong. Néu duoc
thi tim ma tran P 1am chéo hod A va xdc dinh P 1AP.

19 -9 -6 -1 4 =2
1) A=125 —-11 -9 2YA=]-3 4 0O

17 -9 -4 -3 1 3

500 000
3)A=|1l 5 0 4) A=|0 0 O

015 3 01

-2 0 00O -2 00 O

-2 00 0 -2 5 -5

S)A= 6) A=

0 0 30 o 03 0

0 01 3 0 00 3
7.7.Cho T : R* — R? 1 todn tir tuyén tinh

T(xy.xp) = (3x) + 4x3 , 2x1 + x3).
Hay tim mét co s3 cla R’ trong d6 ma tran clia 7 c6 dang chéo.
7.8.Cho T : R®> — R> 12 todn tir tuyén tinh
T(xy,xp3,x3) = (2x) — %9 — X3, Xy — X3,— X) + x5 + 2x3).
Hay tim mot co s3 cla R’ trong d6 ma tran cia T cé dang chéo.
1 0
-1 2

7.9.Cho A=

Hay tinh A'C.
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7.10. Cho A = { ’
c d

Chimg minh :
(2) A chéo hod dude néu (a2 — d)* + 4bc > 0.
(b) A khong chéo hod dudc néu (a — d)> + 4bc < 0.

7.11. Tim ma tr4n P 1am chéo hod tryc giao A va xdc dinh P~'AP :

31 s 33
) A =[ } 2 A=
13 3V3 -1
. - -2 0 =36
&A=;47] HA=|0 -3 0
36 0 -23
110 2 -1 -1
5 A=[1 1 0 6) A=|-1 2 -1
00 0 -1 -1 2
3100 5 2 0 O
1 300 -2 2 0 0
7 A= 8) A=
0 0 00 0 0 5 -2
0000 0 0 -2 2
7.12. Tim ma tran lam chéo ho4 truc giao
A=r bl 0.
b a
DAP SO

71.1)A=3,(1/2,1); A=—1,(0, 1)
2)A=4,(3/2,1)
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A= V12, 312, 1) 2= 12, (-3/412, 1)
4) Khong cé tri rieng thyc. Khong cé khong gian riéng.
5)A=0,(1,0)va(0,1)
6)A=1,(1,0)va(0,})
NA=-1,(0,1,-1)
YA =4 =4=2

(1,2,0),(0,0, 1)
9) 4 =LA L.

A =23 =0,(1,2,3)
10) 4 =4 =4=1311
1) A =3,(,2,2)

A=A =-1(121
12) 4 =4 =1,(2,1,0),(-1,0, 1)

A =-1,(3,5,6)
13) 4 =1,(1,2,1)

Ay =2+31,(3-3i,5-31,4)

A3 =2-31,(3+31,5+3i,4)
14y 4 =X =1,(0,0,0, 1)

A3 =244=0,(0,1,0,0),(0,0,1,0)
15) 4 =4 =1.(1,0,1,0),(0,0,0, D)

Ay =44=0,00,1,0,0),(0,0,1,0)
16) A=2,(1,1.-1,0), (1. 1,0, 1).
7.2.2)A=-4,4=3

b)i=-4:-2+ §J|r+x2
) 3
A=3:5-2x+x. -
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1.5

7.6.

.1)P=4/5 3/4
1 1
2)P=1/3 o]
1 1
010
3y P={1 O t
-1 0 1
-2 0
4 P=|0 1
1 0

1) Khéng
1 21
)y P=|1 3 3
1 3 4

© 3) Khong
-1/3 0
HpP=| 0 1
10

S) Khong
1 00
G)on 11
0 0 1
0 0 0

7.7- (2; l)! (1. - 1)
7.8. (1, 1,-1),(1,0,1),(1, 1, 0)

1
7.9.
—-1023 1024
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0

piap=|' 0
0 2
| 1 0
P AP =
0 -1
0 0 0
P'ap=l0 1 0
0 0 2]
200
PlaP=10 3 0
0 0 3
1 00
Plap=0 2 0
00 3
000
PlaP=10 0 ©
0 0 1
-2 0
P lAP =
0 0
0 0

S w o O

w o O o

\7B

,0‘\3'



711.1) P =

/2 —1/\2
2 12

2 —1/2
1/2 B

—4/5
3/5

2) P=

3/5

3) P=
4/5

-4/5 0 3/5°
4y P=| 0 1 O
3/5 0 4/5

U2 12 o
512 —1/42 o

0 0 1

13 1/J6
6) 11/V3 —2/Jd6 0o
1/¥3  1/J6

0 1/\2 12
0 1/\2 -1/\2
0
1

b
0 0

0 0
1Js o
25 0 145

o 1V5 o0
0 2/Js 0

S - O Q

8)

1/\2

~1/2

215

piap = |* ol
0 2
8
Plap = Ol
-4
plap=|> O
0 -25
25 0 o0
PlAP=10 -3 0
0 0 —%0
0
0
YN
1/Js
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Chuong VIII
DANG TOAN PHUGONG

8.1. DANG TUYEN TiNH TREN KHONG GIAN VECTO V

V 1a mot khong gian vecto, R 1a trudng cic s6 thyc.

Dinh nghia 8.1.1. Mot anh xa f: V — R goi 12 mot dang tuyén tinh
trén 'V néu

flax+ By =af(x)+Bf(y) xyeV o pfek
Ta ciing né f(x) tuyén tinh d8i véi x € V.
Thidu8.1.1.
Tich phan
b
Jw = [ uds, e Clab)
a
la mét dang tuyén tinh tréen V = Cla, b].
v = ax, a = const 12 mot dang tuyén tinh trenV = R ;

w: =ax + b, a = const, b =const khic 0 khéng phai 12 mot dang
tuyé&n tinh trén V = R.
Pé nghi ban doc kiém tra lai.

8.2. DANG SONG TUYEN TREN KHONG GIAN VECTO V

8.2.1. Dang song tuyén

Dinh nghia 8.2.1. Anh xa ¢ : V xV =R goi 12 mot dang song
tuyén trén V néu né tuyén tinh déi véi x khi y c6 dinh va wuyén tinh
déi voi y khi x ¢6 dinh, tuc l1a

348



olkx + hx',y) = kp(x,y) + hp(x' . y),Vx,x' e V.y e V.Vk,h € R
@(x.ky + hy') = ko(x,y) + hop(x,y"),x € V,Vy,y' € V.Vk,h € R
Thi du 8.2.1. Tich phan

b
U v) = f w(ty(t)dr, - u, v € Cla, b] (8.2.1)

la mot dang song tuyén trén V = Cla, b].
Thi du 8.2.2. Cho x = (x. x5) € R%, y = (y,. y;) € R%. Ham
Ww(x,y) == x1y; + X1y + Xo¥) + x5y, (8.2.2)
la mét dang song tuyéntréen V=R x R = R’
Dé nghi ban doc kiém tra lai.

8.2.2. Dang song tuyén déi xing
Dinh nghia 8.2.2. Dang song tuyén ¢(x,y) trén V goi la dang song
tuyén doi xing néu
Ay, x) = @lx,y) Vx,yeV.

Thi du 8.2.3. Cic dang song tuyén (8.2.1) va (8.2.2) la cdc dang
song tuy&n dai xung.

Tich v6 hudng cia hai vecto trong mét khdng gian vecto 1a mot
dang song tuyén déi ximg.

Dé nghi ban doc kiém (ra lai.

8.3. DANG TOAN PHUONG TREN KHONG GIAN VECTO V

8.3.1. Pinh nghia
Pinh nghia 8.3.1. Xhi dang song tuyén ¢(x, y) dot xiing thi biéu
thac thu duge bang cach thay y bai x
wx, x) = A y) |,
goi 1a mot dang toan phuong trén V.
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Lic dé6 ta néi dang song tuyén ¢(x, y) la dang song tuyé&n goc sinh
ra dang toan phuong (x, x).
Thi du 8.3.1. Tir thi du 8.2.3 ta suy ra : Ham
b
oy = [ w2, u e Clab)
a
la mét dang toan phuong trén V = Cl[a, b] sinh bdi dang song tuyén
P(u, v) §(8.2.1).
Phi€m ham
W(x,x) = x12 +2xx; + x3, (x,xp) € R’

12 mét dang toan phuong trén V = R’ sinh bdi dang song tuyén
¥, y) 0 (8.2.2).

8.3.2. Phan loai cic dang toan phwong

Ta noi dang toan phuong ¥(x, x)

(1) x4c dinh duong néu
Wx,x)>0 VxeV, x=0;

(i) nua xdc dinh duong (hay x4c dinh khong am) néu
W, x)> 0 VYVxeV.x=0;

(ii1) xdc dinh am néu
x,x) <0 VeV, x=0;

(iv) nira xdc dinh 4m (hay x4c dinh khong duong) néu
Wx, )< 0 VxeV,x=0;

(v) d4u khong xac dinh néu né ¢6 thé duong ciing nhu am.
Thidu8.3.2.

b
Dang toan phuong f vz(t)dt trén Cla, b] 1a dang toan phuong
a
xac dinh duong ;
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Dang toan phuong x|2 + Zx% tren R? Ia dang toan phuong xic
dinh duong ;

Dang toan phuong x,2 + 2x§ én R 1a dang toan phuong nira xac
dinh duong ;

Dang toan phuong xlz -~ Zx% trén R? 1 dang toan phuong diu
khéng xac dinh.
Dé nghi ban doc ki€m tra lai.

8.4. DANG SONG TUYEN VA DANG TOAN PHUONG
TREN KHONG GIAN n CHIEU

8.4.1. Dang song tuyén trén khong gian n chiéu
V =V, 1a mot khong gian » chiéu ;
Gia str 9 (x, y) la mot dang song tuyén trén V.
Trong V,, ta chon mét co s& xdc dinh :
S=(eg.e5, .., e,)

Khi d6 x, y € V, c6 biéu dién

n n
x= Y we Y=y
i=1 j=

(xy, X9, ..., x,)) 12 toa d6 ciia x con (y;. y;, ..., y,) la toa dd cia y trong
coso S.

Do dé

Yy = ¢ in‘-’isz}’jej = Z Ylei, €j) Xy .
: =1 =

i, j=1
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Vay ¢ (x, y) cé biéu thixc
n

Y= axy;, (8.4.1)

i.j=\
trong d6 a;; = Y (e, ¢)) goi la biéu thitc toa do clia 1 trong co 50 S.
Ma tran
A= [”ij] =[v(e;, ej)] (8.4.2)
£01 12 ma trdn ciia dang song tuyén i trong co sd S.
Chii y 8.4.1. Dang ma trin cia .
Theo chd ¥ 6.1.2 chuong 6 ta c6

|

X
_|172
(g ={.

.X"

Vay cé

YY) = D, agxy; & Y y) =lp A = Dl Alxdg,  (8.4.3)
i, j=1

trong dé ma tran A xdc dinh bai (8.4.2).

Ta goi (8.4.3) 1a bidu thitc ma tran hay dang ma trdn cua
trong co SO S.

Bay gid cho #n? s6 by; bat ki uic 1a cho ma tran B= [5,] cdp n bat
ki va xét phiém ham

n
eley)= 3, bxy, =lxlg Blylg =Dl Blelg  (8.4.4)
ij=1

Ham nay tuyén tinh d6i vai x khi gitt y ¢6 dinh va tuyén tinh d6i véi y

khi gitt x ¢ dinh nén né la mot dang song tuyén nhan B lam ma tran.
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8.4.2. Dang toan phuong trén khong gian n chiéu
Xét dang song tuyén ¢ (x, y) cé dang (8.4.4) xic dinh bdi ma fran

nghia 8.3.1

ij» tdc 1a khi ma trdn B d6t x\ng thi theo dinh

@ (x, x) = [xIg Blxlg = 3, byxx;

i,j=1
12 m6t dang tozn phuong trong co sd S cia khong gian V.

Lic nay ma trin d6i ximg B cua dang song tuyén trd thanh ma
trdn cua dang toan phuong trong co so S.

Nhu vay, moi dang toan phuong déu 12 mét ham bac hai dang cip

déi véi cdc bi€n x|, x,, ..., x,, v6i ma tran d&i xing.

Bay gid xét ham bac hai dang cap d6i véi x;, x,, ..., x,, bat Ki :

"
@ (x, x)= .Zl b,.jx,.xj
’7.’=

Khi d6

o(x.y)= Y bixy, =g B, B=[b]

I, j=1
1a mét dang song tuyén.

Néu B khong déi ximg thi  (x, y) khong d6i ximg, cho nén ¢ (x, x)
d3 cho khéng phai 1a mét dang toan phuong xic dinh bai ma tran B.
Nhimng vi 10 rang X;X; = X;x; nénta 6 thé viét lai ¢ (x, x) :
- 1
©(x, x) = 'zlg(b‘j +b)xx;
i, j=
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Do d6 néu dat
i
C=lejl= [5 (b +bj; )]

thi ¢ (x, x) c6 thé viét

o, x)= 2 €% = [x]g Clx)g

ij=1

déng thdi, ma tran C d6i xing. Vay ¢ (x, y) = [xJ5 Cly] la dang song
tuyén d6i ximg xdc dinh bdi ma tran C vi do d6 ¢ (x, x) = [x]g Clx]¢
la mét dang toan phuong xdc dinh bdi ma tran C.

Nhu vay moi ham béc hai ddng cdp déi voi Xy, Xy, s X, bao gio
ciing cé thé viét thanh mét dang toan phuong déi véi cac bién dé
trong co 57 S.

8.4.3. Truomg hop riéng : V, = R".
Bay gio xét x = (x), Xyv o X,) € R" thi
x=xf, + 0yt et x,fr. f;=(0...,0,10,..0)
i—1 n-—i
Do d6 x,. x,,... x, la toa d6 cha x trong co s& chinh tic

F={f.fy o f,} ciaR".

Vdy moi ham bdc hai dang cdp déi véi cdc toa dé
n
(x],xz,..., x") =x€R".

n
2 szxixj
i,Jj=1

Vo1 ma trgn hé sé' B = (b la mét dang toan phuong véi ma trin

C= [b,-j + bﬁ] / 2] trong co s chinh tic cha R".
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Chii ¢ ring co s& F 1a mot co s& truc chudn theo tich vo hudng
Euclid coa R".

8.5. RUT 6ON DANG TOAN PHUONG

8.5.1. Dang chinh tic ctia dang toan phurong trén khong gian n chiéu

Bi€u thic cha dang todn phuong trén V, phu thude co s& §.

Thudng né chita ca s6 hang binh phuong x? ca s8 hang chéo XX

Dinh nghia 8.5.1. Biéu thitc cia dang toan phuong trong co sé S
chi chita cac s6 hang binh phuong

2 2 2
1 + a2x2 + ...+ a"xn

alx

goi 1a dang chinh tdc cua né trong co so S.
Ma tran cia dang chinh tic nay 1a ma trdn chéo :

a,

a
n

Mot dang toan phuong & dang chinh tic c6 thé phéan loai dé dang,
ching han nhw n6 x4c dinh duong néu 4t ca cdc hé s8 o; > 0.
8.5.2. Rt gon dang toan phuong
Gia st V,, 1a mot khong gian n chiéu va S 12 mot co sd clia né. Xét
trong co s& S dang toan phuong
n
Ox, x) = 2 a.xx.=xAx, (8.5.1)

oty
i,j=1

trong d6 ma tran A = [a;] 1a ma trdn d6i xing. Riit gon dang toan
phuong la dua dang toan phuong vé dang chinh tic bing nhimng



| phép d6i bién tuyén tinh thich hop ; diéu d6 tuong duong véi viéc
tim mot co s& méi trong d6 dang toan phuong chi chia cic s6 hang
binh phuong.

8.5.3. Phuong phap ddi bién truc giao (hay phuong phép chéo hoa
trirc giao)

Gia s V,, la mot khong gian c6 tich vé hudng va S 12 moét co s&
truc chudn cha né. Xét trong co s& S dang toan phuong (8.5.1).

Muén nit gon dang toan phuong (8.5.1) ngudi ta d6i sang moét co
s tryc chudn méi §” = (', e’y ....e', | thich hop.

Vi ma tran A d6i xing nén theo dinh i 7.1.3 n6 c6é »n vecto riéng
truc chudn :

fi Sy,
dng véi n tri riéng
Ay gy v Ay

Chon co s& méi la »
§={f, Hhon £
va goi P la ma tran chuyén co sd tr § sang S’ :
{x]g = Plx]g.. (8.5.2)
Trong S* dang toan phuong (8.5.1) trd thanh
(Plx]g) A(PIx]g) = (Ixlg) P* APLx]g. =([x]g)" A'lx)g..

Vi § va §” ciing truc chuin nén theo dinh 1i 5.8.2 1a ¢6

&

Poploa=pap-piap=p=| 2

n

Vay bang phép déi bién (8.5.2) dang toan phuong (8.5.1) di cho
trong S s€ c6 trong S’ dang san :
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AP+ )7+t A, Y (8.5.3)
D6 1a dang chinh tic trong co sd S clia dang toan phuong da cho.

Phép déi bi€n (8.5.2) c6 ma tran chuyén co s& P 1a ma tran truc
giao, cho nén phuong phép nay goi 12 phuong phip ddi bién truc giao.

N6 dua vao quy trinh chéo hoé truc giao ma tran d6i xing A nén
ngudi ta ciing goi nd 1a phuong phdp chéo hod truc giao ma tran.
Viy co ’

Dinh li 8.5.1. Moi dang toan phuong cho trong mét co so truc
chudn cé thé dua vé dang chinh tdc bing mot phép déi bién truc giao.

. Thi du 8.5.1. Xét dang toan phuong trén R? xdc dinh bai
O (x, x):= 5xf — 4x,x, +8x) (8.5.4)
trong co sd chinh tic
{81,62}, el=(lv0)c e2=(0§ l)

N6 c6 ma tran d8i xing

a7

Ma tran d6i xdng ny c6 hai tri riéng A = 4, 4, = 9 dng véi hai
vecto riéng truc chuén

-4l} »=3[

tao thanh co s& truc chuin mdi trong dé dang toan phuong di cho c6
dang chinh tic d&i v6i bién méi (&, &) :

Q=48] +95;. (8.5.5)

[2_1] F'] (8.5.6)
1 2] g,
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Sau day 1a mét hé qua cua (8.5.3) :
Dinh li 8.5.2. O(x, x) la mét dang toan phuong trong co so truc

chudn ciia khong gian Euclid n chiéu véi ma trdn déi xing A. Goi A, ,

i=1,2,.. nlacdctririéng cia A. Khi dé dang toan phuong sé

(1) xdc dinh duong khi va chi khi A;>0v6i 1 <i <n :

(ii) nia xdc dinh dwong khi va chi khi 4, >0véi 1 <i <n;

(i) xdc dinh dm khi va chikhi ; <0Ovéil <i<n;

(iv) nita xdc dinh adm khi va chi khi A; <0véil <i <n;

(v) ddu khéng xdc dinh khi va chi khi vita c6 tri riéng duong vita
co tri riéng dm.
8.5.4. Phuong phap ddi bién tam gisc hay phuong phap Jacobi

Xét dang toan phuong Q(x, x) trén khong gian n chiéu V,,. Trong
casaciS=le,e,,.., ] n6co biéu thitc

n

o= Y apxx;, (8.5.7)
i, j=1

trong d6
a; =0, e)=0Q(ej, )= ay. (8k5.8)’
Gia str
a4y 92 - Ay

a =22 2 s k=120 (859)

ay @y - Ay
D¢ tim moét co s6 mdi §* = {f;, f,,.... f,) trong d6 dang toan
phuong khong c6 s6 hang chéo ta tim cic f; sao cho
OUf, f,)=0 i=k i k=12 ..,n (8.5.10)
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Muén thé ta dit
h=o¢
h=0y e +t0ye
: (8.5.11)

fn = anl € + anZ ) tot ama €

va x4c dinh cdc a@; sao cho (8.5.10) thoa man.
T (8.5.11) tasuyra:
Ofne) =0,i=1.2, k=1 O(fy. £) =0, i=1,2, .. k-1
Do d6 dé€ c6 (8.5.10) ta chi cdn thod man dién kién
O(f,.¢)=0,i=1, 2, k-1, k=1,2,.,n (8.5.12)

Vi v€ phai cia (8.5.12) bing khong nén cic diéu kién (8.5.12)
xdc dinh f, sai khic mot hé s6 nhan. D& 4n dinh hé s6 d6 ta dat
thém diéu kién

Of, e) =1, k=12, ... h. (8.5.13)
Véi méi k xdc dinh, diéu kién (8.5.12) va (8.5.13) viét
a0y tanp,  tetgpo, =0
Ay Oy *apdy  teta o, =0
(8.5.14)
Fk-tyt %y ¥ G-y Gyt Bg_gy B =0
ay o, +a,q, Yoot a,Q = 1.

Dinh thic cba h¢ (8.5.14) chinh 1a 4, ma &(8.5.9) ta da gia thi&t
khdc 0. Vay f, dugc xdc dinh véi moi k. Ta suy ra

A
L= By (8.5.15)

a, =52
kk
4
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Bay gid trong co s méi S’ = (f]. f,, .., f,} thoa man (8.5.12) va
(8.5.13) dang toan phuong Q ¢6 bi€u thitc

0= Z bug,é_, ’

i, j=1
trong dé & = &, 52. §") 12 bi€n madi va b,.j =Q(f,, f].).

Theo (8.5.10) thi b; = 0 khi i = j. Cho nen

0= bl (8.5.16)
i=1

Pé tinh b, tacé
by =0 ) =0 0 ¢ + ) ey +.. + 0 ¢)).
Do d6 theo (8.5.12) ta suy ra
by =y Qfj. e )+, Of; ey) + .+ & Of; €)= ;.
Chi y d€n (8.5.15) ta cé

n 4]

4.
b. =, =——. (8.5.17)
4

Viy cé

Dinh li 8.5.3. Dang toan phuong Q(x, x) dd cho cé dang chinh tac

trong co 588’ :

1 A
Q=-—§12+i§22+...+'A'—"§3. (8.5.18)
A] AZ n
Can cif vao (8.5.11) ma tran chuyén co s& 12 ma trin tam gi4c trén :
A Oy Oy
_ 0 Oy, .. Oy
0 a

T

cho nén phucng phip Jacobi cdn goi 1d phuong phap d6i bién tam giic.
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Thi du 8.5.2. Xét dang toan phuong (8.5.4) & thi du 8.5.1. N6 c6

ma trdn
[ . 2]
A=
-2 8

5-2

4 =5>0, A2=[_2 8]=36>0A

Vay dang toan phuong (8.5.4) ¢6 dang chinh tic

Do d6

Q=i—§f+%é§=%éﬁ+;—6§§. (8.5.19)

Muén tim céng thic d6i bi€n ta phai xdc dinh cic vecto co s&
mai fl, S5 - Ta dua vao (8.5.11), (8.5.12), (8.5.13). Ta cé

fh=a,¢ = (@,,0)
=06ty e =(0)),0))

D¢ xéc dinh @, ta viét theo (8.5.10), (8.5.11) khi k = 1

' 1 1
QU e)=1=3¢, =1=a, ==/ =[§ O]

D€ xic dinh Q, va a,, ta viét theo (8.5.10), (8.5.11) khi k=2
0(fy,6)=0.0(f,.¢,) =1
tirc 1a ajy Oy +ag, 0y =0
ay) Oy +ay Ay =1
Do d6
Say - 2ay, =0

—20121 + 80:22 =1
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Tasuyra o, =1/18 va a,, =5/36. Vay

15
5]

Vay céng thirc d6i bién 12

x| _[us 8] |4 (8.5.20)
x, 0 5/36] (¢, a

Mot hé qua cia dinh i 8.5.3 1a phin d4u cia dinh Ii sau :

Pinh Ui 8.5.4. Dang toan phuong (8.5.7) xdc dinh duong khi va
chi khi

A>0,1<i<n (8.5.21)

Chitng minh. Diéu kién (8.5.21) 1a diéu kién du vi d6 la hé qua
cia dang chinh tac (8.5.18). .
Muén chiing minh (8.5.21) 12 diéu kién cdn truéc hét ta ching
minh A # 0 Vi. Gia sir
Q(e] s € ) Q(e] ’ 92) Q(el ) e,‘)

_| Qe )00 ey ) |

Ole;. 0,) Qe ey) .. Qe )
Lic d6 t6n tai i hing s6 ¢; khong déng thdi bing khong dé
<, Q(el, ei) +cy Q(ez. ei) t+..+¢ Q(e,.. ei) =0
= Q(cl e, e’.) + Q(CZ, e, ei) + ..+ Q(c,. € e,.) =0
= 0c) g +cy6 +..+¢ e e’.) =0
= Q(cl e teyeyt..tcie,c e FCye +...+c,.ei)=0
= gtcyet.tceg=0
Didu d6 mav thuin véi tinh doc 1ap tuyén tinh cha le) €ys s el
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Bay gid n€u c6 mot s6 A < O thi trong cic hé s6 cba dang chinh
tic (8.5.18) vira ¢6 hé s6 am vira c6 he s6 duong. Do d6 néu chon &
nhvr sau :

i

{0 khi he s6 cia &; duong
1 khi hé s6 clia &§; am

Véi §=(.8,,..5,) chon nhu vay ta sé thiy O(£.£)<0.
Diéu nay mau thuin véi Q(x, x) xéc dinh duong.

Vay khong thé c6 A <0, cho nén (8.5.21) ciing 12 diéu kién cin
dé Q(x, x) x4c dinh duong.

Thi du 85.3. Dang toan phuong (8.5.4) & thi du 8.5.1 c6
4 =5>0, 4, =36>0 nén la dang toan phuong xéic dinh duong.
8.5.5. Phuong phip Lagrange

Trong co s& S cla khong gian him han chiéu V,, xét dang toan phuong

n

Q(X,X)= 2 auxix. aﬂ' =a

yoitje UN
i j=t
Gia sir g, # 0. Tanhém céc s6 hang chia x, :

_ 2 2
Q=a,x +20121112 to.+2aq, % +..+a, x

m n
Do do

a

1 2
0= —-—(a“xl +a,, x, +‘..+amxn) +Ql.
11 -

trong d6 O, khong chia x; ni¥a. Dat
) = an X tapx, tta,x sy = xi,i=2. 3.0

1
thi ¢6 0=—7+0Q,
: 9y
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trong d6 O, khong chifa y, :

n
Q1== :Z:bﬁyiyj'

i,j=2
Sau d6 ngudi ta lam viéc véi Q; chi con chia cdc y,, y,, .. Y,

nhu v6i Q trudce. Cit thé, cho téi khi thu duoc biéu thitc khong chia
cic s6 hang chéo nita.

Néu g, =0 ta di tim trong s8 cic a,,,....a,, c6 s6 nao khic 0,

nh
ching han a,, # O thi ta d6i vai trd a,, thay cho q;,.

Néu t4t ca cic 4. = O thi ton tai ft nh&t mét s6 hang 2”1] X X, véi
a;; # 0. Liic dé ta dat

X =YY Xy =YY Xy =y, ki, j
thi c6
—_ s 02 2
2a:j XX = 2”1‘;‘ (y; = yj).

nghia la trong biéu thirc clia dang todn phuong da xuat hién cdc s6
hang binh phuong. Ta ti€p tuc 1am lai tiy ddu.

Bay gid ta xét mot thi du.

Thi du 8.5.4. Xét dang toan phuong (8.5.4).

Ta viét

4
O(x, x) = 5[112 - —5~x1 x2]+8x§ =

2 2 : 2
_ 2 2 2 2 _ 2 36 »
—5[11—512] —5(;] X, +812 —5[.1’1—;.(2] +?x2.

-2
bat n=H-35% Y2 =%

ta dugc O(x, x) = 5y% + % y2 (8.5.22)

D6 1a dang chinh tic cn tim.
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Thidu835.5. Xét dang toan phuong

O(x, x) = 2x1 X, + 4xI X3 = x% - ng

Ta vié&t lai
Ox, x) = —x% + le Xy + 4):1 X3 = 81%

va dat xl=€2’12='§1‘13=é3
thi duge O(x, x) = ~EF + 26, &, +4£) €, — 852

Ta viét lai

00xx) = —(& — &,)% + &2 +48,¢, - 882
va dat W= -8 ¥»m=8& »n=4§
thi duoc
O(x, x) = =yl +y3 +4ysy3 — 8y3.

Ta viét lai

O(x,x)=— yf’ +(y, + 2y3)2 —4)'32 ~Byy =- yf +(y, +2y,) —12y§
va dat M=Y.Th =y t2y;, 3=y,
thi dugc O(x, x)=-— n12 + n22 - 12n§

véi cic cong thiic d6i bién
n=8 -6 xn-x
M, =Yy, +2y; =&, +26; = x, +2x,
My =y3=6=x

hay
X =1 — 21
Xy =1+ — 21 (8.5.23)
Xy =Th.

Hé qud. Cho trong co s6 S cia khong gian 'V, dang toan phuong

Q.Tén tai it nhdt mot co sé S’ trong dé Q cé dang chinh tdc.
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8.5.6. Dinh luat quan tinh

Mot dang toan phuong c6 thé ¢6 nhiéu dang chinh tic khic nhau
(trong nhimg co s& mdi khic nhan). Vi du dang toan phuong (8.5.4)
c6 it ra 14 ba dang chinh tic khic nhau : (8.5.5), (8.5.19), (8.5.22). S&
di vay la vi ta di sit dung ba phép d6i bién khéic nhau, dé 1a (8.5.6),
(8.5.20) va (8.5.23).

Khi mét dang toan phuong dvge dua vé dang chinh tdc bdng hai
cdch khdc nhau (titc 1a trong hai co sé moi khde nhau) thi s6 cdc hé
56 duong bang nhau va sé cdc hé s6'am bang nhau.

D6 1a n6i dung cia dinh luat quén tinh.

Tix phat bi€u trén ta suy ra: s6 cdc hé sé bdng khéong ciing
bdng nhau.

8.6. AP DUNG

8.6.1. Ap dung 1 : Nhan dang dudng bac hai
Xét phuong trinh bac hai téng quit d6i véi cap toa do dé cac
(x,, x,) chadiém x € R>:
ax} +2bx,x, +ox3 +2gx, +2hx, +d =0, (8.6.1)

trong d6 a, b, c, g, h, d 12 nhimg s& thuc cho trudc. Ta mubn biét
duong bac hai nay la dudng gi ? dudng tron hay dudng elip ? v.v.

V€& trdi cha (8.6.1) la tdng cla hai ham : mot him bic hai ¢ va mot
ham bac nhit p vai

q:= axl2 +2bx;x, + cxg‘ p =2gx; +2hx, +d.

Ta nhan thdy ¢ 1a mét dang toan phuong trong co sd S = {i = (1, 0),
Jj=1(0,1)} cla R2 vai ma trin déi xing :

a b
A =[b C:| (8.6.2)
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Phuong trinh dac trung ciia A 1a
a-A b

b c-/{:lz-(a+c)/1+af—b2=0.

N6 c6 hai nghiém thuc A, va 4,, thoa man diéu kién

}1.).2=ar—-b2, At =a+te

D4 14 hai tri riéng thuc clia A. Hai vecto riéng tryc chudn tuong

ing ¢é dang
fu] [fu}
L= S .
: |:f2l ? f22

Bing phép doi bién sang co sd méi §' = {f], f,)

| | ha |é
= ) (8.6.3)
%2 o Il 1%
X P £
ta dua dang toan phuong ¢ vé dang chinh tic trong cd sd méi :
q= 48 + g
Do d6 phuong trinh (8.6.1) c6 dang
MEL + AET +2gx + 2hx, +d = 0

hay
MEL + LES + 28(f,1E, + Fi1,6)) + 2h(fy &) + f6y) +d =0
hay :

3—1512 + 32522 + 2g'§l +2h', +d =0, (8.6.4)
trong d6
g =gfy thhyy B =g, +hy
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I. Truong hgp A va A, khac 0 va cung dau, tie la khi
ac-b%>0.
Ta viét lai phuong trinh (8.6.4) :
A h'

A ['51 + i—]z + 4, [52 + }2—]2 =d' (8.6.5)

trong dé

oA ) g

Ap dung cong thic tinh ti€n truc (xem muc 4.2.5) :

4 g
Xl—§l+z, X2—§2+;‘2
ta dua (8.6.5) vé dang :
I XE+ AX2 =d' (8.6.6)
1. Gid su d’ # 0 va cang ddu voi ,ll, ,12 Ta chia hai v€ cta (8.6.6)
chod’:
2 2
X . %
(d'/A)  (d'/A)
Pay 1a mot elip thue véi cic bin truc /d'/,l1 va /d'/A2 .
Diac bi¢t n€u A = A, nifa thi elip thuc trd thanh mot dudng tron
thuc véi ban kinh /d'/ )'l .

(8.6.7)

2. Néu d’ # 0 va khdc ddu ciia A, A, thi (8.6.7) viét
2 2
X; . X, _
t=d'1)  *(=d'I M)
va ta ¢c6 mot elip véi cac bin truc ao i, /—d'/ﬁ1 va i, /—d'/ﬂz. Ta goi

né la mot elip ao.

1
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3. Néu d’ = 0 thi (8.6.6) cho
AX2 + A X3 =0.

Ca dudng bac hai thu vé mot diém (X, =0,X, =0).

. Trusng hop A va A, khac 0 va khac dau tie 1a khi
ac - b% <0.

Gia su Al > 0, )2 < 0.

Giéng nhu & 1. ta c6 (8.6.6).

1. Néu d’ = 0 thi tir (8.6.6) ta suy ra (8.6.7) va (8.6.7) cho :

A -
“Lx? - )7)(22:1.

d d'

Bay gio di diu cia 4’ thé nao ta ciing ¢6 mot hypebon.
2. Néu d’ = 0 thi (8.6.6) vi&

A - Xy =0

Do d6 ¢cd

Day la hai dudng thang cit nhau.

. Trudng hgp cé6 mot tri rieng bing 0 tuc la khi
ac-b%=0va a+tc=0.
Gia sur ﬂ.l # 0, /'{2 = 0, phuong trinh (8.6.4) viét

AEL +2°E +20E +d = 0. (8.6.8)
1. Néuh’ = 0tacé
1 2 ,
52 = _—-(llél +2g él + d)
2h
Day 1a mot parabén c6 truc song song vdi truc &,.
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2. Néu h’ = 0 thi (8.6.8) vi&t

g. 2 4"
[él + —] +—=0 (8.6.9)

YA

trong dé

d"=d--21

a) Néu d” = 0 va khéc dau cua )“I thi (8.6.9) cho

e, [T
f=fr g

D6 1a hai dudng thing thuc song song.

b) Néu d" = 0 va cing ddu voi A, thi (8.6.9) cho

D6 1a hai dudng thang o song song.
c) Néu d’’ =0 thi (8.6.9) chi con

oot o= o)

D6 1a hai dudng thing thuc tring nhau.

IV. Trudng hop A4 = A = 0 tic la khi ac—-b2=0 va
a+c=0.

ac-b*=0,a+c=0=>a" + 2 +262 =0 = a=b=c=0
Vay phuong trinh bac hai (8.6.1) chi cdn sé hang bac nhat
2gx; +2hxy +d =0 A
D6 1a mot dudng thing.
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Tém lai :

Khi § = b* —ac < 0 thi dudng bac hai di cho la moét elip thuc
hoic ao ;

Khi & = b2 —ac > 0 thi duong bac hai da cho la mot hypebon
hoac hai dudng thing cét nhau.

Ngudi ta xem hai duong thing cit nhau 1a mét hypebon suy bién.

Néuw 8 =b2 —ac =0 va a + ¢ = 0 thi dudng bac hai di cho I

mot parabén, hay hai dudng thang thuc song song hay hai duong
thing 4o song song hay hai dudng thing thuc tring nhau.

Ngudi ta xem hai dudng thang thuc song song hay hai dudmg
thing 40 song song hay hai dudng thing thuc trung nhau 1a moét
parabon suy bi&n.

Dac bietkhi b2 ~ac =0 via+c=0tic lakhia=b=c=0thi
‘ dudng bic hai thu vé duong bac nhit tdc 13 mot dudng thing.

Duéi day khi trinh bay cédc thi du ndi chung ta khong s dung
cic cong thiic phién phic & trén ma chi 4p dung cidch lam tuong tu
vao nhimg phuong trinh bic hai cu thé.

Thi du 8.6.1. Hay nhan dang dudng cong phing cho boi phuong trinh
5x% — 4x,x, +8x3 =36 (8.6.10)
Gidi : D6 1a phuong trinh
a“x12 +2a,,xx, + a22.t§' = 36

van agy 25. al2=—2, (122=8

Vay a={ 2|3 -2
' dy, dy, -2 8

Ma tran déi ximg A c6 hai tri riéng

va hai vecto riéng truc chudn v,, v, tao thinh co sd truc chudn B:
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2 1
RIS
Bz{l:vl]g‘[VZJE}: -1— > 2
NIREA
Ma trin chuyén co s& tir co s& chinh tic sang B 12
2 1
NN
P=
1 2
N

N N < 1s . . . . - 2
Ma tran nay sé lam chéo hoa truc-giao ma tran A. Vi moi x € R

. ™ x|
ta ki hiéu [x]E = it {x]B = o |
2 2

Vicé
{xlg = Plxly va [x]p = P'[x]g
nén ta suy ra

(xJp Alxlg = [x]g(P'AP)x]p = [x]p Dlx]g,

D=P‘A}"=[/2 2}:[3 g].

L)y Dlx] = [x'lx'2][4 0][’ ! ] = ax24ox2.
0 9 x, |

trong d6

Do dé

Vay phuong trinh (8.6.10) trong toa d§ cii (xy, x) & thanh
phuong trinh trong toa dé madi (x’y, x) :

4x'7+9x2 =36,
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- 03
nghia 1a —+ —=
9 4

=1

b6 1a phuong trinh clia dutng elip trong hé truc méi x’) x”) ¢6 bén tryc
16n la 3 va bin truc nhd 1a 2.

Cong thirc déi bi&n

[x]g = Pixlg

2 1
viet ['xl]: NG 5 l:x~l}
X 12 Xy

NN

1,

: 2 .1 B 2
vachox[=7—5—xl—ﬁxz,xz_$11+—\75_-x2,

bé 1a cong thic quay truc mot gée 8 sao cho

1
c0sO = —; sinf = = ;
Js Js
diing 1a
i.{,_l.:é:l
5 5

Vay tir hé truc cil 1a ¢6 thé dung he truc >
mGi, sau d6 dyng dirmg elip. (hinh 55). (o, X
Thi du 8.6.2. Hiy nhan dang dudng
cong phing Hinh 55

20 80
—x, - —F—=x,+4=0 (8.6.11)
NN

cos2 B +sinZ@ =

2 _ 2
5,(1 4x|Jr2 + 8x2 +

Gidi : Vi

R R
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Phuong trinh (8.6.11) viét

[xIz Alxlg + K[x]p +4 = 0. (8.6.12)
Nhu & thi du trén da 1o
2 1
NN
P =
1 2
NCEN
lam chéo hod tryc giao ma tran A. Thay [x]. = P[x]B vao (8.6.12)
ta duoc
(P[X]B)'A(P[IIB) + K(P[x]g)+4=0
hay
[x]'B(P'AP)[xlB +(KP)[x]p +4 = 0. (8.6.13)
0
Vi pap=|* ]
09
2 1
20 -80 5 5
va KP=|—= — =[-8, — 36]
FE
5 N5

nén (8.6.13) trd thanh
4x+ 903 8x' —36x',+4 = 0. (8.6.14)
Ta viét (8.6.14) thanh
Ax3- 20" F1) +9(x'5— 4x'y+ 4) = —4 + 4 + 36

tirc 1a 4x' = ) +9(x',— 2)% = 36. " (8.6.15)
Xl = x'l— 1
Dat . (8.6.16)
X2 =x'y=2
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ta thu dugc tir (8.6.15) Y\ Y

2 2
El_ + ﬁ_ = 1 yn
2 4
Vay dudng cong phai tim la mot
dudmg elip, thu dugc béang tinh tién
duong elip ¢ thi du trén theo cong
thite (8.6.16) (hinh 56). (0]

8.6.2. Ap dung 2 : Nhan dang mat '
bac hai %
,‘Cz—ic\h giz'ti_ tuong tu cich lam d8i 5 T >
v@1 dudng bac hai.
Xét phuong trinh bac hai téng Hinh 56
quit d6i véi bo ba toa do dé cic (x;, x,, x,) clia diémx € R

axl2 + bxg + cx32 + 2rxl.r2 + 2s;cl Xy + 2tx2x3 +
2ex; +2gxy +2hxy +d =0, (8.6.17)

trongdé a, b, c, 1, 5,1, e, g, h, d 12 nhitng s thuc cho trudc.
VE trii cha (8.6.17) 12 t6ng ciia hai ham : mo6t ham bac hai ¢ va
mot ham bac nhat p véi

— 2 2 2 . i
q:=ax; +bx; +cxy+2rxx, + 2;x1x3 + 2xy x4,
p=2ex; +2gx, +2hxy +d =0.

Ta nhan thiy g la mot dang toan phuong trong casa S = {i = (1,0,0),
j=(0,1,0), k= (0,0,1)] ciia R® v6i ma tran d6i xtng :

a r s
A=\r b r).
st c
Phuong trinh dac trung cia A l1a
a— A r s
r b-A1 t |=0
s t c-A
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N6 c6 ba nghiem thuc 4, A, va 4. D6 1a ba tri rieng thyc cua
A. Ba vectd riéng tryc chuin tuong ing c6 dang

M ha s
h=l| hH={h| Sy =1 s
f_’»] f32 f33
Bing phép d6i bién sang co sadmdi S ={f,, £, £}
u h fa hsl |4

=l fe Sl |%
X3 i o 3l 14
e - T
x P 3
ta dua dang toan phuong ¢ vé dang chinh tac trong co 58 mdi :
a4 = W&+ Af] + AL
Do dé6 (8.6.17) c6 dang
MEL + D82 + A E2 + 2ex; +2gx, + 2, +d =0 (8.6.18)
hay
WEE + D87 + &3 + 21 &y + fib, + fiab) +
28(f 8y + Fabs * FosE) ¥ 28y + fply + fi38y) +d =0
hay
MEE + LES + IE] +2e'E +28°E, +20'E, +d = 0, (8.6.19)
trong dé
e'=efy t&h vhfy. g = ey + 8y + iy,
h' = efjy + g3 + Hf33.

Sau d6 4p dung nhimg phép tinh ti€n truc thich hop ta c6 thé
dua cic phuong trinh trén vé cdc dang don gian va tr d6 suy ra dang
clia mat bac hai. Sau day 1a moét s§ trugng hop hay gap.
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I. Trudng hgp Ay, A, va A3 khac 0 (khi det(A) = 0) va
cung dau
Ta viét 1ai (8.6.19) :

o] afort et -
d’=—d+%+&%+%:_2_

Ap dung cong thyc tinh tién truc :

g+L=x, +E=x, E+X-ox (8620

4 ! A
ta duge
AXP+ X2+ A X2 =a (8.6.21)
1. Néu d’'= 0 va cung ddu voi céc iri riéng thi (8.6.21) viét
ﬁﬁ+ﬁ@+ﬁ@=1
d' d' d'

D6 1a mét mat elipxait thuc.
Dac biet khi A =4, =4, thi mat elipxoit thyc trg thanh
mot mat cdu bin kinh _/d'/ ’11 .
2. Néu d' =0 va khdc ddu ciia cdc tri riéng thi (8.6.21) viét
A
Ay gt By
I R TR T
D4 1a mot mat elipxédit do.
3. Néud’' = 0thi (8.6.21) viét

AXT + X3 + X5 =0,
Viy ci mit bac hai thu vé mot diém (X, =0, X, =0, X, = 0).
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Il. Truﬁng hop ba trj rieng khac 0 trong dé cé hai tri
riéng cing dau va mét tri riéng khac dau

Gia sy ll > 0, /1.2 > 0,4 < 0. Giéng nhu 3 I. ta c6 (8.6.21).
1. Néu 4> 0 thi (8.6.21) cho
ﬁXZ .,.ﬁxz -(_ﬁ]
d' ' di 2 dl
D4 12 mot mat hypeboloit mot tng.
2. Néu d' <0 thi (8.6.21) cho

2 _
X3—-1

_'ll_xlz +_;llxg __1.3_)(% = -1
-d' -d’ d'

D4 1a mot mat hypebolsit hai tang.

lll. Trudng hop cé6 mét tri rieng biing 0, con hai tri riéng
kia cung dau

Gia sir /13 =0, A‘l >0, 32 > 0. Phuong trinh (8.6.19) viét
AEE+ 5 +2¢'E +2g°E, +2h'E +d =0

Ap dung cong thitc tinh tién truc

e 8
’ 4,
ta duoc
WXE+ X2 2K, =, (8.6.23)
trong dé

N2 w2
d'=—d+(e—)+g§)—.
44

I. Néu ~’ = O thi (8.6.23) 1a mdor mat parab6loit eliptic (mat
paraboloit loai elip).
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2. Né&u 2’ = 0 thi (8.6.23) viét

2 2 _
AX;+LXS =d"
Pay la mot mat tru c6 dudng sinh song song vdi phuong X,

IV. Trudng hgp ¢é mét tri rieng bing 0, cén hai trj riéng
kia khac dau
Giasir 4, =0, ).l > 0, 12 < 0. Giong nhu ¢ I1. ta c6 (8.6.23).

1. N&u i’ = 0 thi (8.6.23) 1a m6t mat paraboloit hypebolsit (mat

paraboloit loai hypebén).
2. Néu h’ =0 (8.6.23) cho

2 2 _
AXp + Xy =d
Day 12 mét mat tru c6 dudng sinh song song véi phuong X,.

V. Trudng hop cé hai tri ridng bing 0
Gia s 113 = A.z =0, /ll # 0. Phuong trinh (8.6.19) viét

AWEL +2e'E +28'E, +20'E +d =0

Ap dung cong thic tinh tién truc
e'

A

ta dugc
}.le2 +2¢'X, +20'X, =d'

n2
PG
A

1. Néu g’ =0, i’ = 0. Ta c6 mOt mit tru parabén cé dudng sinh
song song v6i phuong &,.

2. Néu g’ = 0, h’ = 0. Ta c6 moOL mit try parabon c6 dud~  sinh
song sung v6i phuong &, .
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3. Néu g'= 0, h’ = 0. Ta c6 mbdt mat tru parabon c6 dudng sinh
song song v6i phuong vuong géc véi dudng thing ¢'%, +h'gy = 0.

VL. Trudng hgp ca ba tri riéng déu bing 0
Khi d6 phuong trinh bac hai (8.6.19) chi con
el +gé +hé +d=0
D6 1a mdt mat phing.
Sau day ta xét mot vai thi du dé€ minh hoa.
Thi du 8.6.3. Hay nhan dang mat bac hai
2x‘2 + 2x§ + 31% ~ 2%y - 2xyx5 = 16.

Gidi : Ta co

Ma tran d6i xuing A c6 ba tri riéng
A=l Ap=2, Ay=4
va 3 vecto riéng tao thianh co s& trire chuin
3] [z [ e
B = {[v1p. v, 5. v ) = 5| UNB | | -1/V2 | | 11V6
1/43 0 -2/J6
Goi P la ma tran chuyén co s3 tir co s& chinh tic sang B
N3 V2 16
P=\U3 -1/V2 16
/3 0 -2/6
thi c6 cong thiic d6i toa do

[x]E = P[X]B| [X]B.: P’[X]E“
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Do dé [x)g ALx]z = (PLx]p) A(P[x]p)

= [xI5(P AP)[x]
= [x1 Dixlg.
A 1 00
trong d6 D= P'AP = A =0 2 0
A| 00 4
Cho nén
1 x')
[X];iD[x]B = [x'lx'zx'3] 2 x'z .
4_ x'3

Vay phuang trinh da cho trong toa do cii (xy, x;, x3) tr& thanh
phuong trinh trong toa dé mai (x ', x’y, x'3) :

'2 13 |2__
xl+212+4x3 =16

2 2 2
X X X

hay Ly 2,73 o
16 8 4

D6 12 phuong trinh ciia mat elipx6it 6 cdc bin truc 1a 4, V8 va 2.

8.6.3. Ap dung 3 : Mot bai tosn cuec tri c6 diéu Kién
V, 1a mot khong gian c6 tich vo hudng. S = {e, e;..... ¢, } 12 mot

co sd teye chudn clia V. Xét trong cd s& S dang toan phuong

n
0=, 4;xX;, i = ay. (8.6.25)
i, j=1

Q
!
N

Hay tim cyc tri ctia Q vdi diéu kién
x= ,wrl2 + x% +...+ xi =1. (3.6.26)
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Dé gidita dat A = la;] thi A" = A va (8.6.25) viét O = x'Ax.
V1 A d6i ximg nén né cé » tri rieng A, i = 1,2, ..., n \ing véi
n vecta rieng f,, i =1, 2, .., n tao thanh mot co s& tryc chuin méi
S'={f f f,}- Bang phép déi bién truc giao x = P tir § sang
S’ ta dua Q vé dang chinh tac :
Q=AE+ 8 + .+ AEL (8.6.27)
Gia str
ASA <. <A (8.6.28)
Khi 46

AEE=nYE <0 AYE <ALE  3629)
i=) i=1

x =P = x'x = (P (PEYy = &'P'PE =8
nén (8.6.29) va (8.6.26) cho
A <Q<A. (8.6.30)
Can ci vao (8.6.30) va (8.6.27) ta suy ra k&t qua :
Q dat gi ti 16n nhat 13 A tai EM = (1, 0, .., 0) tic 1a
tai A M) = pTIEMD = ple®D gy gat gid tri bé nhait B A tai
EU) = (0, ., 0, 1) tic 1 tai £ = piglm) = ptgom

Thi du 8.6.4. Xét dang toan phuong (8.5.4) trong R® & thi du
8.5.1. Bing phép déi bién tryc giao (8.5.6) ta da dua né vé& dang chinh
tic (8.5.5). Vay né dat gié tri 1on nhdt 12 9 tai EM = (1, 0). nirc 12 tai

M = (17J5) (2, 1) va gid tri bé nhat 1a 4 tai £Y = (0, 1), tic 12
tai X" = (1/45) (-1.2)
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BAI TAP CHUONG VIII
8.1. Tim dang chinh tic clia mdi dang toan phuong sau :
1) xlz + xg + 3x§ + 4x1x2 + 2xlx3 + 2x2x3
2) xlz_— 2x§ + x§ + 2x]x2 +dx x, + 2x2,r3
3) x12 - 3x§ — 2)‘!"2 + 2x1x3 - 612):3

8.2. Tim phép bién d6i tuyén tinh dé dua méi dang toan phuong
dudi day vé dang chinh tic va cho biét dang chinh tic dé :

1) x12 + ng - 4.r§ + lexz - 4Jr]x3

2) 4xl2 + x% + xg - 4x1x2 +4x,x;3 — 3x2x3

3) X Xy + XXy + Xy Xg

4) 2112 + 181% + 8x;l - 12x112 +8xyx; ~ 27,?62)(3
5) —12,\512 - 31% - 12,t§ + I2x1x2 - 24xxy + 8x, x4
8.3. Nhan dang va vé cdc duong bac hai sau :

a) 2xt —4xy—y2 +8=0

b) x2+2,ry+y2+8x+y=0

c) 5x? +4xy+5y2 =9

d) 11x% +24xy +4y2 - 15=0

e) 2x7 + 4x,x, + 5x; = 24

) x12 + XXy +x§ =18

B) x12 - 8xx, +7x27' =36

h) 5112 ~4xx, + 8x§ =36
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8.4. Nhan dang va v& cac mat bic hai sau :
a) 2x) = 20x, + 205 — 2xyx, +3x2 = 16
b) 2xy +2xz2+2yz~6x~6y—-4z=10

) Tx? +7y% 41022 — 2xy — 4xz + 4yz — 12x + 12y + 6z = 24
d) 2xy—6x+10y+2z-31=0

e) 2x2 +2y% + 522 —dxy —2xz +2yz + 10x — 26y =22 =0

DAP SO

2 2 2 2
8.1.1)y12+y2—y§; 2)}’1—}’2—)’3
2
3) ¥y -y

82.1) y2 +y2 -3

1

1
5Y T ¥ 3T

-— 1 5 I —
NEN TNt B EIn Ty

6
2.2 .2 1 _
DA IR YL RNty =Ty 5=yt
2_2 2 _ -
3) Y =¥ 7 Y3 X =Y T Yy T Yy Xy =y Y, — Y, Xy =Y

1 5 1
4) yf + y% - y§’ X = ?/5)’1 - ?/Eyz + 3\/5)'3.

| 1 1 1
= "}‘Eyz +§‘/§«"3* X3 = 5\[37),2 + 3‘/33’3-

) 311
5) y12 +)’§ — Y3, X = _Z)’l _Zyz +~6_\/§y3A

11 11
2Tt BT
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. 8.4.

a) Hypebol 2x2-3y2 = 8

b) Parabol 2W2x2- 7y + 9y'=0

c) Elip 7x?+ 3y =9

d) Hypebol 4x?2-y? =3

e) Elip

f) Elip

g) Hypebol

h) Elip 4x'2+ 9x'3 = 36

a) Elipxoit x'} +2x'5+ 4x' = 16

b) Hypeboloit 2 ting x'2+ y2- 272 = -10
¢) Elipxoit x'2+ y'2+ 22 = 4

d) Parabél6it hypebdlic x?- y‘2+ 7'=0

e) Paraboloit eliptic 6x2+3y2-8J22'=0
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Chiu rrdch nhiém xudt ban :
Cht tich HDQT ki¢m Téng Gidm dsc NGO TRAN Al
Phé Tdng Giam déc kiem Téng bién tap NGUYEN QUY THAO

Bién tdp ldn ddu :
NGUYEN VAN THUONG
Bién tdp 1ai bdn :
NGUYEN TRONG HAI
Bién tap ki thuar :
BUI CHI HIEU
Sua ban in :
PHONG SUA BAN IN (NXB GIAODUC)
Ché bdn :
PHONG CHE BAN (NXB GIAO DYC)
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PAI1SO VA HINH HOC GIAI TICH
Mai so : TK075T6 - DAI
In 5.000 ban, khé 14.3 x 20.3 cm tai Cong ty c6 phin in Sich gido khoa
tal TP - Hi Noi. S xuat ban: 04-2006/CXB/111-1860/GD. In xong va
nop Tuu chiéu thang 10 nam 2006.

-g
oo



HEVOBCO

: CONG TY CO PHAN SACH DAI HOC - DAY NGHE

Dia chi : 25 Han Thuyén, Ha Néi

SACH THAM KHAO DPAI HOC BO MON TOAN
cua Nha xuac ban Giao duc

1. Giai tich ham
2. Bai tap giai tich ham

3. Tépo dai cuong - Do do va tich phan

4. Gidi tich tap 1

5. Giai tich tap 2

6. Dai sé dai cuong
7.S6 dai s6 '
8. Hinh hoc vi phin
9. Giai tich so

10.
11.

12.
13.
14.
15.
16.
17.
18.
19.

Phuong trinh dao ham riéng
Co s6 phuong trinh vi phin
va li thuyét on dinh

Mo dau li thuyét xac xuit va img dung

Bai tdp xac suit
Li thuyét xsc suit
Xac suat thong ké

Phuong phap tinh va ciac thuat toan

Tu dién toan hoc thong dung
Toan hoc cao cap (tap 1, 2, 3)

Bai tap Toan hoc cao cap (tap 1, 2, 3)

Nguyén Xuan Liém

Nguyén Xuan Liém

Nguyén Xuan Liém

Nguyén Xuan Liém

Nguyén Xuan Liém

Nguyén Huu Viet Hung

Hoang Xuan Sinh

Doan Quynh

Nguyén Minh Chuong (Chu bié
Nguyén Minh Chuong

Nguyén Theé Hoan - Pham Phu
Bing Hung Thang

Dang Hung Thang

Nguyén Duy Tién - Vi Viét Yé
Nguyén Van Ho

Phan Vin Hap - Le Dinh Thinh
Ngo Thiic Lanh (Chu bién)
Nguyén Binh Tri (Chu bién)
Nguyén Dinh Tri (Chu bién)

Be: doc conihe tns pia Yo cae Cong 6 Sach - Thiet bi iriomy hoc o cde dia phiton:y

hoae cae Cug hang sdch eia Nha adt ban Gido dc:

Tai Ha Noi 25 Han Thuyen, 81 Tran Hung Pao, 187B Gidng Vo. 23 Trang Tién

Tai i Nane 15 Nguyén Chi Thanh

Tai Thanh pho Ho Chi Minh - 104 Mai Thi Luu, Qua‘n 1

L

Gia: 20.600d
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